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Abstract

This paper provides necessary and sufficient conditions
for deadlock-free unicast and multicast routing with the
path-based routing model in interconnection networks which
use the wormhole switching technique. The theory is devel-
oped around three central concepts: channel waiting, False
Resource Cycles, and valid destination sets. The first two
concepts are suitable extensions to those developed for uni-
cast routing by two authors of this paper; the third concept
has been developed by Lin and Ni. The necessary and suffi-
cient conditions can be applied in a straightforward manner
to prove deadlock freedom and to find more adaptive routing
algorithms for collective communication. The latter point is
illustrated by developing two routing algorithms for multi-
cast communication in 2-D mesh architectures. The first al-
gorithm uses fewer resources (channels) than an algorithm
proposed in the literature but achieves the same adaptivity.
The second achieves full adaptivity for multicast routing.

1. Introduction
Collective communication routines such as broadcast,

scatter, gather, reductions, transpose, prefix computations
(scan), etc. are very important for developing parallel pro-
grams that are both efficient and portable. Although there is
a large body of research that has addressed the development
of efficient collective communication algorithms (Kumar et
al. [8] contains a good survey; a more recent survey dealing
with wormhole-routed architectures appears in [12]), this
research has invariably assumed a simple underlying hard-
ware model with non-adaptive (dimension-ordered) routing
of point-to-point messages. This has been in large part be-
cause that model reflects the characteristics of most present-
day commercial multicomputers. In a position paper, Ni ar-
�
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gues that supporting multicast at the router level is critical
to the efficient performance of message-based parallel com-
puters [13]. There have been a number of recent research
advances in adaptive routing and router models which per-
mit multicasting in hardware. There are a number of theo-
retical and systems-related issues that arise with respect to
deadlock freedom, design of routing algorithms, and design
of collective communication algorithms in such systems. In
this paper, we provide a general set of necessary and suf-
ficient conditions for deadlock freedom for a large class of
routing algorithms and router models which use wormhole
routing (for a survey on wormhole routing, see [14]). We il-
lustrate the applicability of these conditions by developing
two adaptive multicast routing algorithms for 2-D mesh ar-
chitectures.

2. Previous work
Dally and Seitz have shown that for nonadaptive routing

algorithms, the existence of an acyclic channel dependency
graph is necessary and sufficient for deadlock freedom [3].
Much of the early research on wormhole routing has focused
on the design of deadlock-free routing algorithms using this
result. The idea of channel waiting was introduced indepen-
dently by Lin, McKinley, and Ni [10]. Nonadaptive rout-
ing algorithms can be characterized by functions of the form�����
	��
	������

, where the input channel, belong-
ing to the set of channels

�
, and the current and destination

node, belonging to the set of nodes
�

, define an output chan-
nel on which to route the message. An acyclic channel de-
pendency graph has also been used as a basis for developing
adaptive routing algorithms defined by functions of the form�����
	��
	������������

(
�������

is the power set of C),
where a set of output channels is defined on which to route
the message. Since a set of output channels is provided, a
selection function is then used to choose one of these output
channels.

Duato showed that requiring an acyclic channel depen-



dency graph is too restrictive for routing algorithms defined
by relations of the form

� � � 	 � � �������
[4, 5]. Cy-

cles are permitted in the channel dependency graph if some
subset of channels defines a connected routing subfunction
with an acyclic extended channel dependency graph. He
also designed routing algorithms based on this relaxed con-
dition. Schwiebert and Jayasimha have used Duato’s suffi-
ciency condition and the mesh topological properties to pro-
pose an optimal fully adaptive routing algorithm for arbi-
trary dimension mesh networks [16, 18]. This algorithm is
optimal in the number of virtual channels and in the number
of restrictions they place on the use of virtual channels.

A natural question that arises is: Exactly how restrictive
must the routing algorithm be to guarantee deadlock free-
dom? In other words, what is a necessary and sufficient con-
dition for deadlock-free routing? This question has been in-
dependently answered by several researchers for classes of
routing algorithms and particular flow control mechanisms.
Previous work done by two authors of this paper provides
the most general solution proposed so far. The solution,
which works for routing functions of the form

� � ��	� 	�� � �������
, introduces two new notions: the chan-

nel waiting graph (CWG) and False Resource Cycles [19].
The
�����

, which is derived on the basis of channel waiting
instead of channel usage, omits most channel dependencies
that cannot lead to a deadlock configuration. Consequently,
the proofs of deadlock freedom become natural and straight-
forward. The

�����
is a static graph, however, and the de-

pendencies that arise among channels are dynamic. The no-
tion of False Resource Cycles is used to capture these dy-
namic dependencies. For a routing algorithm that requires a
blocked message to wait for a specific channel, a

�����
with

no True Cycles is shown to be necessary and sufficient con-
dition for deadlock freedom (the

�����
could contain False

Resource Cycles, however). When a blocked message can
wait on multiple channels, even the presence of a True Cy-
cle does not imply a deadlock. In such a case, it is shown that
the presence of a certain subgraph of the

�����
is a neces-

sary and sufficient condition for deadlock freedom.
The authors have extended this work to include any

flow control mechanism (that is not inherently deadlock-
free) [17]. They also comment that the proof technique ap-
plies to any routing relation that depends only on local infor-
mation available at a router to make routing decisions. Thus
a single set of necessary and sufficient conditions apply to
all practical classes of routing algorithms and to wormhole
routing, store-and-forward routing, and virtual cut-through.

The above discussion has been limited to unicast rout-
ing, i.e., the transmission of messages from one source node
to a single destination node. Collective operations, defined
on a group of processes, require the participation of mul-
tiple source/destination nodes. Improvement in the perfor-
mance of collective operations could arise by enhancing the
unicast router model. While several router models of mul-
ticasting are possible, the path-based model [9, 11] seems
the most feasible. In the path-based model, a “single-head”
worm visits the destinations in sequence. The router hard-
ware then must have the capability to copy and forward a
message (as opposed to just forwarding with unicast mes-
sages). Hence, the condition for deadlock freedom with
path-based routing is different from unicast routing because
of additional dependencies introduced into the channel de-
pendency graph. Typical deadlock-free routing algorithms
in such a model are based on the use of Hamiltonian paths

and disjoint destination sets [9, 11] or based on using only
the paths of the underlying unicast routing algorithm [15]. It
is possible to design multicast routing algorithms with more
adaptivity by relaxing the conditions used in previous ap-
proaches. Recently, Duato has provided a sufficiency con-
dition for deadlock-free path-based routing [6]. As a result,
he has been able to design the most adaptive multicast rout-
ing algorithm to date. His theory, based on an extension of
the channel dependency graph, introduces additional direct
and indirect multicast dependencies. The approach is com-
plicated to apply to design algorithms or to check if routing
algorithms are deadlock-free.

The necessary and sufficient conditions for deadlock-free
routing, using sophisticated router models such as path-
based routing, has been an open problem. In this paper, we
solve this problem.

3. Assumptions and definitions
To be precise, the channels referred to so far are the com-

munication channels of the network. In addition, a pro-
cessor at each node has one or more injection channels
through which messages are injected into the network. The
processor consumes or absorbs messages from the network
through one or more consumption channels. We will con-
tinue to refer to communication channels as just channels
and explicitly refer to consumption or injection channels.

The following assumptions are standard and correspond
to the way (path-based multicast) wormhole routing is im-
plemented.

1. A node can generate messages of arbitrary length des-
tined for any other node at any rate.

2. A unicast message arriving at its destination is even-
tually consumed. A multicast message arriving at a
destination is eventually consumed if all the remaining
headers of the message can make progress.

3. Once a channel queue accepts the header flit of a mes-
sage, it must accept all the flits of the message before
accepting any flits from another message (this is a char-
acteristic of wormhole routing).

4. A channel queue cannot contain flits belonging to more
than one message at a time. The channel must transmit
the tail flit of the current message before the channel
queue accepts the header flit of the next message.

5. A node arbitrates among messages which simultane-
ously request the same output channel. Messages al-
ready waiting for a channel are chosen in an order that
prevents starvation.

Definition 1 An interconnection network � is a strongly
connected directed multigraph, ��� �����	� ���

, where the
vertices, 
���
 � , are the processors and the directed edges,� � 
 � , are channels that connect neighboring processors.
Each channel, � � , can transmit messages from one proces-
sor, denoted ��� , to a neighboring processor, denoted ��� .
If � is an ordered subset of

�
, then 
�� precedes 
�� in the set� is denoted by 
�������
�� . If ��� and ��� are two ordered

subsets of
�

such that  !
 � � 
 �#"�$ � � and  %
 � � 
 �&"�$ � � ,
then it is possible that 
'�(���*)*
�� and 
��+���',-
.� .
Definition 2 Let / be the set of all ordered subsets of

�
.

Let 0 � � � ��� / � be a function, called valid destina-
tion set function, that assigns for each node 
'1 a set of or-
dered sets 0 � 
 1 � satisfying the following property (the sets
belonging to 0 � 
 1 � are called the valid destination sets for
node 
�1 ):



� If � $ �
and 
 1 �
 � , then there exists a set��� 0 � 
�1 � such that � ��� ���
	�� ��� � � ��
 ��� ������ ������ In other words, any subset � of

�
not con-

taining a node 
 1 can be partitioned as a disjoint union
of valid destination sets of node 
'1 . We call 0 ���������� 	�� 0 � 
 1 � , the set of valid destination sets deter-
mined by the function 0 .

Definition 3 A routing relation
�

is a function
� � � 	 � 	��� � � � �������

and specifies a set of output channels based
on the input channel, the current node, and the destination
set of the message.
Definition 4 A selection function � � �
	 ����� 	! � ��

gives a single output channel based on the input channel,
the set of output channels given by the routing relation, and
the status of the output channels.

 
represents the possible

states of an output channel. Typically,
 �  free, busy " .

Definition 5 A routing algorithm corresponding to a valid
destination set function 0 is a function

� � � � 	��� � � ���#"%$'& � (*) � on interconnection network � . For
each 
�1 
 � and � ��� 
 0 � 
�1 � , � � assigns a set of paths� � � 
 1 � � � � � that are available to a message from the source
 1 to + " � $ � � � � � through the nodes of � � � in order (here+ " � $ � � ��� � is the last element in the ordered set � ��� ). For
each destination node that is visited in order, the path also
includes one or more consumption channels available to the
message.

� � � 
 1 � � � � � � �
if � � � �
 0 � 
 1 � . The routing

is accomplished by application of a routing relation and then
a selection function at each router in an intermediate node.
Note: If the valid destination set function 0 � � � ��� / �
is defined as

� 
 1 
 � , 0 � 
 1 � � the set of all the singleton
subsets of

�-,  !
�1 " , then 0��.� is the set of all one element
subsets of

�
, and

� � defines a routing algorithm for uni-
cast. Otherwise, it defines a routing algorithm for multicast.
Definition 6 A waiting channel is a channel for which the
message waits when the message is unable to proceed be-
cause every channel the message can use is unavailable. A
message may have multiple waiting channels at a node.
Definition 7 The channel waiting graph

������� �
for a

given routing algorithm
� � and interconnection network �

is a directed graph,
����� � ����� �0/ �

. The vertices of�����
are the channels of � and the consumption channels

at each processor. The directed edges of
�����

are ordered
pairs of channels,

� � � � � � � , where � � is a waiting (consump-
tion or communication) channel for a message that occu-
pies � � . Formally,

/ �  � � � � � � �21-3 
54 
 � and � 
0 � 
54 � such that  ��6�7� � � � � �7�6� � � � � �7�6� " 
 � � � 
54 � � � and � �
is a waiting (communication or consumption) channel for� � � 
54 � � � on this path "
Note: There is no requirement that the message waits for� � immediately after using � � , only that the message is long
enough to fill the channel queues from � � to � � . Since arbi-
trary message lengths are permitted, this imposes no restric-
tions under our system model.
Definition 8 Routing algorithm

� � is wait-connected if a)
for every input channel on a path, there exists a waiting
channel through which the message can be routed and b) on
reaching a destination, a message can wait on one or more
consumption channels at that node. Formally,

� 
 4 
 �
and � 
 0 � 
54 � � � � � 
 �

such that  ��6�7� � � � � �6�7� " 
� � � 
54 � � � �83 � � 
 �
such that  ��6�7� � � � � � � � �6�7� " 
� � � 
 4 � � � and � � is a waiting channel for

� � � 
 4 � � � af-
ter using � � �

Note: A message must be able to reach all the nodes in its
destination set. Hence, a blocked message must wait for at
least one output channel. Otherwise, it is never delivered if
it reaches an intermediate node where all the output chan-
nels and the consumption channel(s), if the message is des-
tined to the corresponding node, are busy. Therefore, any
deadlock-free routing algorithm must be wait-connected.

In the following two definitions only, “channels” refer to
both communication and consumption channels.
Definition 9 A configuration is an assignment of messages
to channels. The headers and data flits of each message are
stored in the channel queues and each channel queue holds
flits from at most one message. The leading channel is the
communication channel the message has most recently ac-
quired and its channel queue contains the message header.
Any other communication channels occupied by this mes-
sage contain only data flits. Message headers or data flits
could be held in consumption channel queues of the des-
tinations that a (multicast) message has already visited. A
configuration is legal if each message in the configuration
occupies one or more consecutive channels; the message
header is stored at the head of the leading channel queue that
the message occupies; each message occupies only channels
the routing algorithm permits the message to use; and the
storage capacity of each occupied channel has not been ex-
ceeded.

The notion of a configuration is used to define deadlocks.
Note that if a message header does not occupy a communi-
cation channel, that message will eventually be consumed
since every header of that message in the network occupies
a consumption channel– such a message cannot give rise to
a deadlock and we do not need to consider such a message
in the configuration.
Definition 10 A deadlock configuration
for routing algorithm

� � on interconnection network � is
a non-empty legal configuration consisting of a set of mes-
sages, 9 � � 9 � � �7�6� � 9 � � 
;:=< , where each message, 9 � ,
in the set has acquired at least one channel. A header flit of9 � unable to proceed because every output channel for 9 � is
unavailable. Moreover, every waiting channel for 9 � is oc-
cupied by either data flits of 9 � or the header or data flits of
another message in the set. The data flits at the head of any
other channel queue held by 9	� are unable to proceed be-
cause the next channel queue occupied by 9 � is full. Thus,
each message is blocked and must wait for an unavailable
waiting channel held by another message in the set. Alter-
natively, if 
 �>< , 9 � waits for a channel already occupied
by itself, otherwise, we can order the messages such that 9 �
waits for a channel occupied by 9 �@? � �A�CB 
 and 9 � waits
for a channel occupied by 9 �

4. Sufficient condition
Theorem 1 If routing algorithm

� � is wait-connected and
the
�����

for
� � is acyclic, then

� � is deadlock-free.
Proof.

� � is wait-connected, so every message always has
a waiting channel when all output channels are busy. As-
sume there is a deadlock configuration involving 
 mes-
sages. If 
 �D< , then there is a cycle in the

�����
from

a channel to itself, which is not possible since the
�����

is
acyclic. Otherwise, (

�A�EB 
 ) there is an edge in the
�����

from every channel occupied by 9 � to the channel occupied



by 9 �@? � for which 9 � is waiting (call this channel ����@? � ).
There is also an edge in the

�����
from every channel oc-

cupied by 9 � to the channel occupied by 9 � for which 9 �
is waiting (call this channel ��� � ). Hence, there is an edge in
the
�����

from ���� to ����@? � (
�A� B 
 ) and from ���� to ��� � . The�����

for
� � is acyclic, however, so no such set of edges

is possible. Therefore, no deadlock configuration exists and� � is deadlock-free.
�

An edge in the
�����

requires only the existence of a
path from some channel to a waiting channel. The spe-
cific intermediate channels used between this channel and
the waiting channel are not considered when creating the�����

. Hence, it is possible that a cycle in the
�����

exists
only if two or more messages occupy the same channel. For
this reason, we divide cycles in the

�����
into two classes:

False Resource Cycles and True Cycles. A False Resource
Cycle is a cycle in the

�����
that requires at least one chan-

nel to be occupied simultaneously by more than one mes-
sage in order to create the cycle. Note that this shared chan-
nel is not necessarily within the cycle. Obviously, a False
Resource Cycle cannot occur, since this is physically im-
possible. (Even though the configuration is legal, it is not
a reachable configuration [2].) Therefore, a False Resource
Cycle cannot be used to create a deadlock configuration. A
True Cycle is a cycle in the

�����
that permits every mes-

sage in the cycle to occupy different channels.

5. Necessary and sufficient conditions
A message is unable to proceed when all output channels

the message is permitted to use are busy. This situation can
be resolved in one of two different ways: (1) The message
could wait for a specific output channel to become free or
(2) The message could wait until any permitted output chan-
nel becomes free. For case (1), once a waiting channel is
chosen from a set of possible waiting channels, the message
must then wait for that specific channel to become free. For
case (2), the message also has the possibility of waiting on a
subset of more than one output channel. In fact, case (2) in-
cludes any routing algorithm that does not conform to case
(1). We first prove a necessary and sufficient condition for
routing algorithms that belong to case (1), followed by one
for case (2).

Theorem 2 A routing algorithm,
� � , that requires a mes-

sage to wait for a specific output channel is deadlock-free
iff
� � is wait-connected and the

�����
for
� � has no True

Cycles.
Proof. First note that

� � is wait-connected by definition.
By Theorem 1, an acyclic

�����
is a sufficient condition

for deadlock freedom. A False Resource Cycle cannot re-
sult in deadlock, so any False Resource Cycles can be ig-
nored. Since there are no True Cycles, the routing algorithm
is deadlock-free.

To prove necessity, assume that a True Cycle with 
 mes-
sages exists. A deadlock configuration can be created from
this True Cycle. For each

� B 
 , allow message 9 � to
occupy channel ���� , some additional channels if necessary,
and then wait to acquire channel ���� ? � occupied by message
9 �@? � . (Assume that 9 � and � �� are defined as before.) Sim-
ilarly, message 9 � occupies channel ���� and waits for chan-
nel ��� � . Since this is a True Cycle, it is possible to gener-
ate a set of messages that are able to occupy the appropri-
ate channel(s) and then wait for the appropriate channel. To

force 9 � to wait for the appropriate channel, it is necessary
to guarantee that every output channel 9 � could use at this
node is busy. For any output channel available to 9 � that is
also available to the source, assume the source has injected a
message that is occupying this channel. If

� � is not suffix-
closed (the notions of suffix-closure and prefix-closure are
defined in [19]), however, it is possible that some of the out-
put channels available to 9 � can be used only by messages
arriving on the input channel used by 9 � . For these output
channels, assume that a previous message, 9 � , used this in-
put channel and was forwarded on one of the output chan-
nels. In addition, the length of 9 � is assumed to be short
enough that it releases the input channel that 9 � uses, how-
ever, 9�� is long enough that it occupies the output channel
at this node. By Assumption 2, 9 � is not necessarily re-
moved from the network immediately, so it is possible that9 � occupies this output channel for a short amount of time.
Hence, it is always possible to force 9 � to wait for ����@? � .
Clearly, each message in the set is waiting for a channel oc-
cupied by another message in the set and none of the mes-
sages can make progress. Therefore, a deadlock configura-
tion can always be constructed from a True Cycle.

�

For routing algorithms that permit a message to wait
for any of the output channels to become free, an acyclic�����

is not a necessary condition. Since a blocked mes-
sage may have multiple waiting channels, messages may be
able to avoid channels that form cycles in the

�����
by us-

ing an alternative channel outside the cycle. Deadlock can
be avoided, however, only if at least one of the waiting chan-
nels is guaranteed to become free. For this reason, we se-
lectively remove edges from the

�����
to resolve all True

Cycles, as long as the routing algorithm for the resulting
graph,

����� � , remains wait-connected. We next prove that
if no such

����� � exists, then the routing algorithm is not
deadlock-free. If such a

����� � does exist, however, then
the following theorem can be used to prove deadlock free-
dom.
Theorem 3 A routing algorithm,

� � , that permits a mes-
sage to wait for any output channel is deadlock-free iff

� �
is wait-connected for some subgraph of the

�����
, called����� � , and this

����� � has no True Cycles.
Proof. If

� � is wait-connected for the
�����

and the
�����

has no True Cycles, then the result follows immediately
from Theorem 2, with

����� � ����� � . Assume the�����
contains True Cycles. In this case,

� � must be wait-
connected for some

����� � without True Cycles.
We first prove sufficiency. Consider a potential deadlock

configuration for
� � , involving a cycle of 
 messages ( 
���

). This requires that every message in the configuration is
waiting for channels occupied by itself or another message
in the cycle. Since

� � is wait-connected for
����� � , at least

one of the waiting channels for each message is in
����� � .

Because
����� � has no True Cycles, an output channel in����� � eventually becomes free and some message in the set

is forwarded. There is no guarantee, however, that the out-
put channel the message, 9	� , eventually acquires a channel
in
����� � . (It is possible that 9 � is forwarded along a dif-

ferent channel before an output channel in
����� � becomes

free.) If 9 � has reached the last node in its destination set,
then the cycle has been resolved. Otherwise, whether or not9 � acquires a channel in

����� � , 9 � can acquire an out-
put channel in

����� � at the next node because
� � is wait-

connected for
����� � . Hence, one of the messages can al-

ways be routed and a deadlock configuration cannot occur.



We now prove necessity by showing that the routing al-
gorithm is not deadlock-free if every wait-connected

����� �
has True Cycles. Assume that every wait-connected

����� �
has True Cycles. Hence, it is possible to generate a set of
messages, each of which has no waiting channel guaranteed
to become available. � Furthermore, these messages are all
blocking each other, since otherwise it would be possible to
guarantee that a waiting channel becomes free. Therefore, a
wait-connected

����� � without True Cycles must exist for
every deadlock-free routing algorithm.

�

6. Design examples
We first present a minimal adaptive routing algorithm for

a 2-dimensional mesh and prove it is deadlock-free. The
routing algorithm has the same degree of adaptivity as the
one described by Duato [6], since both algorithms provide
the same set of routing paths. Our algorithm requires fewer
resources, however — 5 virtual channels per node as op-
posed to 6 required by Duato’s algorithm. We then extend
this routing algorithm to make it fully adaptive by adding
two virtual channels at each node.

Suppose the address of each node in a 2-dimensional
mesh is represented by its integer coordinates

���.��� �
, where

the lowest left node has coordinates
� � � � �

. Then the label
assignment function � for a � 	 � mesh defined below as-
signs an integer label for each node.

� ������� � �
� � � �	�
� �

if
�

is even� ���	� < � ,�� , < if
�

is odd

This labeling induces an ordering among the nodes which
defines a Hamiltonian path in the network [11]. Hereafter,
we denote a node by its associated label.

Let
�

be the set of all the labels associated with the nodes
(in the case of a � 	 � mesh,

� �  � � < �
��������� � � � , < " ).
We define / to be the set of all ordered subsets of

�
where

the ordering of elements is in ascending or descending or-
der. For example, in the case of a � 	 � mesh, the ordered
sets  ��� � ��� � < � " and  �<�� � < � �
� " are members of / . How-
ever,  � �
����� " is not a member of / since its elements are
in neither ascending nor descending order. We can write /
as the union of two disjoint sets / 4 and /	� , where / 4 con-
tains all those ordered sets that are in ascending order and/	� contains all those ordered sets that are in descending or-
der. The valid destination set function 0 � � � ��� / � ,
is defined as follows: For each 
 1 
 � , 0 � 
 1 � �  � 

/ 1 � � 
 / 4 and

� 
 
 � � 
 � 
 1 � or
� � 
 / � and� 
 
 � � 
 B 
 1 � " . In other words, 0 � 
 1 � consists of all

those ordered sets whose elements are all greater than 
'1 and
are ordered in ascending order and the ordered sets whose el-
ements are all less than 
.1 and are ordered in descending or-
der. For any 
 1 
 � , and a destination set � for the node 
 1 ,
let � 4 �  %
 
 � 1 
 � 
�1 " and ������ !
 
2� 1 
 B 
�1 "
and sort � 4 in ascending order and ��� in descending order.
Then, it is clear that � � � 4�� ��� and that both � 4 and��� belong to 0 � 
.1 � . Thus, any destination set for a node 
�1
can be written as the union of two disjoint sets belonging to0 � 
�1 � .�

In fact, if even one of these messages, �! , has a waiting channel that
becomes free, then either all the messages have a waiting channel or the
remaining messages in the set (without �" ) form a deadlock configuration.

Notation: For each 
 1 
 � , let 0 � 
 1 �$#�% �  � 
 0 � 
 1 � 1

 � 
 1 � 
 
 � " and let 0 � 
 1 � �'& � �  � 
 0 � 
 1 � 1
 B 
 1 � 
 
 � " . In other words, 0 � 
 1 � #(% consists of all the
valid destination sets whose elements are sorted in ascend-
ing order and 0 � 
.1 � �'& � consists of all the valid destination
sets whose elements are sorted in descending order.

6.1. Routing algorithm
� � �

We define a routing algorithm
� � � for a � 	 � mesh

with respect to the valid destination sets provided by the
function 0 defined above. Figure 1 shows an example of a� 	 � mesh. In the horizontal direction, there are three chan-
nels connecting the neighboring nodes. In the vertical di-
rection, there are two channels connecting the neighboring
nodes, one in the upward direction and one in the downward
direction. The channels are colored blue, black, or green
as shown in figure 1. We denote the blue channels origi-
nating from node

�
in the horizontal and vertical directions

by
�	)+* #-,��. / and

�	)+* #-,��. 0 �
respectively and use similar notations

for channels of other colors. When multiple messages are
in the network, it is possible that a multicast message can
reserve a consumption channel in one node and wait for a
consumption channel in another node [1]. Thus, a circular
wait among multicast messages for consumption channels
can lead to a deadlock. To avoid deadlock due to consump-
tion channels, each node has two consumption channels–
the “UMC-channel” (Upward bound Message Consumption
channel) and the “DMC-channel” (Downward bound Mes-
sage Consumption channel). The UMC-channel at a node
is used to consume a message originating from a lower la-
beled node and the DMC-channel for a message originating
from a higher labeled node. The consumption channels at
each node are not shown in figure 1. We denote the UMC-
channel at node

�
as
��13254� and the DMC-channel at node

�
as
� � 254� .
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Figure 1. Label Assignment for nodes and
channels of a mesh for the algorithm

� � � .
We define the adaptive routing algorithm

� � � � ��	��� � � � �#"%$'& � (*) � as follows. For each 
 1 
 � , � 
0 � 
 1 � ,� if � 
 0 � 
 1 � #�% , then
� � � � 
 1 � � � consists of all the

minimal paths consisting of black, green, and/or blue
channels passing through the nodes in � in ascending
order such that the path never passes through a node
that has a higher label than the next destination node in� . When the message arrives at a destination, it must



use the UMC-channel. Every black channel on a path
 � � � � 
�1 � � � is a waiting channel for every channel
preceding that channel in the path; for each node

� 
 � ,
the UMC-channel at node

�
is a waiting channel for ev-

ery channel preceding node
�

that lies on the path; no
other channel on the path is a waiting channel.� if � 
 0 � 
 1 � �'& � , then

� � � � 
 1 � � � consists of all
the minimal paths consisting of blue and/or green chan-
nels passing through the nodes in � in descending or-
der such that the path never passes through a node that
has a lower label than the next destination node in � .
When the message arrives at a destination, it must use
the DMC-channel. Every blue channel in a path pro-
vided by

� � � � 
�1 � � � is a waiting channel for every
channel preceding that channel in the path; for each
node

� 
 � , the DMC-channel at node
�

is a waiting
channel for every channel preceding node

�
that lies on

the path; no other channel in the path is a waiting chan-
nel.� � � � � 
�1 � � � � � if � �
 0 � 
�1 � .

For example, in Figure 1, if a multicast message is sent
from node

�
to the destination set � �� � � < � � < � " , then the

path
� � � < � � � � � < � � <�< � < � � 
 � � � � � � � � ;

however,
� � � � � � � � � < � � <�< � < � � �
� � � � � � � � , since it passes through the node 7 which is larger

than the next destination node, 6.
Lemma 1 The routing algorithm

� � � is deadlock-free.
Proof: By Theorem 1, it is sufficient to prove that the

channel waiting graph
������� � � � � of the routing algo-

rithm
� � � is wait-connected and acyclic. Every message

from a source node 
 1 that is bound for a destination set� 
�0 � 
�1 � #�% has a black channel to wait on, at each node
on its path; and at each node in the destination set, the mes-
sage has the UMC-consumption channel to wait on. Every
message from a source node 
 1 that is bound for a destina-
tion set � 
 0 � 
 1 � �'& � has a blue channel to wait on, at
each node on its path; and at each node in the destination set,
the message has the DMC-consumption channel to wait on.
Thus,

������� � � � � is wait-connected. All upward bound
messages wait only on black channels and UMC-channels
and all the downward bound messages wait only on blue
channels and DMC-channels. Thus, all possible edges in������� � � � � arise as follows:� Edges that result from waiting dependencies among

upward bound messages are :
– edges from green, blue, black, and the UMC-

channels to the black channels, and
– edges from green, blue, black, and the UMC-

channels to the UMC-channels.� Edges that result from waiting dependencies among for
downward bound messages are:

– edges from green, blue, and DMC-channels to the
blue channels, and

– edges from green, blue, and DMC-channels to the
DMC-channels.

Figure 2 shows the condensed form of
��������� � � � . In

figure 2, nodes represent groups of channels. For example,
the node labeled “green channels” represents the set of all
the green channels in the network. An edge from node

�
to

node � in this graph implies that there is at least one edge
in
������� � � � � from a channel belonging to group

�
to a

channels

blue
channels

black

channels
green 

DMC-channels

UMC-channels

Figure 2. The condensed
�����

for
� � �

channel belonging to group � . To prove that
������� � � � �

is acyclic, we consider all possible cases a cycle can arise
and prove that none of those cases arise.
Case (i):

��������� � � � contains a cycle involving a DMC-
channel.
Since a waiting dependency from a DMC-channel

� � 254�
to a DMC-channel

� � 254� implies
�
�2� , a cycle involving

only DMC-channels does not exist. Thus, a cycle involv-
ing a DMC-channel must contain at least one channel which
is not a DMC-channel. From figure 2, it is clear that such
a cycle must consist of blue channels and DMC-channels
only. Dependencies among blue channels arise from the
paths supplied for the upward bound messages. Since up-
ward bound messages traverse the nodes in ascending order,
if there is an edge from a blue channel

��)+* #-,��. � to another blue
channel

� )+* #-,�
. � , then
�
� � . Similarly an edge from a blue

channel
�	)+* #-,��. � to a DMC-channel

� � 2 4� implies
�
�=� ;

and an edge from a DMC-channel
� � 254� to a blue chan-

nel
�	)+* #-,��. � implies

�
� � . Therefore, no cycle involving only

DMC-channels and blue channels is possible and hence the
DMC-channel cannot be part of a cycle. Thus proving Case
(i) does not arise.
Case (ii):

������� � � � � contains a cycle involving a UMC-
channel.
The proof is similar to Case (i).
Case (iii):

��������� � � � contains a cycle involving black
channels only.
As observed above, if there is an edge from a black channel�	)+* 4������. � to another black channel

� )+* 4������. � , then
� B � . Thus,

all the vertices in a cycle cannot be black channels.
Case (iv):

������� � � � � contains a cycle involving blue
channels only.
Dependencies among blue channels arise from the paths
supplied for the downward bound messages. Such messages
traverse the nodes in descending order, and hence if there is
an edge from a blue channel

� )+* #-,��. � to another blue channel� )+* #-,��. � , then
�
� � . Thus, all the nodes in a cycle cannot be

blue channels.
It is easy to infer from Figure 2 that any cycle in������� � � � � must be one of the four types discussed above.

Hence, the
������� � � � � is acyclic and hence

� � � is



deadlock-free.
�

As we noted earlier, the routing algorithm
� � � defined

above is not fully adaptive, because it does not allow the
message to use all the shortest paths that lead to the next des-
tination node in the destination set of a message. To make
it fully adaptive, we add two additional virtual channels in
the horizontal direction- thus each interior node now has
seven virtual channels. These additional virtual channels are
shown as red and yellow channels in Figure 3. A red channel
from node

�
is denoted as

��� , �� and a yellow channel from
node

�
as
��� , * *�� &� . Next, we modify the routing algorithm� � � to define a new routing algorithm

��� � � which is min-
imal and fully adaptive.
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Figure 3. Label Assignment for nodes and
channels of a mesh for the algorithm

��� � � .

6.2. Fully adaptive routing algorithm
��� � �

The fully adaptive routing algorithm
� � � � � � 	��� � � � �#"%$'& � (*) � is defined as follows. For each 
 1 
�

and for each � 
	0 � 
�1 � ,� if � 
 0 � 
 1 �$#�% , then
��� � � � 
 1 � � � consists of all

the minimal paths consisting of black, green, yellow,
and/or blue channels traversing the nodes in � in as-
cending order with the exception that the path supplied
by
�	� � � � 
 1 � � � does not allow waiting on a yellow

channel when the next destination node has a higher
label than the current node. Every black channel on
a path 
 ��� � � � 
 1 � � � is a waiting channel for every
channel preceding that channel in the path; every yel-
low channel on a path 
 ��� � � � 
 1 � � � , except as noted
above, is also a waiting channel for every channel pre-
ceding that channel in the path; for each node

� 
 � , the
UMC-channel at node

�
is a waiting channel for every

channel preceding node
�

that lies on the path.

For example, suppose node 1 sends a multicast mes-
sage to the destination set ��� �  ������� < � " ; two of
the possible paths supplied by

��� � � � < � ��� � for such
a message are < � � � � � � � � � < � and the
path < � � � � � � � � � < � . Here, after visit-
ing node 6 for a second time, the message can use the
blue or yellow channel to go to node 5 if one of them is
available, otherwise, it should wait on the black chan-
nel, go to node 9, and then to node 10.� if � 
 0 � 
.1 � �'& � , then

� � � � � 
�1 � � � consists of
all the minimal paths consisting of blue, red, and/or

green channels traversing the nodes in � in descend-
ing order with the exception that the path supplied by��� � � � 
 1 � � � does not allow waiting on a red channel
when the next destination node has a lower label than
the current node. Every blue channel in a path provided
by
��� � � � 
 1 � � � is a waiting channel for every channel

preceding that channel in the path; every red channel on
a path 
 ��� � � � 
 1 � � � , except as noted above, is also a
waiting channel for every channel preceding that chan-
nel in the path; for each node

� 
 � , the DMC-channel
at node

�
is a waiting channel for every channel preced-

ing node
�

that lies on the path; no other channel on the
path is a waiting channel.� ��� � � � 
 1 � � � � � if � �
 0 � 
 1 � .

Lemma 2 The routing algorithm
��� � � is deadlock-free.

Proof: By Theorem 1, it is sufficient to prove that
the associated channel waiting graph

������� ��� � � � is
wait-connected and acyclic. That

������� � � � � � is wait-
connected follows from the fact that at each node in any path
provided by the routing algorithm

� � � � , the message can
wait on a yellow or a black channel if the message is bound
for destinations with a higher label than the source, and can
wait on a blue or red channel if the message is bound for
destinations with a label lower than the source; also, at each
node in the destination set, a downward bound message can
wait on the DMC-channel and a upward bound message can
wait on the UMC-channel.

red
channels

channels
blue

green 
channels

black 
channels

yellow
channels

DMC-channels

UMC-channels

Figure 4. The condensed
�����

for
� � � �

Thus all possible edges in
������� ��� � � � arise as fol-

lows:
1. Edges that result from waiting dependencies among

upward bound messages are:
(a) edges from green, yellow, blue, black, and UMC-

channels to black channels,
(b) edges from green, yellow, blue, black, and UMC-

channels to yellow channels, and
(c) edges from green, yellow, blue, black, and UMC-

channels to UMC-channels.

2. Edges that result from waiting dependencies among
downward bound messages are:



(a) edges from green, red, blue, and DMC-channels
to red channels,

(b) edges from green, red, blue, and DMC-channels
to blue channels, and

(c) edges from green, red, blue, and DMC-channels
to DMC-channels.

The condensed form of
��������� � � � � is shown in Fig-

ure 4. To prove that
����������� � � � is acyclic, we analyze

all possible types of cycles that can exist. It is easy to see
from Figure 4, that a cycle in

������� ��� � � � must be one of
the following types: (i) a cycle involving a DMC-channel,
(ii) a cycle involving a UMC-channel, (iii) a cycle involv-
ing red channels only, (iv) a cycle involving blue channels
only, (v) a cycle involving red and blue channels only, (vi) a
cycle involving black channels only, (vii) a cycle involving
yellow channels only, or (viii) a cycle involving yellow and
black channels only. We can show by arguments similar to
the ones given in the proof of Lemma 1 that none of these
eight types of cycles exist. We omit the details of the proof
for lack of space. However, a detailed proof can be found
in [7].

�

7. Conclusion
We have solved an open problem by providing necessary

and sufficient conditions for deadlock-free wormhole rout-
ing with the path-based multicast router model. The theory
also holds for unicast routing and thus provides a unified ap-
proach to deadlock-freedom. This is particularly important
since both unicast and collective communication messages
will coexist in a network. The theory can also be used as a
foundation to design deadlock-free routing algorithms. We
have illustrated this by proposing two deadlock-free adap-
tive multicast routing algorithms. The first algorithm re-
quires fewer virtual channels than a similar one proposed by
Duato but has the same adaptivity. The second algorithm is
fully adaptive and requires only 7 virtual channels per node.
We are not aware of any other multicast routing algorithms
that are as adaptive and yet have such modest virtual channel
requirements.
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