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SUMMARY 

Absolutely parallel grammars are defined and 
it is shown that the family of languages gener- 
ated is equal to the family of languages gener- 
ated by two-way deterministic finite-state 
transducers. Furthermore it is shown that this 
family forms a full AFL [4], is properly con- 
tained in the familF of languages generated by 
two-way nondeterministic finite-state transducers 
(which is equal to the family of checking automata 
languages [8]) and properly contains the family 
of nonexpansive context-free languages [7]. 

INTRODUCTION 

Recently there has been an extensive investi- 
gation of different types of context-sensitive 
grammars with the context scattered through the 
whole word (see [13], [lO], etc.). The paper de- 
fines a new grammar belonging to this category, 
called an absolutely parallel grammar. A partic- 
ular feature of this grammar making it worthwhile 
is that it describes in simple terms all languages 
generated by two-way finite-state deterministic 
transducers, which in turn play an important role 
in general understanding of two-way deterministic 
machines [i]. 

The paper is divided into four sections. In 
the first two sections, we present the definition 
of the two-way deterministic finite-state trans- 
ducers and the absolutely parallel grammars. The 
equivalence of the two corresponding families of 
languages is established in the third section. 

In the fourth section, the family of abso- 
lutely parallel languages is shown to be a full 
AFL [4] and some other closure properties are 
mentioned. It is shown that the family of abso- 
lutely parallel languages is properly contained in 
the family of checking automata languages [8] 
(and thus has the emptiness problem solvable) and 
that it properly contains all nonexpansive 
context-free languages [7]. Furthermore it is 
shown that two-way deterministic and nondeter- 
ministic transducers differ in their generative 
power° 

i. TWO-WAY FINITE-STATE TRANSDUCERS 

In this section we define two-way finite- 
state transducers, both deterministic and non- 
deterministic and provide the notation necessary 
to establish the results of the paper. 

Intuitively, a two-way nondeterministic 
finite-state transducer consists of an input 
tape, finite control and output tape. The control 
can see at most one letter on each side of the in- 
put pointer, which can be moved back and forth. 
Furthermore, it can insert a word on the end of 
the output tape. These actions are specified by 
move-rules. Each move-rule tells exactly the 
situation in which it applies, i.e., the state of 
finite control and letters on both sides of input 
pointer, and action to be taken, i.e. the move of 
the pointer, the new state of the finite control 
and the word added to the end of the output tape. 

This completes the informal description. We 
now proceed formally. 

Definition 1,1. 

Let K, I, O be three finite sets. A 
configuration over (K,I,O) (abbreviated "con- 
figuration" whenever K, I, 0 are obvious from 
the context) is any triple (p,xtx',~) where 
P E K, xx' E I*, w E O*, and t ~ K O I U O 
(call this symbol "pointer"). Then K, I, 0 are 
called set of state, input and output symbols, 
respectively. 

Definition 1,2. 

A move-rule over (K,I,0) (abbreviated 
"move-rule") is a 5-tuple ~ = (p,atb, q, altbl,Y), 

where P,q E K, y E O* and a,b E I U [k}, 
ab = albl, (k denotes here the empty word)° 

For each move-rule ~ and configurations 
U, V, U ~ V iff there exist x, x I E I* and 

z E O* such that U = (p,xatbx',z) and 
V = (q, xaltblX',zy). 

Definition i,~. 

A two-way nondeterministic finite-state 
transducer (abbreviated 2nft) is a triplet 
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F = (M,s,K'), where KF, IF, O F are finite sets, 

s 6 K F is start state, K' c K F is a set of 

terminal states and M is a finite set of move- 
rules over (KF, IF, OF). 

Then U ~V iff there exists ~ 6 M such 

that U ~ V. Let ~ and ~ be relations on 

configurations defined in the usual way. If 

(s,~x,k) ~ (p,x~,y) with p £ K', we say x i_g 

accepted by F and y is generated by F. 

The accepted language of F is the set a(F) 
of all words accepted by F. 

The generated language of F is the set 
@(F) of all words generated by F. 

It is a well-known fact [12] that the 
accepted languages for 2rift are regular. Gener- 
ated languages will be described in greater detail 
in the third and fourth sections of this paper. 

Definition 1,4. 

A two-way (deterministic) finite-state 
transducer (abbreviated 2ft) is a 2nft F = 
(M,s,K') with the following restrictions: 

(i) For each u,v E I F and each p E K F there 

exists at most one move-rule b E M such 
that (p,u~v,y) ~ (p',u'tv',y'). 

(ii) There doesn't exist any move-rule of the 
form (p~atb, q, altbl,Y) where p E K'. 

It is easy to show that family of languages 
generated by 2ft and 2nft are equivalent to 
analogous families of [I] and [2]. 

For the proof of some theorems of this paper, 
it is convenient to use a new device, closely 
related to the previous one. 

Definition 1,5. 

A left 2ft E = (M,s,K') is defined anal- 
cgouslyas 2ft with the following difference: 

x is accepted and y is generated by E iff 

(s, tx,k) ~ (p, tx,y) where p 6 K'. 

Lemma i,i. 

The families of languages generated by 
and left 2ft are equal. 

2ft 

Definition 1,6. 

A normalized left 2ft is a left 2ft 
such that 

(i) each move-rule is of the form either 

F 

(ii) 

(iii) 

(p, ta, q,a?,y), denoted also R(p,a,q,y) 
or (p,at,q, ta,y), denoted L(p,a,q,y). 

K F N I F = I F N O F = O F N K F = 

K' = [q] contains one state symbol only, 
q ~ s .  

Lemma 1,2. 

There exists an effective procedure to find 
to each left 2ft F a normalized left 2ft F' 
such that ~(F) = ~(F' ). 

Now we can introduce the following concept: 

Definition 1,7. 

Let F = (M, Po,K') be a left 2ft and let 

us have a finite sequence of configurations 
n 

[Ui]i= 0 such that U 0 = (Po, txy,k), 

U n = (pn,tXy,W n) with Pn 6 K', U i ~. Ui+ 1 and 
l 

~i is of the form (Pi,aitbi,Pi+l,Citdi,zi). 

Then divide all such configurations U i into two 

classes according to the position of the pointer 
relatively to the boundary between x and y: 
U i E ~ iff U i = (Pi,XitxilY,Wi) and U i £ 

iff U i = (Pi,XYi?Yi',wi) where Yi ~ k. For 

the purpose of simpler notation, we will always 
assume that U_l and %+1 6 ~. Then define 

Pi(xty) in the following way: 

(i) Pi(xty) = PiZi iff Ui_ 1 £e, U i, Ui+ 1 E£. 

(ii) Pi (xty) = Pi iff Ui_l, U i E£, Ui+ 1 E ~. 

(iii) Pi(xty) = z i iff Ui_ l, U i, Ui+ 1 6~. 

(iv) Pi(xty) = k in all other cases. 

Then L(xty) = Po(xty)Pl(Xty) o'" Pn(xtY) is 

called the left part of computation on xy. 
L(xty) has a particular intuitive meaning: it 
consists of those pieces of an output word which 
are generated while pointer moves within the word 
x. Those pieces are separated by the symbols of 
the states which are assumed by the finite control 
while entering or leaving the word x for "longer 
time". Note that the states in which the pointer 
hits the boundary of x from left and immediate- 
ly departs back to right are not included. 

Observe the following properties of L(xty): 

Observation i,i. 

L(xty) : yoPlP2Y2P3P 4 "" P2n-i P2n Y2n' 

where Yi £ 0 F, Pi E K F, n >_ O. Moreover 

i ~ j implies Pi ~ p" (otherwise F "loops" 
J 

and xy is not an accepted word). 
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2. ABSOLUTELY PARALLEL GRAMMARS 

In this section, we define absolutely 
parallel grammars and provide the necessary 
notation. 

Definition 2,1. 

If N, T are finite sets, N N T = ~, 
then an absolutely parallel grammar (abbreviated 
apg) is a 4-tuple G = (N,T,S,P), where N, T, S 
are nonterminals, terminals and start symbol, 
respectively and P is a finite set of produc- 
tions w of the form (A1,...,An) * (yl,...,yn) , 

where A i 6 N and Yi 6 (N U T)*. 

For w, w' E (N U T)*, w ~ w' iff 

w = Ul~U2A 2 ... UnAnUn+ 1 and 

w' = UlYlU2Y2 ... UnYnUn+l, where u i E T*. 

For any set of productions P~ w =p w t iff 

there exists ~ £ P such that w = w'. Again, 
k * 

let =p and =p be relations on words defined 

in the usual way. 

Definition 2,2. 

The language generated by an apg G is ~(G): 

{wiw E T* and S =~ w}. Moreover define ~(G) : 

{w is ~ w]. Family of all languages generated by 

an apg will be called family of absolutely 
parallel im:guages (apl). 

Definition 2.~. 

Let P~ be a nonempty finite set, called 
code alphabet and let us have a bijection 
C: P * pt called coding function. Then for each 
production ~ E P, C(w) is called a code letter. 

A 1 ... A n will be called left side of 

(abbreviated /~s(~)) and if Yl "'" Yn = 

ZlB 1 ... ZmBmZm+l, where z i £ T*, B i E N, then 

B 1 ... B m will be called content of the right 

side of w (abbreviated crs(w)). 

Definition 2,4. 

An apg G = (N,T,S,P) is in an indexed form 
iff 

(i) For each £s(n), i # j implies A i # Aj. 

(ii) For each two productions 

(Al' "''' An)~ (Y!' ""' Yn ) and 

(Bi, ..., B m) * (Zl, ..., z m) either 

A 1 ... A n = B I ... Bm, or for each i,j, 

A i ~ Bj. 

(iii) For every production ~, crs(n) ~ S. 

Lemma 2, i. 

There exists an effective procedure to find 
to each apg G an apg G ~ in indexed form such 
that ~(G) = ~(G t ). 

3. MAIN RESULT 

In this section, we present the main theorem 
of the paper and its proof. 

Theorem 3. I. 

The family of languages generated by 2ft 
is equivalent to the family of aplo 

Proof of the theorem follows with the aid of 
the constructions and lemmas of this section. 

Construction ~,i. 

Let G = (N,T,S,P) be an apg in the in- 
dexed form. We want to construct a left 2ft F 

such that each w 6 ~(O) will be "simulated'' by 

L(xty) for some x,y E I F • For this, we need to 

distinguish three state symbols for each non- 
terminal in N: states for which pointer moves 
to right, left and changes from right to left, 
respectively. 

More formally, let F = (M,S,{sL]) be a 
left 2ft where 

(i) K F = [A, AL,AEIA E N], O F = T, I F is a 

code alphabet for P and C." P -~ I F is 
coding function. 

(ii) In the following, let every ~ E P be of 
the form (A 1 ..... An) * (Yl ..... Yn ) where 

Yi = ui,1 Bi,1 "'" Ui,mi Bi,m i Ui,mi+l 

and Bi, j E N, ui, j E T*, m i >_ 0. 

Let C(~) = b. 

Then define 

: [R(Ai,b, Bi, l,Ui,l), 

L L L(~ ,b,~ ,u )17 e P, Yi~ T*]. 
1,m i 1 1,m i 

M 2 : [(B~,j,b,,Bi,j+l,b~,ui,j+l) I 

~ P, Yi ~ ~*(N U {~])T*] 
E E L 

: L(Ai,b,A~,k) I M 3 [R(Ai,b,Ai,Y i ), 

E P, Yi 6 T*]. 

3 
Let M = U M i. 

1 
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It is obvious that this construction is 
effective and could be applied to any a~g G in 
indexed form and therefore (by Lemma 2.1) to any 
apg. It is easy to check that the resulting 
automaton is deterministic (conditions (i) and 
(ii) of Definition 1o4). Lemmas 3.1 and 3.2 re- 
late an apg G with the constructed left 2ft F. 

Lemma ~,i. 

~(G) c@(F). 

Proof• 

The Lemma is proved by the means of the 
statement : 

(1) If wiA I w AnWn+ 1%k °° ~ ~I z ~ T*, 

where ~j 6 P~ k > O, w i 6 T*, A i £ N, 

then z = WlX I ... WnXnWn+l and 

(Ai,tC(~ z) ... C(~l),K) 

(AiL, tc(~ z) ... C(~l),xi)o 

This statement can be proved by induction on k. 

Lemma 7,2. 

~(G) ~ ~(F). 

Proof. 

The lemma is proved by the means of the 
statements : 

(2) L(xl,x2> = Wl~ ~ ... WkAk~ Wk+ I where 

k ~ 0, w i 6 T* and A i £ N. 

This statement can be proved by induction on Ix21. 

(3) Let L(xl~x2)= WlAl~ .o. WkAk~ Wk+l; then 

wiA ~ • wkA ~ wk+l ~ ~(~) 

This statement is proved by induction on IXll 
with the aid of statement (2). 

Z(p,q,b) = {ylY21(P,?b,k) ~M (P"b$'Yl) ~M 

(q, ~b,ylY2) for some p' £ KE}. 

Let G E = ((K E X liE), OE,(s,r),P) where 

P: {((%,p2), (p3,p4), ..., (pan_l,p~))~ C%,~2, ... ,z n) 1 

n > i, k # j implies Pk ~ Pj and 

z i e Z(P2i_l,P2i,b) O Y(P2i_i,P2i,B)} • 

This completes the construction• Remaining lemmas 
of this section relate left 2ft E with the con- 
structed apg G E. 

Lemma $. $. 

~(GE) _c ~(E). 

Proof. 

The Lemma is proved with the help of state- 
ment : 

(4) I f  z0(Pl,P2)z2(P3,P4)..'(P2h_l,Ph)Z2h 

k , 
• .. Z2h_iZ2h E 0 E, ~p z0glz 3 

• such that then there exists u E I E 

(P2i-i 'tu'k) ~ (Pai'~u'z2i-i)" 

Proof is by induction on ko 

Lemma ~,4. 

~(G E) _=~(E)o 

Proof. 

The Lemma is proved with the help of state- 
ment : 

(5) If L(XltX2) =zoPlP2Z2P3P 4 "'" P2h-1 P2h Z2h' 

then z0(Pl,P2)z2(p3,p4)... (P2h_l,P2h)Z2h E~(GE). 

Proof is by induction on Ix I I. 

Proof of the Theorem ~,i. 

Construction ~,2. 

Let E = (M,s,[r}) be a normalized left 
2ft. Then for each p,q E K E, b 6 IE, construct 
the following sets: 

Y(p, q, b ) = {Yl (Pl' P2)Y2Y3 (P3'P4)''" (P2~-i' P2~ )Y2~ I 

(p, tb,k) ~ (Pl,b~,Yl),(P2i,bt,k) 

(P~i' ~b'Y2i) ~M +2i+I 'b~ 'Y2iY2i+l)' 

(P2n,bt,K)~ M (q,~b,Ypa ~) 

and i # j implies Pi ~ Pj}" 

We have established in Constructions and 
Lemmas of this chapter, that the family of 
languages generated by left 2ft is equivalent 
to the family of apl. Using Lemma 1.1 we get 
the Theorem 3.1. 

4. SOME PROPERTIES OF APL 

Theorem 4,1. 

The family of apl is a full AFL [3] 
closed under substitution. 
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Proof. 

It was shown in [2] that apl are closed 
under substitution and intersection with regular 
sets. It is obvious that a* is apl for every 
a. Hence by a theorem of [9], family of apl is 
a full AFL. 

Observation 4,i. 

Besides reversal [2], a particularly charac- 
teristic closure property for the family of apl 
is repetition: If L is an apl, then 

{w n Iw E L] is apl for any fixed integer n. 

Latona 4,1. 

If L c a* 
regular. 

and L is an apl, then L is 

Proof. 

Let G = (N,[a~S,P) be the apg. which 
genera tes  L.  Le t  ~ = max{ iw I  I w = ~s(w)  o r  
w = c r s ( w ) ,  w 6 P ] .  Then l e t  G' = ( N ' , [ a ] , S , Q )  
be a left-linear context-free grammar [2], where 

N' = (N U { k ] )  ~ and 

Q : { (A  1 . . .  A m ) * (B 1 . . .  Bn)Z 1 . . .  ZnZn+iI 

( (A1 . . . . .  Am) * (Y l  . . . . .  ym) ) E P and 

Yi'''Ym: ZlBl'''ZnBnZn+l where BiE N, ziE {a]*]. 

Then obviously L : £(G) = £(G'). 

It is known that languages generated by left- 
linear grammars are regular (for proof see [3]) 
and therefore L = ~(G) is regular. 

Theorem 4.2. 

The family of languages generated by 2ft 
is properly contained in the family of languages 
generated by 2nft (see also [2]). 

Proof. 

Consider the language L = ~anin is not a 
prime]. Then L = @(F) for some" 2nft F. More- 
over L is not regular, and therefore by the 
Lemma 4.3, it is not an apl. 

Lemma 4.2. 

The family of nonexpansive context-free 
languages [7] is properly contained in the family 
of apl. 

Proof. 

Ws will use [ 7 ] ,  Theorem 4.2: 

Any nonexpansive context-free language is 
equivalent to a derivation bounded set X for 
some context-free grammar G = (N,T,S,P), i.e. 
w 6 X iff S ~p w I ~ o.. =p W~p w and the 

number of nontermlnal symbols in Wl, ..., w~ 

is less than some fixed integer k. 

Then we can easily construct an apg 
G' = (N,T,S,Q), where 
Q = {(A1 ..... An) * (Yl ..... yn) I 1 ~ n < k and if 

(A 1 *w i) 6 P, then Yi = Ai or Yi = wi]" 

Then ~(G') = ~(G). 

Nonexpansive cfl are properly contained in 
apl, because they are not closed under properties 
from the Observation 4.2. 

Finally we want to present a result, which 
is well-known, but which doesn't appear in the 
literature: 

Theorem 4.3. 

The family of languages generated by 2nft 
is equivalent to the family of checking automata 
languages. 

Corollary4.1. 

The emptiness problem is solvable for apl. 
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