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Low-rank Kernel Matrix Factorization for Large Scale Evolutionary Clustering
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Abstract—Traditional clustering techniques are inapplicable to problems where the relationships between data points evolve over time.
Not only is it important for the clustering algorithm to adapt to the recent changes in the evolving data, but it also needs to take the
historical relationship between the data points into consideration. In this paper, we propose ECKF, a general framework for evolutionary
clustering large-scale data based on low-rank kernel matrix factorization. To the best of our knowledge, this is the ﬁrst work that clusters
large evolutionary datasets by the amalgamation of low-rank matrix approximation methods and matrix factorization based clustering.
Since the low-rank approximation provides a compact representation of the original matrix, and especially, the near-optimal low-rank
approximation can preserve the sparsity of the original data, ECKF gains computational efﬁciency and hence is applicable to large
evolutionary datasets. Moreover, matrix factorization based methods have been shown to effectively cluster high dimensional data in
text mining and multimedia data analysis. From a theoretical standpoint, we mathematically prove the convergence and correctness of
ECKF, and provide detailed analysis of its computational efﬁciency (both time and space). Through extensive experiments performed
on synthetic and real datasets, we show that ECKF outperforms the existing methods in evolutionary clustering.
Index Terms—Clustering, Low-rank Matrix Approximation, Matrix Decomposition.
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I NTRODUCTION

Data clustering in general, is the task of automatically
grouping data points into meaningful groups, known
as clusters [1], [2]. While clustering has been applied to
varied tasks such as information discovery [3]–[5], text
mining [6]–[9], Web analysis [10], [11], image grouping
[12], [13], image segmentation [14], and bioinformatics
[15]–[17], the data in these cases is “static” in nature.
In these approaches, a clustering algorithm is applied
to a dataset that is previously collected at a particular
point in time. This requirement can prove to be a grave
restriction for the knowledge discovery process.
In a typical large data mining application, data is not
only collected over a period of time, but the relationship
between data points can change over that period too.
For example, in clustering of social network users for
discovering communities [18], [19], it is natural to expect
that the association between users will change over a
series of time steps. Moreover, this change may either
be drastic (e.g., a large of number of active users adding
each other) or gradual (e.g., a small set of users slowly
become inactive). Consequently, this change should be
reﬂected in the communities discovered at every time
step. However, it is important that the clustering does
not deviate too much from the recent past due to a
sudden change in the relationships between data points.
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At the same time, for an evolving change in the nature,
the clustering algorithm should reﬂect the corresponding
change in the results as well. Stated differently, clustering at a particular time step should be based on the
associations between data points (features) at that time
step. In addition, the clustering at that time step should
not drastically be different from the clustering of the
recent past. This actually is a reasonable expectation in
clustering of real world datasets. This is mainly because,
in a realistic dataset, one typically does not expect to see
a sudden change in features at a particular time step.
An occurrence of this kind should mostly be due to the
existence of noise, and the algorithm should be robust
enough to overcome it. This dual objective evolving
nature of clustering is radically different from the goal
of a traditional clustering algorithm, and falls in the
paradigm of evolutionary clustering [20]. Coupled with
this, the size of the data poses its own set of challenges. It
is unreasonable and in many cases even computationally
infeasible to re-cluster as the large-scale data evolves.
In this paper, we present a matrix factorization based
approach for large-scale evolutionary clustering. Matrix
factorization based methods have been shown to effectively cluster high dimensional data in text mining and
multimedia data analysis. We propose ECKF, a general
model for large-scale Evolutionary Clustering based on
low-rank Kernel matrix Factorization. By integrating
low-rank kernel matrix approximation, ECKF partitions
extremely large data sets at every time step. In addition,
ECKF has desirable properties over other approaches
in terms of the accuracy, efﬁciency, and robustness in
evolutionary clustering. A historical cost embedded in
the model trades off the beneﬁt of maintaining a consistent clustering over time with the cost of deviating
from an accurate representation of the current data.
Speciﬁcally, given an afﬁnity matrix Sn×n (computed by
S = φ(A)T φ(A), where A is the data matrix), ECKF
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ﬁrst computes a low-rank approximation matrix S̃ =
φ(Ã)T φ(Ã), as well generates a representative data subspace CA . Next, the cluster centroids and indicators are
obtained through the factorization: φ(Ã) = φ(CA )W GT ,
where W is the weight matrix, and G is the cluster
indicator matrix. In ECKF, the cluster centroid matrix
F equals φ(CA )W , and each of its vectors is a linear
combination of exemplars in the kernel space; for G, each
entry indicates the posterior probability of a data point
to a certain cluster.
To the best of our knowledge, this is the ﬁrst work that
clusters large evolutionary datasets by the amalgamation
of low-rank matrix approximation methods and matrix factorization based clustering. Different from other
factorization-based clustering, ECKF works directly in
the low-rank subspace, which has highly attractive properties in knowledge discovery such as feature selection,
robustness to noise, and as a result, higher clustering
accuracy. Since the low-rank approximation is a compact
representation of the original matrix, and especially, the
near-optimal low-rank approximation can preserve the
sparsity of the original data, ECKF can analyze tremendous amounts of data by studying its “sketch”, as a result, gain great computational efﬁciency. By monitoring
the low-rank approximation errors at every time step,
ECKF analyzes if the underlying structure of the data or
the nature of the relationship between the data points
has changed over different time steps. Based on this,
a decision to either succeed the previous clustering or
perform a new clustering is made. From a theoretical
perspective, we prove the correctness and convergence
of the ECKF algorithm, and provide detailed analysis
with respect to its computational efﬁciency (both time
and space).
The rest of the paper is organized as follows. We
review the related work in Section 2. The ECKF model
formulation and its iterative matrix factorization based
evolutionary clustering algorithm are presented in Section 3. Theoretical analysis of ECKF is presented in
Section 4. Extensive experimental results performed on
synthetic and real world datasets appear in Section 5.
Finally, we conclude in Section 6.

2

R ELATED W ORK

In this Section, we provide some essential background on
evolutionary clustering, matrix factorization based clustering, and low-rank matrix approximation, and review
related work in the literature.
2.1 Evolutionary Clustering
Evolutionary clustering has been a relatively new topic
and was ﬁrst formulated by Chakrabarti et al. in [20].
They proposed heuristic solutions to evolutionary hierarchical clustering problems and evolutionary k-means
clustering problems. Chi et al. [21] extended this work

by proposing two evolutionary spectral clustering algorithms by incorporating a measure of temporal smoothness in the overall clustering quality. Evolutionary clustering differs from incremental clustering [22], [23] or
constraint-based clustering [24], [25], which have been
addressed in data mining research previously. Incremental clustering primarily addresses the issue of updating
cluster centers [26], medoids [27] or hierarchical trees
[28] when new data points arrive. Typically, the “new”
arriving data points have no direct relationship with the
“old” data points. [29] have proposed an algorithm for
clustering moving objects. The spacial-temporal regularities of the moving objects are discovered by using
micro-clustering [30]. An incremental spectral clustering
algorithm is proposed in [31] to cluster evolving data
points. Both these works try to achieve higher computational efﬁciency by compromising on the clustering
quality. Constraint-based clustering on the other hand
focuses on bringing in domain speciﬁc constraints to
guide the clustering algorithm. Either hard constraints
such as must-link or cannot-link constraints are enforced
on the data points [32], [33] or soft constraints such as a
priori knowledge [34] is incorporated into the clustering
algorithm.
2.2 Matrix factorization based clustering
Matrix factorization based clustering approaches have
received increasing attention owing to their applicability
to high dimensional datasets. Singular Value Decomposition (SVD) [35] factorizes a matrix with the general form
of X ≈ U ΣV T , where U is a unitary basis consisting of
left-singular vectors of X, V is a unitary basis consisting
of right-singular vectors of X, and Σ is a diagonal
matrix with singular-values on the diagonal. Clustering
is achieved by ﬁrst projecting the data in the singular
vector space, and then a traditional clustering algorithm
is applied to the data points. In SVD, since matrices U
and V are allowed to have negative entries, the projected
data might have negative values in spite of the original
data being positive. This can prevent the clustering
results to be intuitive for applications such as documents
or images that have a positive data input. Non-negative
Matrix Factorization (NMF) [36], [37] is a linear, nonnegative approximate data representation technique. The
non-negative data matrix A is factorized into matrices F
and G as A ≈ F GT , with the constraints that F ∈ Rd×k
and G ∈ Rn×k are non-negative. Under the assumption of a certain distribution, it has been shown that
NMF clustering is equivalent to the (kernel) k-means
clustering, probabilistic latent semantic indexing (PLSI)
[38] and the Laplacian-based spectral clustering [39].
The matrix F is considered to be a centroid matrix as
every column represents a cluster center, while G is the
cluster indicator matrix with Gik denoting the posterior
probability that data point i belongs to cluster k. Based
on additional constraints, numerous variants of NMF
based clustering have been proposed [40]–[42].
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TABLE I

2.3 Low-rank matrix approximation
Low-rank matrix approximation methods have found
profound application in diverse areas due to their ability
to extract correlations and remove noise from matrixstructured data [43]. SVD is widely used for low-rank
approximation and is known to achieve optimality in
terms of the Frobenius norm [35]. The optimal low-rank
approximation algorithms require super-linear time and
large working sets [35] due to the fact that they perform repeated matrix-vector multiplications. Moreover,
the result of SVD is usually dense even if the original
matrix is sparse. Near optimal low-rank approximations,
on the other hand, preserve sparsity of the data and
hence achieve a better computational efﬁciency. For example, in Algorithm 844 [44], Gram-Schmidt method is
applied in the pivoted QR decomposition to compute the
sparse low-rank approximation. The algorithm selects
one column at a time and with quasi-Gram-Schmidt step,
produces a pivoted, Q-less PQR factorization. CUR [45]
is another well-known matrix approximation method. It
operates by ﬁrst selecting the representative column and
row exemplars as the left and right matrices according
to their probability distributions and then computes the
middle matrix based on these two matrices. Two other
variants of CUR are CMD [46] and Colibri [47] approximation methods. CMD scales each unique sample up
based on square root of the number of times it is in the
initial subspace. The newly produced unique subspace
has the same singular values and left singular vectors
as the subspace produced by CUR. As a result, CMD
can achieve equal accuracy as CUR but with less computational and space costs. Colibri on the other hand,
proposes to solve the problem of incomplete basis. That
is, the columns of the initial subspace may be linearly
dependent or near duplicates, which is usually seen in
a tightly-connected community where all nodes have
similar neighbors. Consequently, with the redundant
basis, the approximation is not efﬁcient in terms of space.
The Colibri algorithms are shown to be very efﬁcient to
process both static and dynamic graphs.

3

E VOLUTIONARY C LUSTERING WITH
RANK K ERNEL M ATRIX FACTORIZATION

L OW-

We now present ECKF, the kernel matrix factorization
based framework to cluster large-scale evolving data (all
symbols used are listed in Table I). At every time step,
ECKF ﬁrst gets a low-rank approximation of the afﬁnity
matrix. Next, we perform the factorization in a kernel
space to yield the clustering.
3.1 Data dynamics and low-rank matrix approximation
One of the challenges of large-scale real world evolutionary datasets is the dynamic nature. Over different time
steps, the data size (insertion and removal of samples)
or the data structure (insertion and removal of clusters)

Symbol Deﬁnitions.
Symbol
Ad×n
Ãd×n
T
A , C T , RT ...
A(i, j)
A(i, :)
A(:, j)
c
kc
CA
RA
UA
Ic
Wc×kc
Gkc ×n
Sn×n
T
S̃, S , S(i, :), S(:, j)
Cn×c , Uc×c , Rc×n , Ic
X (t)

Deﬁnition
data matrix with the size of d × n
the approximation of the matrix A
the transpose of a matrix
the entry(i,j) of A
the ith row of A
the j th column of A
the number of the selected columns
the number of the clusters
the representative column matrix of A
the right matrix of Ã
the middle matrix of Ã
the index set of the subspace (CA = A(:, Ic ))
the weight matrix with the size of c × kc
the indicator matrix with the size of kc × n
afﬁnity matrix with the size of n × n
similar deﬁnitions as for A
similar deﬁnitions as for A
any matrix at t time step

might change. A low-rank approximation can efﬁciently
detect the dynamics of data by examining the approximation errors over time [46].
The family of Colibri methods [47], i.e., Colibri-S (the
version for static data) and Colibri-D (for dynamic data),
compute the low-rank approximation to a matrix with
a non-redundant subspace, and are proved to lose no
accuracy compared to the best competitors, e.g., CUR
[45] and CMD [46], while achieving signiﬁcant savings in
space and time. Colibri-D is specially designed for evolving data, which can quickly update the approximating
subspace by leveraging the “smoothness” or similarity
between two consecutive time steps. Moreover, for the
same accuracy, Colibri-D is provably better or equal
compared to CUR, CMD and Colibri-S in terms of speed.
We employ the Colibri methods for efﬁciently selecting
the representative subspace and generating the compact
approximation of data similarities.
Given the afﬁnity matrix S, Colibri-S ﬁrst selects a
column initial subspace C0 by using the biased sampling
method [45]. Then, a unique and independent subspace
C is formed with an iterative procedure. Before starting
this process, we initialize C with C = C0 (:, 1) and the
core matrix U with U = (C T C)−1 , where (C T C)−1 is
the Moore-Penrose pseudo-inverse of the square matrix
C T C. In the following iteration, the ith column in C0 is
checked to see if it is linearly dependent on the current
columns of C. If not, this column is appended to C
and the core matrix U is updated; else, this sample
is discarded. Finally, C is obtained by eliminating all
the redundant columns from C0 . Given the subspace
matrix C, the approximation to the afﬁnity matrix can
be computed by S̃ = C(C T C)−1 C T S. As proved in [47],
the core matrix U satisﬁes U = (C T C)−1 , so R is deﬁned
as C T S in the algorithm, and the ﬁnal approximation to
S is S̃ = CU R. In Colibri-D, given the updated matrix
(t)
S (t+1) , the columns in the initial subspace C0 ﬁrst split
into two sets: one is for the unchanged samples at both
time steps, and another represents the changed samples
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between two time steps or the redundant samples at
time t. Then, Colibri-D copies the samples of the ﬁrst
set to C (t+1) and checks those of the second set in the
same way as Colibri-S. With more columns added in
C (t+1) , the core matrix U (t+1) is updated simultaneously.
T
Finally, R(t+1) is computed by R(t+1) = C (t+1) S (t+1) .
Both methods guarantee the exemplars in the subspace
are unique and linearly independent.
The common metric to measure the approximation
error is the sum-square-error (SSE), deﬁned as SSE =
S − S̃F , where .F is the Frobenius norm. The SSE
value is typically dependent on the rank used in the
approximation. In ECKF, with the ﬁxed initial subspace
size, SSE is computed with the same rank even though
subspaces used may be smaller than the initial one.
Suppose at t − 1 time step, the low-rank approximation
S̃ (t−1) , approximation error SSE(t−1) and the initial sub(t−1)
space C0
are given. We ﬁrst use Colibri-D based on
(t−1)
C0
to compute the current approximation S̃ (t) , and
obtain the approximation error SSE(t) . Compared with
SSE(t−1) , the change of SSE(t) can be simply evaluated
|SSE (t−1) −SSE (t) |
by min(SSE
(t−1) ,SSE (t) ) , predicting the following cases:
1) SSE(t) is almost the same as SSE(t−1) : There are
two possibilities: First, n(t) == n(t−1) , i.e., no nodes
are added or deleted; Second, n(t−1) = n(t) , some
nodes highly correlated with the existing samples
are inserted or removed.
2) SSE(t) changes in a small range: This means although the data has evolved, the structure of the
data has not changed.
3) SSE(t) increases signiﬁcantly: This clearly indicates
that the last initial subspace is not appropriate to be
used as the representative subspace for computing
the approximation at the current time. In other
words, we need to perform resampling to obtain
more exemplars for the new or existing clusters.
In the ﬁrst case, the lack of change in SSE indicates
that there was not much change in data as well. Consequently, we simply succeed the last clustering results
without performing a new partition on the current data.
In the last two cases, we need to get a new partition
to track the groupings of evolving data. To estimate
the cluster number, we examine the gaps between consecutive eigenvalues of the exemplar similarities. We
determine if there are some clusters to be deleted by
checking the volume of each cluster on the current data
based on the last cluster membership. If a cluster has
very small volume compared with that of the last time,
we determine that cluster needs to be removed. Hence,
in the second case, we use the new cluster number to
yield the clustering. In the third case, we use Colibri-S to
do re-sampling, as a result, we get a new representative
(t)
subspace C0 and “accurate” approximation. Then, a
new partition is executed on the current data with the
new estimated cluster number.

3.2 Model Formulation
We deﬁne the overall cost function of ECKF as the sum of
snapshot quality and historical cost. To achieve a smooth
clustering, we solve this problem by maximizing the
clustering quality of the current snapshot and minimizing the historical cost as,
J=

min

W (t) ≥0,G(t) ≥0

T

[α · φ(Ã)(t) − φ(CA )(t) W (t) G(t) 2F +
T

(1 − α) · φ(Ã)(t−1) − φ(CA )(t−1) W (t−1) G(t) 2F ],

(1)

where α is a user-deﬁned parameter that trades-off
between two costs. Notice the low-rank matrix approximation Ã and the representative data subspace CA in the
kernel space are used in our clustering model, which
leads to great improvement in clustering accuracy, as
well as efﬁciency in both time and space.
To solve the above optimization problem, we propose
an iterative algorithm to get W (t) and G(t) . The updating rules are obtained by using the auxiliary functions and the optimization theory [42]. We let, P1 =
T
T
P (t) S̃ (t) , P2 = P1 , P3 = P (t) S̃ (t) P (t) , P4 =
T
T
(S̃ (t−1) ) P (t−1) , and P5 = P (t−1) S̃ (t−1) P (t−1) , where
(t)
S̃
is the approximation of the afﬁnity matrix at t,
T
(t)
is the t time permutation matrix (P (t) S̃ (t) =
P
T
φ(CA )(t) φ(Ã)(t) ), and similar deﬁnitions are made for
(t−1)
S̃
and P (t−1) , We can then split each matrix into the
positive and negative parts, as follows,
Pi+ = (|Pi |+Pi )/2;

Pi− = (|Pi |−Pi )/2, i ∈ {1, 2, 3, 4, 5},

and derive the updating rules as,


 ((P1 )+ G(t) + (P3 )− W (t) G(t) T G(t) )(i,h)
(t)
(t)
,
W(i,h) ← W(i,h) 
T
((P1 )− G(t) + (P3 )+ W (t) G(t) G(t) )(i,h)
(2)

(M
+
N
+
M
+
N
)
1
1
3
3
(i,h)
(t)
(t)
,
(3)
G(i,h) ← G(i,h)
(M2 + N2 + M4 + N4 )(i,h)
where
T

M1 = αP2 + W (t) ,

M3 = αG(t) W (t) P3 − W (t) ,

M2 = αP2 − W (t) ,

M4 = αG(t) W (t) P3 + W (t) ,

T

N1 = (1 − α)P4 + W (t−1) ,
N2 = (1 − α)P4 − W (t−1) ,
T

N3 = (1 − α)G(t) W (t−1) P5 − W (t−1) ,
T

N4 = (1 − α)G(t) W (t−1) P5 + W (t−1) .
Note that in Equation (1), the subspaces between two
time steps (φ(CA )(t) and φ(CA )(t−1) ) are not necessarily the same in our model. Consequently, the weights
between the two steps will not correspond to each
other. To solve the optimization problem by using matrix
factorization, we must correspond φ(Ã)(t−1) to φ(Ã)(t) to
guarantee they have the same size. The same holds true
for φ(CA )(t) W (t) and φ(CA )(t−1) W (t−1) . From Equations
(2) and (3), we can see that the operators are based on the
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elements of the matrices. That is, if we can correspond
the nodes and clusters at the current time with those
at the last time, we will arrive at our goal. Speciﬁcally,
assume the cluster numbers are k (t−1) and k (t) at t − 1
and t time steps, respectively, when
1) k (t−1) < k (t) , the extra clusters at t time must
be computed only on the current data, so we let
W (t−1) = [ W (t−1) , 0c×(k(t−1) +1:k(t) ) ].
2) k (t−1) > k (t) , we simply remove the deleted cluster
weight vectors in W (t−1) .
To correspond the nodes between two time steps, we
construct a permutation matrix Pt−1,t , i.e., one is assigned to an element that corresponds to a node in the
T
and
current data in each row of Pt−1,t , thus S̃ (t−1) Pt−1,t
(t)
S̃ have equal sizes. Consequently, in Equation (3), we
only rewrite
N1 = (1 − α)Pt−1,t P4 + W (t−1) ,
N2 = (1 − α)Pt−1,t P4 − W (t−1) .
3.3 Algorithm Derivation
In ECKF, we initialize the variable factors using the previous clustering results instead of using random values.
This strategy not only smooths the clustering results
between consecutive time steps, but also improves the
clustering efﬁciency.
Suppose the two time steps data, S (t−1) and S (t) , are
given, as well as the clustering results at t − 1 time
(t−1)
step, including S̃ (t−1) , Ic
, W (t−1) and G(t−1) . Now,
(t)
we need to obtain W
and G(t) , as well as the new
representative subspace and approximation. We ﬁrst use
(t)
Colibri methods to get Ic and S̃ (t) , as well as two
(t)
(t)
(t)
(t)
(t)
disjoint subsets Ia and Ib (Ic = Ia ∪ Ib ), so that the
(t)
elements in Ia correspond to those unchanged selected
(t)
samples from t−1 to t, while the items in Ib correspond
to those changed or unselected samples between the two
time steps. To obtain these subsets, we only need to
compare the corresponding columns in S (t−1) and S (t) .
Now, we make a reasonable assumption: if a cluster centroid is a weighted combination of unchanged
exemplars at t − 1 time step, then it is also a cluster
centroid at time t. Hence, we initialize W (t) as follows:
for each column of W (t) , we check the non-zero values
to see if the indices of their corresponding exemplars
(t)
are all in Ia ; if they are, we copy the corresponding
weights from W (t−1) to W (t) ; otherwise, we initialize
the vector with random values. Actually, we can update
W (t) more softly in this way: for a column of W (t) , if all
the large non-zero values, for example the ones greater
than 0.2, correspond to unchanged exemplars, we will
copy the relevant weights of W (t−1) to W (t) ; otherwise,
we initialize it with random values. In particular, if a
large non-zero weight corresponds to an exemplar that
is not selected at t time step, we just ignore it. That is, in
the proposed algorithm, we only examine the exemplars
at tth subspace. We initialize G(t) according to W (t) : if

W (t) is succeeded from W (t−1) , then we pick a set of
data points belonging to that cluster at t − 1 step and
copy the corresponding indicators from G(t−1) to G(t) .
I b (t )

I a (t )
i 1 i2 i 3 i4 i5 i6

ic

i1 i2 i3 i 4

i k -1 i k

ic

2 4 7 9 1012

n-1

2 4 10 1 2

n -1 ik

ic

C (t -1 )

C (t)
(a )

I c (t -1 ) = { 2 , 4 , 7 , 9 , 1 0 , 1 2 , . . . , n - 1 }

W (t -1 ) ( : , L ) = [ 2 . 1 , 5 . 2 , 0

I c (t ) = { 2 , 4 , 1 0 , 1 2 , . . . , n - 1 , i k , . . . , i c }

W ( t) ( : , L ) = [ 2 . 1 , 5 . 2 , 7 . 4 , 0

, 0

, 7 . 4 , 0 , . .. , 0 ] T

.. .. ..

0] T

(b )

Fig. 1. An example of fast updating weights: (a) shows the pro(t)

(t)

cess of splitting the index set Ic into Ia ( {2, 4, 10, 12, ..., n −
(t)
1}) and Ib ({7, 9, ...}), where gray cells represent unchanged
columns and blank cells represent changed columns; (b) shows
(t)
the process of updating W (t) according to Ia and W (t−1) .

Algorithm 1 Fast Updating
(t)

(t)

INPUT: W (t−1) , G(t−1) , Ia and kc ∈ Z+ s.t. 1 ≤
(t)
kc ≤ n(t)
OUTPUT: W (t) , G(t)
METHOD:
1) Initialize W (t) and G(t) with random values
2) Update W (t) and G(t) :
f or L = 1 : kc(t)
if {ik |W (t−1) (ik , L) = 0} ⊆ Ia(t)
W (t) (:, L) ← W (t−1) (:, L)
IL = {ik |Indicator(G(t−1) )ik == L}
G(t) (IL , :) = G(t−1) (IL , :)
end
end
3) Return W (t) and G(t) .
In Figure 1, we provide an example to explain the
updating process. At ﬁrst, we compute C (t) using Colibri
(t)
methods. Then we get Ia ( {2, 4, 10, 12, ..., n − 1}) and
(t)
Ib ({7, 9, ...}) according to S (t−1) and S (t) . As observed
from Figure 1, we learn in the Lth vector of W (t−1) , the
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Algorithm 2 ECKF
(t−1)
INPUT: S̃ (t−1) , Ic
, W (t−1) , G(t−1) , S (t) ,
(t−1)
+
(t−1)
≤n
Z s.t. 1 ≤ kc
(t)
(t)
OUTPUT: S̃ (t) , W (t) , G(t) , Ic and kc ∈ Z+

(t−1)
kc

∈

METHOD:
(t)
(t)
1) Use the Colibri method to get S̃ (t) , Ic , Ia and
(t)
Ib ;
2) If we need to do a new partition, go to 3 and 4;
else, let W (t) = W (t−1) and G(t) = G(t−1) , and
return;
(t)
3) Determine the cluster number kc ;
4) Construct permutation matrices P (t−1) and P (t) ;
5) Initialize W (t) and G(t) using the Fast Update
algorithm;
6) Correspond the nodes and clusters between two
time steps and obtain W (t−1) and Pt−1,t ;
7) Iterate by using the updating rules deﬁned in
Equations (2) and (3) until convergence.

weights of columns {2, 4, 10} are non-zeros, and these
(t)
exemplars belong to Ia , so we update the Lth vector of
(t)
W by copying the relevant weights of W (t−1) (:, L) to
W (t) (:, L). Since Lth column vector of W (t) is succeeded
from W (t−1) and it corresponds to a cluster, we select
the set of data points (indexed by IL ) belonging to Lth
cluster at t − 1 time and let G(t) (IL , :) = G(t−1) (IL , :). In
Algorithm 1, we provide the details of the initialization
algorithm, while Algorithm 2 presents the complete
kernel based evolutionary clustering algorithm.

4

T HEORETICAL A NALYSIS

4.1 Correctness
Proposition 1 (Correctness of ECKF): Given the objective function of Equation (1), the constrained solution
satisﬁes KKT complementary conditions under the updating rules in Equations (2) - (3).
Proof: To solve the optimization problem, we introduce the Lagrangian function
L(W (t) , G(t) , λ1 , λ2 )
T

= αφ(Ã)(t) − φ(CA )(t) W (t) G(t) 2F + (1 − α)φ(Ã)(t−1)
T

T

− φ(CA )(t−1) W (t−1) G(t) 2F − Tr(λ1 W (t) )
T

T

T

= α · Tr[S̃ (t) − (S̃ (t) ) P (t) W (t) G(t) − G(t) W (t) P (t) S̃ (t)
T

T

T

+ G(t) W (t) P (t) S̃ (t) P (t) W (t) G(t) ] + (1 − α) · Tr[S̃ (t−1)
− (S̃
· S̃

(t−1) T

) P (t−1) W (t−1) G

(t−1)

(t)

+G W

− Tr(λ1 W
(t)

(t) T

(t−1) T

P

(t−1) T

) − Tr(λ2 G
(t) T

(t) T

(t) T
(t)

)

− G(t) W
S̃

(t−1)

P

(t−1) T

(t−1)

W

T

T

P

(t−1) T

(t−1)

T

G(t) ]
(4)

where S̃ = φ(Ã)
φ(Ã) , λ1 and λ2 are Lagrangian
multipliers with nonnegative values, which constrain

T

[−2α · P (t) S̃ (t) G(t) + 2α · P (t) S̃ (t) P (t) W (t) G(t) G(t) ](i,h)
· W (t) (i,h) = λ1 W (t) (i,h) = 0,

(5)
T

T

[−2α · (S̃ (t) )T P (t) W (t) + 2α · G(t) W (t) P (t) S̃ (t) P (t) W (t)
− 2(1 − α) · (S̃ (t−1) )T P (t−1) W (t−1) + 2(1 − α) · G(t) W (t−1)

T

T

P (t−1) S̃ (t−1) P (t−1) W (t−1) ](i,h) G(t) (i,h) = λ2 G(t) (i,h)
= 0.
(6)
These are ﬁxed point equations, and the solutions
must eventually converge to a stationary point. From
the above two equations, we derive another two equal
equations:
T

T

T

[−2α · P (t) S̃ (t) G(t) + 2α · P (t) S̃ (t) P (t) W (t) G(t) G(t) ](i,h)
2

W (t) (i,h) = 0,

(7)
T

T

[−2α · (S̃ (t) )T P (t) W (t) + 2α · G(t) W (t) P (t) S̃ (t) P (t) W (t)
− 2(1 − α) · (S̃ (t−1) )T P (t−1) W (t−1) + 2(1 − α) · G(t) W (t−1)
2

T

P (t−1) S̃ (t−1) P (t−1) W (t−1) ](i,h) G(t) (i,h) = 0.

(8)

The constrained solution with updating rules in Equations (2) and (3) satisfy Equations (7) and (8), so it
satisﬁes the KKT ﬁxed point condition. The proof is
completed.
4.2 Convergence
Proposition 2 (Convergence of ECKF): The object function of Equation (1) is monotonically decreasing under
the updating rules in Equations (2) - (3).
Proof: We construct auxiliary functions to prove that
Equation (1) decreases monotonically under the updating rules.
An auxiliary function Z(X t+1 , X t ) should satisfy the
two conditions:
Z(X t+1 , X t ) ≥ J(X t+1 ),

T

− Tr(λ2 G(t) )
T

the nonnegativity of W (t) and G(t) respectively. This
function satisﬁes KKT complementary conditions. By
∂L
∂L
setting the gradients, i.e., ∂W
(t) and ∂G(t) , as zeros, we
obtain the following equations from the complementary
conditions:

Z(X t , X t ) = J(X t ),

(9)

for any X t+1 and X t . We deﬁne,
X t+1 = min Z(X, X t ).
X

(10)

Then, we obtain the following equations:
J(X t ) = Z(X t , X t ) ≥ Z(X t+1 , X t ) ≥ J(X t+1 ).

(11)

Thus, with a proper auxiliary function, J(X t ) is decreasing monotonically. Now, we construct the auxiliary
functions with respect to W (t) and G(t) .

T
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So, its auxiliary function is

Let,
X=W

(t)

,
(t)

T

Z(X  , X)

2
2


Xik
+
− Xik + Xik

B1ik Xik (1 + log  ) + α
B1ik
= −2α

Xik
Xik

T

B = φ(CA )(t) φ(Ã) G(t) = P (t) S̃ (t) G(t) ,
T

T

H = φ(CA )(t) φ(CA )(t) = P (t) S̃ (t) P (t) ,
T

ik

Q = G(t) G(t) ,

J(X) = Tr(−2α · X T B + α · X T HXQ).

(12)

Since B and H are mixed-sign matrices, we rewrite
J(X) by splitting each mixed-sign matrix into positive
and negative parts:
J(X) = Tr(−2α · X T B + + 2α · X T B − + α · X T H + XQ
−

− α · X H XQ).
T

(13)

According to the Proposition 3 in [42], we ﬁnd the upper
bounds for each item in Equation (13) by,
a ≤ (a2 + b2 )/2b
Tr(DT EDF ) ≤

for Tr(X T B − );

k
n 
2

(EDT F )ip Dip
T
Dip

i=1 p=1

for Tr(X T H + XQ);

for Tr(X T B + ), Tr(X T H − XQ).

1 + log z ≤ z

Then, we construct an auxiliary function for J(X) as:


Xik
+ 
−
Z(X  , X) = −2
Bik
Xik (1 + log  ) +
Bik
Xik
2
Xik

Xik2

+

Xik

ik



+

 (H + X  Q)ik X 2
ik

−

ik


Xik



ik

− 
Hij
Xjk Qkl Xil

where the subscription ik is the index of an element
in the matrix. To get its global minimum, we take
∂Z(X  ,X)
= 0 and get Equation (2).
∂Xik
Similarly, when
X = G(t)
(t)

B1 = (φ(Ã) ) φ(CA ) W
H1 = W

φ(CA )

(t) T

=W

(t) T

(t) T

(t)

B2 = (φ(Ã)
= (S̃

P

S̃

P

) P

H2 = W

(t−1) T

=W

(t−1) T

(t−1)

φ(CA )

(t)

P

W

W

S̃

(t)

(t−1)

(t−1)

(t−1) T

(t−1) T

= (S̃

φ(CA ) W

) φ(CA )

(t−1) T

(t)

(t)

(t−1) T

ik

) P

(t)

W

(t)

ik

ik

2
 (H + X  )ik X 2
Xik
+ Xik2
2
ik
)
− (1 − α)
+
(1
−
α)


Xik
Xik
ik

Xik Xil
−

(H2kl
Xik
Xil (1 + log   )).
Xik Xil


,



,X)
By taking ∂Z(X
= 0, we get the updating rule of
∂Xik
(t)
Equation (3) for G . The proof is completed.
In the ECKF model, the input is required to be a
semi-positive deﬁnite matrix so that it can be used as
the kernel matrix. Assuming the afﬁnity matrix is semipositive deﬁnite, we prove the computed low-rank approximation is also semi-positive deﬁnite in Proposition
3.
Proposition 3: Given an semi-positive deﬁnite matrix
X, the approximation X̃ computed by Colibri methods
is semi-positive deﬁnite.
Proof: According to Colibri methods, if we concatenate all the sampled columns into C, the approximation
is computed by:

(C T C)

is semi-positive deﬁnite

=⇒ (C C)−1
T

=⇒ C(C C)
T

(t−1)

W

(18)

Let B = C(C T C)−1 C T , then we get:

,

P

(17)

where (C T C)−1 is the Moore-Penrose pseudo-inverse of
(C T C). This equation indicates, X̃ is the projection of X
into the column space of C. Similarly, we can construct
X̃ as the projection of X into the row space of R, then
we have X̃ = XRT (RRT )−1 R. Since X is semi-positive
deﬁnite, we have X = X T , so C = RT , and we obtain:
= XC(C T C)−1 C T .

(t)

(t−1)

(16)

ikl

X̃ = C(C T C)−1 C T X = XRT (RRT )−1 R

(t−1)

φ(CA )

(t−1)

(t) T

,

W

ik

−

(H1kl
Xik
Xil (1

X̃ = C(C T C)−1 C T X,
(14)

(t) T

1

ijkl

Xjk Xil
(1 + log   ),
Xjk Xil

(t) T



Xik Xil
−α
+ log   )

Xik
Xik Xil
ik
ikl


Xik
+
−

B2ik
Xik
(1 + log  ) + (1 − α)
− 2(1 − α)
(B2ik
Xik
+α

then the objective function with W (t) is,

 (H + X  )ik X 2

W

(t−1)

(t−1)

,

the objective function with G(t) is,
J(X) =α · Tr(−2X T B1+ + 2X T B1− + XH1+ X T
− XH1− X T ) + (1 − α) · Tr(−2X T B2+
+ 2X T B2− + XH2+ X T − XH2− X T ).

(15)

−1

is semi-positive deﬁnite,
CT

is semi-positive deﬁnite,

since for any vector v, v[C(C T C)−1 C T ]vT
=
y(C T C)−1 yT ≥ 0. Hence, B is semi-positive deﬁnite.
Then, Equation (18) is rewritten as X̃ = BX = XB.
According to the property of a semi-positive deﬁnite
matrix, if X and B are both semi-positive deﬁnite and
BX = XB, then BX and XB are also semi-positive
deﬁnite. Thus, X̃ is semi-positive deﬁnite. The proof is
completed.
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4.3 Time and Space Complexity

5.1 Evaluation methods

To cluster a large dataset, efﬁciency in both space and
speed is essential. In Algorithm 2, the near-optimal matrix approximation is highly efﬁcient, much faster than
SVD [47]. In the decomposition step, the computation is
actually done using the three small matrices, C, U and
R. This is also the basis for our time analysis.
For matrix decomposition, we ﬁrst need to compute
Pi (i ∈ 1, 2, 3, 4, 5) with the following time:

ECKF performs low-rank approximation by employing
the Colibri methods [47]. Based on the speciﬁcation of
the parameter cmax , which is the maximum volume of
the subspace, Colibri methods can produce a unique and
linearly independent subspace. In our experiments, we
set cmax = 200 for both synthetic and real datasets. To
study the performance of the low-rank approximation,
we examine the reconstruction error:

(S(i, j) − S̃(i, j))2 .
SSE = S − S̃F =
(19)

P1 , P2 , P3 : O(c1 2 n1 ),
P4 , P5 : O(c0 2 n0 ),
where c1 and c0 are the sizes of data subspaces at t and
t − 1 time steps, respectively; and n1 and n0 are the sizes
of the input matrices at t and t − 1. Then, we need to
compute W (t) and G(t) in Equations (2) and (3). With
one iteration the time is,
W (t) : O(c1 n1 kc ),
G(t) : O(cnkc ),
where kc is the cluster number at t time step, c =
max(c1 , c0 ) and n = max(n1 , n0 ). Pi (i ∈ 1, 2, 3, 4, 5)
is computed only once, but W (t) and G(t) have to be
calculated l times, so the overall time complexity is
O(c2 n + lcnkc ).
Regarding the space complexity, ECKF needs 2cn + c2
units to store C, U and R, and needs c1 kc and n1 kc units
for W (t) and G(t) , respectively. In addition, the temporal
storage for computing Pi and updating W (t) and G(t)
requires O(cn) units. Since c
n, the total space used
is O(cn).
The space requirement of storing the approximation
and that of running the clustering algorithm are of the
same order. That is, the overall space complexity of
ECKF is the same as the storage requirement for the
approximation matrix. Thus, we use the relative storage
of the input matrix as the space cost in our experiments.
Moreover, we also note that the size of data subspace
c plays an important role in determining the time and
space costs. The lower c is, the less running time and
space ECKF uses.

5

E XPERIMENTS AND RESULTS

In this Section, we evaluate the performance of ECKF
on both synthetic and two real-world evolving datasets
in terms of clustering accuracy, time and space costs by
comparing it with leading evolutionary clustering methods. In addition, we investigate the results gained by
the low-rank approximation, which indicate the change
of data structure. All algorithms were implemented using MATLAB 7. The experiment was performed on a
machine with a 3.0GHz Intel Xeon CPU, 3.0GB RAM
and the Windows XP operating system. All the results
reported are averaged over 10 runs.

i,j

When the dataset is extremely large, direct computation
of SSE by using Equation (19) is expensive. In this case,
we employ the approximation method [46] to estimate
SSE:

 2 
n
˜
SSE = 
(S(i, j) − S̃(i, j))2 ,
(20)
|C|
(i,j)∈C

where C is a set of randomly selected sample entries, and
n is the size of S.
We compare the proposed method with evolutionary
spectral clustering [21] (ENC) and accumulated K-means
(AccKM, the accumulation of the history and present
data is used as input for k-means). To show the effectiveness of incorporating historical knowledge in the
ECKF model, we also compare it with the kernel matrix
factorization based clustering (KMF), which executes the
algorithm on the present time data only (Notice that
ECKF and KMF will gain the same results on the ﬁrst
time data).
All our comparisons are conducted using the following evaluation metrics:
1) Normalized mutual information (NMI) [48] computed from the confusion matrix based on the true
and predicted cluster labels,
k(a) k(b)
n·nh,l
h=1
l=1 nh,l log( n(a) n(b) )
h
l
,
NMI = 
(b)
k(a) (a) n(a)

(b)
nl
(b)
k
h
( h=1 nh log n )( l=1 nl log n )
(21)
where k (a) and k (b) are cluster numbers in the
true and predicted clusterings, nh,l denotes the
(a)
element in the confusion matrix, nh is the number
of objects in the hth cluster according to the true
(b)
clustering and nl has similar deﬁnition. NMI
ranges in [0, 1]. A high NMI value indicates that
the predicted clustering matches the ground truth
well.
2) KMCost [21], a value computed by K-means cost
function:
KMCost = α

kc



 vi,t − μ
 l,t 2

l=1 i∈Vl,t

+ (1 − α)

kc 

l=1 i∈Vl,t

vi,t−1 − μ
 l,t−1 2 , (22)
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Fig. 2. Exemplar selection for evolving synthetic data (eight time steps from t0-t7): blue dots inside each cluster denote the
selected exemplars.

where vi,t denotes a node in the lth cluster at
t time, μ
 l,t is the mean of that cluster, and the
similar deﬁnitions are made for vi,t−1 and μ
 l,t−1 .
Notice that for the second term, we evaluate t time
clustering on the t−1 data. A lower value indicates
better clustering.
3) Time cost: We use the inline functions of MATLAB,
tic and toc, to compute the running time.
4) Space cost: We compute the storage of the input
matrix as the space cost (normalized based on the
required storage units of the original data matrix).
For ECKF, the input is the low-rank approximations of two period similarity matrices, thus the
space cost is given by,
N 1 + N2
,
NNZ(S (t) ) + NNZ(S (t−1) )
N1 = NNZ(C (t) ) + NNZ(U (t) ) + NNZ(R(t) ),

SPCost =

(23)

N2 = NNZ(C (t−1) ) + NNZ(U (t−1) ) + NNZ(R(t−1) )
where NNZ(.) presents the number of non-zero
entries in a matrix, For KMF, the input is the
approximation of present data, so the space cost
(t)
(t)
)+NNZ(R(t) )
. Both,
is SPCost = NNZ(C )+NNZ(U
NNZ(S)
ENC and AccKM, take S as the input, and their
normalized space cost is one.
5.2 Synthetic data
We evaluated the performance of ECKF on evolving
synthetic data by considering the following cases: adding
noise, inserting new nodes to existing clusters, deleting

nodes, inserting new clusters, removing clusters and
duplicating snapshots (in this case, our algorithm can
automatically detect duplicates and copy the last clustering as the current one).
We now describe the synthetic data we generated
consisting of eight time steps. For the ﬁrst time step (i.e.,
t0), we sampled data points from ﬁve two-dimensional
Gaussian distributions N (μi , Σi ), i ∈ {1..5}, where Σi is
restricted to a diagonal matrix. Speciﬁcally, each entry
of μi has a value randomly chosen from 0 to 20, and
that of Σi ranging from 1 to 2. We sampled 60 data
points from each distribution and obtained a ﬁve-cluster
dataset with size 2 × 300. For t1, we randomly selected
50 data points from each cluster and added zero-mean
gaussian noise. For t2, we selected one cluster and
inserted some new data points into it. For t3, we selected
one cluster and deleted some nodes from it. For t4,
we generated a duplicate snapshot of t3. For t5, we
generated a group of nodes from a gaussian distribution
in the same way as for the former clusters, and inserted it
as a new cluster. For t6, we duplicated the last snapshot
again. For t7, we selected a cluster and deleted it. In
Figure 2, each time step data is shown with each group
having a unique color and shape. The afﬁnity matrix is
−A(:,i)−A(:,j)2

σ
, where
computed by the kernel S(i, j) = e
σ = 0.05 × max(A(:)).
We ﬁrst examine the results of the low-rank approximating procedure. As can be seen from Figure 2, the
exemplars (representative points) selected by ECKF illustrated by blue dots, nicely represent the underlying
data distribution, i.e., no outliers are picked. In addition,
we have also plotted SSEs gained from Colibri methods
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Fig. 4. Comparison of NMI among four methods with different values of α ranging in [0.2, 1].
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The gaps between top eigenvalues and numbers of the
deleted cluster on synthetic data.
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Fig. 3.

Low-rank approximation on synthetic datasets: (a)
shows approximation error at each time step, and (b) shows the
number of selected exemplars at each time step.
Deleted clusters

in Figure 3(a). As can be observed, SSE changes with
the evolving nature of the data. Speciﬁcally, it increases
slightly when noise is added at t1. There is almost no
change in SSE when highly correlated nodes are inserted
into an existing cluster at t2. When some data points are
deleted at t3, it increases since the subspace is shrunk
and some of the exemplars are removed. As t4 is a
duplicate snapshot of t3, SSE remains unchanged. At t5,
SSE ﬁrst increases signiﬁcantly due to the addition of a
new cluster but comes back to the original range once
the subspace is reconstructed based on the total data.
Like the case of t4 before, SSE remains unchanged at
t6. At t7, although a cluster is removed, SSE does not
change because the subspace for the existing clusters is
unchanged, and it is enough to estimate the approximation.
To further examine the subspace, we plotted the number of exemplars for each time step in Figure 3(b). We
can see that when noise or new nodes are added, the
subspace grows, such as in the case of t1, t2 and t5. On
the other hand, when nodes are deleted like t3 and t7,
the subspace shrinks. Hence, the size of subspace reﬂects
the complexity of data structure.
To estimate the cluster number, we compute the gaps
between consecutive top eigenvalues, i.e., eignvalue(i) −
eignvalue(i+1) , where i = 1, 2, ..., and detect the deleted
clusters (the cluster on the current data with less than
30 data points based on the last cluster membership

t0
13.81
148.08
11.14
4.08
84.37
6.14
11.79
7.39
.
.
.
0

t1
15.18
157.24
14.29
16.37
55.52
6.50
8.99
0.77
.
.
.
0

t2
15.18
135.32
16.73
19.48
54.02
14.26
19.10
0.77
.
.
.
0

t3
15.18
151.34
20.19
68.44
17.13
1.82
0.77
8.96
.
.
.
0

t5
15.50
15.18
151.34
2.82
17.37
68.44
17.13
1.82
.
.
.
0

t7
29.60
34.27
60.21
87.90
20.26
16.16
19.41
7.43
.
.
.
1

is determined to be deleted) at the time steps where a
clustering is performed, as shown in Table II. We notice,
the gaps are larger for the top eigenvalues, and become
smaller with the eigenvalue decreasing. According to the
change in SSE and the number of the deleted clusters,
the data structure at the ﬁrst ﬁve time steps (from t0
to t4) does not change, indicating the cluster number
remains the same. From the gaps between eigenvalues,
we notice the index of the last gap that is larger than
a threshold (20 in our experiment) is almost the same,
meaning the cluster number doesn’t change at these time
steps. At t3, we see the index of the last gap greater than
20 is 4, however, based on the change in SSE (almost
no change) and the deleted cluster (no deleted cluster),
we determine the cluster number should be 5, the same
as that for the last time. At t5, we determine the cluster
number is 6 according to the index of the last gap greater
than 20, which is consistent with the prediction of SSE
that a signiﬁcant increase of SSE may be resulted by new
inserted clusters. At t7, SSE takes almost no change, and
one cluster is deleted, so the cluster number is 1 less
than that at the last step, i.e., 5. From the computed
eigenvalues, the index of the last gap greater than 20
is 5.
Next, we study the performance of ECKF for clustering. In the low-rank approximation results, SSE remain
unchanged at t4 and t6 indicating that we do not need to
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perform new clustering at these time steps. Thus, in the
rest of our experiments, we only report the clustering
results on the remaining data. To examine the effect
of parameter α, in Figure 4 we report NMIs with α
going from 1 to 0.2. A higher value of α indicates lower
incorporation of historical knowledge into clustering.
Since the results obtained by KMF and AccKM are
independent to α, we plot them as ﬂat lines. ECKF gains
the highest NMIs in most cases, while AccKM gets the
worst results. Though the results by both ECKF and
ENC ﬂuctuate with the change of α, ECKF gains the
best results in all values of α at most time steps except
for t1. This is because, ECKF integrates more historical
knowledge such as the last approximation results and
last clustering results, which is much more effective
than ENC that only incorporates the historical data. In
general, KMF underperforms compared to both ECKF
and ENC, which indicates incorporation of historical
information in clustering evolving data is essential. In
Figure 5, we show the comparison of four methods
with respect to NMI for α = 0.8. It is clear that ECKF
outperforms the other methods by having highest NMIs
at evolving time steps.
ECKF
ENC
KMF
AccKM

1
0.95
0.9
0.85

NMI

0.8
0.75
0.7
0.65
0.6
0.55
0.5

t0

t1

t2
t3
Time Steps

t5

t7

Fig. 5. Comparison of NMI among four methods with α = 0.8
at each time step.

5.3 Real data
To evaluate the performance of ECKF on real world
data, we selected two publicly available social network
datasets. The ﬁrst dataset is collected from Pubmed 1
database. To generate a set of evolving datasets, we
used an author-paper structure to denote each time data.
We extracted records published between 1990 − 2009 on
the topics of “drug abuse”, and eliminated the ones
without authors and abstracts. We also removed the
authors who published less than 5 papers in this period. Then, we processed the records by extracting the
abstracts, removing common words and stemming them
by Porter’s sufﬁx-stripping algorithm [50]. After this,
we had 11,250 authors, 51,684 papers and 63,017 words.
Next, we constructed an author-paper matrix for each
1. http://www.ncbi.nlm.nih.gov/pubmed/

TABLE III
Pubmed Datasets .
Year
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999

Authors
2126
2205
2419
2820
2938
3160
3273
3464
3727
3852

Papers
1886
1813
1880
2101
2181
2219
2260
2376
2466
2542

Year
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009

Authors
4059
4097
4371
4637
4896
5122
5146
5248
4899
954

Papers
2683
2646
2867
3123
3209
3493
3688
4006
3852
393

year by denoting each author with a word frequency
vector. Finally, we had 20 groups of datasets, shown in
Table III. The afﬁnity matrix is computed by S = AT ∗ A.
To make it more sparse, we made the entries less than
0.005 to be zeros. The second dataset we have used is
the Enron Email corpus [49] 2 , which contains email
messages collected from 150 senior executives in the
Enron corporation. We used a user-message structure to
denote each time data with every user corresponding
to an email address. A user’s message in one time
step is the concatenation of all the sent and received
emails. First, we selected a part of data from the period
between April 2001 to January 2002 and regarded each
month as a time step. After the elimination of users
who had sent or received less than 10 emails, we had
75, 532 users, and 68, 588 email messages. From all these
email messages, common stop words were ﬁrst removed
followed by stemming using Porter’s sufﬁx-stripping
algorithm, resulting in a vocabulary of 357, 274 words.
Next, we constructed a user-message matrix for each
month by denoting a user appearing in a month with
a word frequency vector. The details of the 10 groups of
datasets we obtained in the end are given in Table IV. For
this set of evolving data, most of datasets contain over
5, 000 nodes. Hence, instead of computing S by AT ∗ A,
due to both computational and space limitations, we
adopted a different approach. We executed the low-rank
approximation algorithm directly on the data matrix:
A ≈ CA UA RA . Then, the approximation of the afﬁnity
matrix was constructed by,
S̃ = (CA UA RA )T (CA UA RA )
T T T
= RA
UA CA CA UA R A

= CU R
T
T
where C = RA
, U = UAT CA
CA UA and R = RA . Since,
ENC requires the afﬁnity matrix and not its approximation as the input, we only evaluated ECKF, KMF, and
AccKM on this dataset. On both real-world datasets, we
executed ECKF, ENC, and AccKM with α = 0.8.
In Figure 6(a), we plot SSEs gained by Colibri methods
on the Pubmed datasets. The peaks before 1997 indicate
the changes in the structure of the data. Especially
during 1992 to 1996, every year a new subspace needs to

2. http://www.cs.cmu.edu/∼enron/
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TABLE IV
Enron Email Datasets.
Number of Users
5942
7481
6072
3777
4815
6670
9795
9246
4557
2865

Number of Messages
14348
16986
11128
6980
7490
9888
29556
23441
9471
11948

260
240
220
200
180
SSE

Time steps
2001-04
2001-05
2001-06
2001-07
2001-08
2001-09
2001-10
2001-11
2001-12
2002-01

160
140
120
100
80
60
90 91 92 93 94 95 96 97 98 99 00 01 02 03 04 05 06 07 08 09

(a)
160
150

Number of Exemplars

140
130
120
110
100
90
80
70
60

90 91 92 93 94 95 96 97 98 99 00 01 02 03 04 05 06 07 08 09

(b)

Fig. 6.

Low-rank approximation on Pubmed datasets: (a)
shows approximation error at each time step, and (b) shows the
number of selected exemplars at each time step.

15
14
13
12
Number of Clusters

be created. In the period 1996 to 1999, the data structure
remains relatively steady, and the subspace at each time
step succeeds from the previous one. A similar pattern of
peaks happens from 2000 to 2002, and stability thereafter
appears until 2008. The sudden spike in the SSE in 2009
suggests that the subspace in this year is signiﬁcantly
different from that in the previous year.
In Figure 6(b), we have plotted the number of exemplars to show the complexity of data structure at
each time step. The pattern observed here supports the
one observed in Figure 6(a). That is, before 1997, the
subspace grows almost every year, indicating that the
data structure is becoming more complex. Thereafter,
during 1997 to 1999, the subspace shrinks. Again, from
2000 to 2002, the data becomes more complex, followed
by a reduction in the complexity after 2003.
The lack of much change in SSE during 1997 to 1999
and in 2007, means that we do not need a new clustering
on these datasets. In Figure 7, we have plotted the
number of clusters across all time steps. As discussed
before, since the data is more complex prior to 2002,
the number of clusters is more compared with after
2002. Figure 8 performs a head-to-head comparison of
ECKF, ENC, KMF, and AccKM on the remaining datasets
with respect to KMCost values. Clearly, among the four
methods, ECKF gains the lowest KMCost values on all
the evolving data, followed by AccKM. The KMCost
values of ENC are zeros during the period of 2003 to
2007, where the data contains over 4500 nodes. A zerovalue here indicates ENC fails to cluster the data due
to insufﬁcient memory. All through out, KMF generally
gets the highest KMCosts. This clearly demonstrates the
beneﬁts of incorporating historical knowledge into the
matrix factorization based clustering. The exemplars are
able to rule out noisy data points, hence making the
ECKF framework very robust.
Next, we report the results on the Enron datasets.
Figure 9(a) shows the approximation errors over the time
steps of ten months. As we can see, the structure of
the data changes considerably in most months, except
for the periods of June to July and August to September in 2001. In particular, in December 2001, the data
changes signiﬁcantly indicated by the highest point in
the ﬁgure. In Figure 9(b), we have shown the number
of selected exemplars for each month. Note that, before

11
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7
6
5
4
90

91
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93
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03

04
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Fig. 7. Number of clusters on Pubmed Datasets.
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Based on the low-rank approximation results, we do
not perform a new clustering on the data in July 2001.
In Figure 10, we have plotted the number of clusters
on the Enron datasets. As noticed, the value of cluster
number drops before June 2001, and then grows, which
is consistent with the curve of the number of exemplars
in Figure 9(b). In Figure 11, we have compared the
KMCost values obtained by ECKF, KMF, and AccKM.
As we see, ECKF gains the lowest KMCost values on all
the envolving Enron datasets.

09

15

Fig. 8. Comparison of KMCost between ECKF, ENC, KMF, and

14

AccKM on Pubmed datasets.

13

July 2001, the number decreases every month, meaning
the structure is becoming less complex, while after that,
it increases for the opposite reason. This is veriﬁed by
Table IV, where before July 2001, the numbers of users
and messages decrease every month, and increase after
August 2001.

Number of Clusters
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Fig. 10. Number of clusters on Enron Datasets.
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AccKM on Enron datasets.
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Fig. 9. Low-rank approximation on Enron datasets: (a)shows
approximation error at each time step, and (b) shows the number
of selected exemplars at each time step.

In Table V, we have compared the efﬁciency of the four
algorithms in terms of execution time and storage. With
regards to speed, ENC is the fastest with KMF, ECKF,
and AccKM occupying second, third, and fourth place,
respectively. Although ECKF requires more time than
ENC and KMF, as seen from the experiments, it is able to
process extremely large datasets, having almost 10, 000
nodes within 200 seconds. From the storage perspective,
ECKF leads the way as it requires the least memory,
followed by KMF, and the last being ENC and AccKM
which require the most.
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TABLE V
Comparisons of efﬁciency on two real-world datasets: the
values are the average of results on all time step data.
Pubmed Datasets
Time(s)
Space
ECKF
136.33
0.13
ENC
6.65
1
KMF
48.34
0.14
AccKM
72.615
1
Enron Datasets
Time(s)
Space
ECKF
96.44
0.32
KMF
53.16
0.33
AccKM
314.52
1

[9]

[10]

[11]

[12]
[13]

6

C ONCLUSIONS

We presented a mathematically-rigorous theoretical
framework for Evolutionary Clustering based on lowrank Kernel matrix Factorization (ECKF). By integrating low-rank kernel matrix approximation, ECKF can
partition extremely large data sets at every time step.
ECKF works directly in the low-rank subspace, which
has highly attractive properties such as feature selection,
robustness to noise, and as a result, higher clustering
accuracy. Empirically, we demonstrated that ECKF outperforms existing evolutionary clustering methods in
terms of the clustering accuracy and efﬁciency through
extensive experiments performed on synthetic as well as
publicly available real datasets.
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