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Abstract

This paper provides necessary and sufficient conditions
for deadlock-free unicast and multicast routing with the
path-based routing model ininterconnection networkswhich
use the wormhole switching technique. The theory is devel-
oped around three central concepts: channel waiting, False
Resource Cycles, and valid destination sets. The first two
concepts are suitable extensions to those devel oped for uni-
cast routing by two authors of this paper; the third concept
has been developed by Lin and Ni. The necessary and suffi-
cient conditionscan be applied in a straightforward manner
to prove deadl ock freedomand to find more adaptiverouting
algorithmsfor collective communication. Thelatter pointis
illustrated by developing two routing algorithms for multi-
cast communication in 2-D mesh architectures. Thefirst al-
gorithm uses fewer resources (channels) than an algorithm
proposed in the literature but achieves the same adaptivity.
The second achieves full adaptivity for multicast routing.

1. Introduction

Collective communication routines such as broadcast,
scatter, gather, reductions, transpose, prefix computations
(scan), etc. are very important for developing paralel pro-
gramsthat are both efficient and portable. Althoughthereis
alarge body of research that has addressed the devel opment
of efficient collective communication algorithms (Kumar et
al. [8] containsagood survey; amore recent survey dealing
with wormhole-routed architectures appears in [12]), this
research has invariably assumed a simple underlying hard-
ware model with non-adaptive (dimension-ordered) routing
of point-to-point messages. This has been in large part be-
causethat model reflectsthe characteristics of most present-
day commercia multicomputers. In a position paper, Ni ar-
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gues that supporting multicast at the router level is critical
to the efficient performance of message-based parallel com-
puters [13]. There have been a number of recent research
advances in adaptive routing and router models which per-
mit multicasting in hardware. There are a number of theo-
retical and systems-related issues that arise with respect to
deadlock freedom, design of routing algorithms, and design
of collective communication algorithmsin such systems. In
this paper, we provide a general set of necessary and suf-
ficient conditions for deadlock freedom for alarge class of
routing algorithms and router models which use wormhole
routing (for asurvey on wormholerouting, see[14]). Weil-
lustrate the applicability of these conditions by developing
two adaptive multicast routing algorithms for 2-D mesh ar-
chitectures.

2. Previous work

Dally and Seitz have shown that for nonadaptive routing
algorithms, the existence of an acyclic channel dependency
graph is necessary and sufficient for deadlock freedom [3].
Much of the early research on wormholerouting hasfocused
on the design of deadlock-freerouting algorithmsusing this
result. Theideaof channel waiting wasintroduced indepen-
dently by Lin, McKinley, and Ni [10]. Nonadaptive rout-
ing algorithms can be characterized by functions of theform
R :C x N x N — C, wherethe input channel, belong-
ing to the set of channels C', and the current and destination
node, belongingto the set of nodes IV, definean output chan-
nel on which to route the message. An acyclic channel de-
pendency graph has al so been used asabasisfor developing
adaptiverouting algorithmsdefined by functionsof theform
R:C x N xN — P(C) (P(C) isthe power set of C),
where a set of output channelsis defined on which to route
the message. Since a set of output channelsis provided, a
selection function is then used to choose one of these output
channels.

Duato showed that requiring an acyclic channel depen-



dency graphistoo restrictive for routing algorithms defined
by relations of theform R : N x N — P(C) [4, 5]. Cy-
cles are permitted in the channel dependency graph if some
subset of channels defines a connected routing subfunction
with an acyclic extended channel dependency graph. He
also designed routing algorithms based on this relaxed con-
dition. Schwiebert and Jayasimha have used Duato’s suffi-
ciency condition and the mesh topological propertiesto pro-
pose an optimal fully adaptive routing algorithm for arbi-
trary dimension mesh networks[16, 18]. Thisalgorithm is
optimal in the number of virtual channelsand in the number
of restrictions they place on the use of virtual channels.

A natural question that arisesis. Exactly how restrictive
must the routing algorithm be to guarantee deadlock free-
dom? In other words, what isanecessary and sufficient con-
dition for deadlock-freerouting? This question hasbeenin-
dependently answered by several researchers for classes of
routing algorithms and particular flow control mechanisms.
Previous work done by two authors of this paper provides
the most general solution proposed so far. The solution,
which works for routing functions of the foom R : C x
N x N — P(C), introduces two new notions: the chan-
nel waiting graph (CWG) and False Resource Cycles [19].
The CW G, which isderived on the basis of channel waiting
instead of channel usage, omits most channel dependencies
that cannot lead to a deadlock configuration. Consequently,
the proofsof deadlock freedom become natural and straight-
forward. The CW @ is a static graph, however, and the de-
pendenciesthat arise among channelsare dynamic. The no-
tion of False Resource Cycles is used to capture these dy-
namic dependencies. For arouting algorithm that requiresa
blocked messageto wait for aspecific channel,aCW G with
no True Cyclesis shown to be necessary and sufficient con-
dition for deadl ock freedom (the CW G could contain False
Resource Cycles, however). When a blocked message can
wait on multiple channels, even the presence of a True Cy-
cledoesnot imply adeadlock. Insuchacase, itisshownthat
the presence of a certain subgraph of the CW G is a neces-
sary and sufficient condition for deadlock freedom.

The authors have extended this work to include any
flow control mechanism (that is not inherently deadlock-
free) [17]. They a'so comment that the proof technique ap-
pliesto any routing relation that dependsonly on local infor-
mation available at arouter to make routing decisions. Thus
a single set of necessary and sufficient conditions apply to
all practical classes of routing algorithms and to wormhole
routing, store-and-forward routing, and virtual cut-through.

The above discussion has been limited to unicast rout-
ing, i.e., thetransmission of messages from one source node
to asingle destination node. Collective operations, defined
on a group of processes, require the participation of mul-
tiple source/destination nodes. Improvement in the perfor-
mance of collective operations could arise by enhancing the
unicast router model. While several router models of mul-
ticasting are possible, the path-based model [9, 11] seems
the most feasible. In the path-based model, a“single-head”
worm visits the destinations in sequence. The router hard-
ware then must have the capability to copy and forward a
message (as opposed to just forwarding with unicast mes-
sages). Hence, the condition for deadlock freedom with
path-based routing is different from unicast routing because
of additional dependenciesintroduced into the channel de-
pendency graph. Typical deadlock-free routing algorithms
in such a model are based on the use of Hamiltonian paths

and digoint destination sets [9, 11] or based on using only
the paths of the underlying unicast routing algorithm[15]. It
is possible to design multicast routing algorithmswith more
adaptivity by relaxing the conditions used in previous ap-
proaches. Recently, Duato has provided a sufficiency con-
dition for deadl ock-free path-based routing [6]. As aresult,
he has been able to design the most adaptive multicast rout-
ing algorithm to date. His theory, based on an extension of
the channel dependency graph, introduces additional direct
and indirect multicast dependencies. The approach is com-
plicated to apply to design algorithms or to check if routing
algorithms are deadlock-free.

The necessary and sufficient conditionsfor deadlock-free
routing, using sophisticated router models such as path-
based routing, has been an open problem. In this paper, we
solve this problem.

3. Assumptions and definitions

To be precise, the channelsreferred to so far arethe com+
munication channels of the network. In addition, a pro-
cessor at each node has one or more injection channels
through which messages are injected into the network. The
processor consumes or absorbs messages from the network
through one or more consumption channels. We will con-
tinue to refer to communication channels as just channels
and explicitly refer to consumption or injection channels.

The following assumptions are standard and correspond
to the way (path-based multicast) wormhole routing is im-
plemented.

1. A node can generate messages of arbitrary length des-
tined for any other node at any rate.

2. A unicast message arriving at its destination is even-
tually consumed. A multicast message arriving at a
destination iseventually consumed if al the remaining
headers of the message can make progress.

3. Once achannel queue accepts the header flit of ames-
sage, it must accept al the flits of the message before
accepting any flitsfrom another message (thisisachar-
acteristic of wormhole routing).

4. A channel queue cannot contain flits belonging to more
than one message at atime. The channel must transmit
the tail flit of the current message before the channel
gueue accepts the header flit of the next message.

5. A node arbitrates among messages which simultane-
oudly request the same output channel. Messages al-
ready waiting for a channel are chosen in an order that
prevents starvation.

Definition 1 An interconnection network I is a strongly
connected directed multigraph, I = G(N, C'), where the
vertices, n; € N, are the processors and the directed edges,
¢; € C, are channelsthat connect neighboring processors.
Each channel, ¢;, can transmit messages from one proces-
sor, denoted s;, to a neighboring processor, denoted d;.

If D isanorderedsubset of N, thenn; precedesn, intheset
D isdenoted by ny <p ma. If D1 and D5 are two ordered
subsetsof N suchthat {ni,n2} C Dy and {ny,na} C D>,
thenitis possiblethat ny <p, ne and ny <p, n1.
Definition 2 Let U be the set of all ordered subsets of V.
LetV : N — P(U) beafunction, called valid destina-
tion set function, that assigns for each node n a set of or-
dered sets V' (ns) satisfying the following property (the sets
belonging to V' (n,) are called the valid destination sets for
noden,):



elf D C Nadn, ¢ D, then there exists a set

A - V(TLS) suchthat D = UDieA‘D’l” D;nN Dj =
0 Vi # j. In other words, any subset D of N not con-
taining anoden ; can be partitioned as a dis oint union
of valid destination sets of noden,. Wecal VDS =
U, en V(ns), the set of valid destination sets deter-

mined by the function V.

Definition 3 A routingrelation RisafunctionR : C' x N x
P(N) - P(C) and specifiesaset of output channelsbased
on the input channel, the current node, and the destination
set of the message.

Definition 4 A selection function S : C x P(C x F) —
C givesasingle output channel based on the input channel,
the set of output channels given by the routing relation, and
the status of the output channels. F' represents the possible
states of an output channel. Typically, F' = {free, busy}.

Definition 5 A routing algorithm corresponding to avalid
destination set function V' is a function R4 : N X
P(N) — Paths_of_I oninterconnection network I. For
eachn, € N and D,,, € V(n,), R4 assignsaset of paths
R4(ns, Dy,) that areavailableto amessagefrom the source
ns to last(D,,,) through the nodes of D,,, in order (here
last(D,,,) isthelast element in the ordered set D,,,). For
each destination node that is visited in order, the path also
includes one or more consumption channels availableto the
message. Ra(ns, Dy,) = 0if D,, € V(n,). Therouting
isaccomplished by application of arouting relation and then
aselection function at each router in an intermediate node.

Note: If the valid destination set functionV : N — P(U)
isdefined asVns; € N, V(n,) = the set of all the singleton
subsetsof N — {n},then VDS isthe set of all one element
subsets of IV, and R4 defines a routing algorithm for uni-
cast. Otherwise, it definesarouting algorithm for multicast.

Definition 6 A waiting channel is a channel for which the
message waits when the message is unable to proceed be-
cause every channel the message can use is unavailable. A
message may have multiple waiting channels at a node.

Definition 7 The channel waiting graph (CW@G) for a
given routing algorithm R 4 and interconnection network I
is a directed graph, CWG = G(C, E). The vertices of
CWG@G arethe channels of T and the consumption channels
at each processor. The directed edges of CW G are ordered
pairs of channels, (c;, ¢;), where ¢; isawaiting (consump-
tion or communicationi channel for a message that occu-
piesc;. Formaly, E = {(ci,c;) | In, € NandD €
V(ng) suchthat {...,¢;,...,¢j,...} € Ra(ng, D) and¢;
is a waiting (communication or consumption) channel for
R4(ng, D) onthispath}

Note: There is no requirement that the message waits for
¢; immediately after using c;, only that the message islong
enough to fill the channel queues from ¢; to ¢;. Since arbi-
trary message lengths are permitted, thisimposes no restric-
tions under our system model.

Definition 8 Routing algorithm R 4 iswait-connected if &)
for every input channel on a path, there exists a waiting
channel through which the message can be routed and b) on
reaching a destination, a message can wait on one or more
consumption channels at that node. Formally, Vn, € N
and D € V(n,),Y¢; € C suchthat {...,¢;,...} €
RA(na,D),HCj € C such that {...,ci,cj,...} €
R4(ng, D) and ¢; is awaiting channel for R4 (n,, D) af-
ter using ¢;.

Note: A message must be able to reach all the nodesin its
destination set. Hence, a blocked message must wait for at
least one output channel. Otherwise, it is never delivered if
it reaches an intermediate node where al the output chan-
nels and the consumption channel(s), if the message is des-
tined to the corresponding node, are busy. Therefore, any
deadlock-free routing algorithm must be wait-connected.

In the following two definitions only, “channels’ refer to
both communi cation and consumption channels.

Definition 9 A configuration isan assignment of messages
to channels. The headers and data flits of each message are
stored in the channel queues and each channel queue holds
flits from at most one message. The leading channel is the
communication channel the message has most recently ac-
quired and its channel queue contains the message header.
Any other communication channels occupied by this mes-
sage contain only data flits. Message headers or data flits
could be held in consumption channel queues of the des-
tinations that a (multicast) message has already visited. A
configuration is legal if each message in the configuration
occupies one or more consecutive channels; the message
header is stored at the head of theleading channel queuethat
the message occupi es; each message occupiesonly channels
the routing algorithm permits the message to use; and the
storage capacity of each occupied channel has not been ex-
ceeded.

Thenotion of aconfigurationis used to define deadlocks.
Note that if a message header does not occupy a communi-
cation channel, that message will eventually be consumed
since every header of that message in the network occupies
a consumption channel— such a message cannot giveriseto
a deadlock and we do not need to consider such a message
in the configuration.

Definition 10 A deadlock configuration
for routing algorithm R 4 on interconnection network I is
anon-empty legal configuration consisting of a set of mes-
sages, my,ms, ..., My, n > 1, where each message, m;,
in the set has acquired at least one channel. A header flit of
m,; unableto proceed because every output channel for m; is
unavailable. Moreover, every waiting channel for m; is oc-
cupied by either dataflits of m; or the header or dataflits of
another message in the set. The dataflits at the head of any
other channel queue held by m; are unable to proceed be-
cause the next channel queue occupied by m; isfull. Thus,
each message is blocked and must wait for an unavailable
waiting channel held by another message in the set. Alter-
natively, if n = 1, m; waits for a channel already occupied
by itself, otherwise, we can order the messages such that m;;
waits for achannel occupied by m;1Vi < n and m,, waits
for a channel occupied by m

4. Sufficient condition

Theorem 1 If routing algorithm R 4 is wait-connected and
the CWG for R 4 isacyclic, then R 4 is deadlock-free.

Proof. R 4 iswait-connected, so every message aways has
a waiting channel when all output channels are busy. As-
sume there is a deadlock configuration involving n mes-
sages. If n = 1, then thereis acyclein the CWG from
achanndl to itself, which is not possible sincethe CW G is
acyclic. Otherwise, (Vi < n) thereisan edgeinthe CW G
from every channel occupied by m; to the channel occupied



by m41 for which m; is waiting (call this channel ¢ ).
Thereis also an edge in the CW G from every channel oc-
cupied by m,, to the channel occupied by m; for which m,,
iswaiting (call this channel ¢}). Hence, thereis an edge in
the CWG fromcj tocj,; (Vi < n)andfrome;, toc). The
CWG@ for R4 isacyclic, however, so no such set of edges
ispossible. Therefore, no deadlock configuration exists and
R4 is deadlock-free. O

An edge in the CW G requires only the existence of a
path from some channel to a waiting channel. The spe-
cific intermediate channels used between this channel and
the waiting channel are not considered when creating the
CW(@. Hence, itispossiblethat acycleinthe CW G exists
only if two or more messages occupy the same channel. For
this reason, we divide cyclesin the CW G into two classes:
False Resource Cycles and True Cycles. A False Resource
Cycleisacycleinthe CW G that requires at |east one chan-
nel to be occupied simultaneously by more than one mes-
sagein order to create the cycle. Note that this shared chan-
nel is not necessarily within the cycle. Obviously, a False
Resource Cycle cannot occur, since this is physically im-
possible. (Even though the configuration is legal, it is not
areachable configuration [2].) Therefore, a False Resource
Cycle cannot be used to create a deadlock configuration. A
True Cycleisacyclein the CW @G that permits every mes-
sage in the cycle to occupy different channels.

5. Necessary and sufficient conditions

A messageis unableto proceed when all output channels
the message is permitted to use are busy. This situation can
be resolved in one of two different ways: (1) The message
could wait for a specific output channel to become free or
(2) The message could wait until any permitted output chan-
nel becomes free. For case (1), once a waiting channel is
chosen from a set of possible waiting channels, the message
must then wait for that specific channel to becomefree. For
case (2), the message al so hasthe possibility of waiting on a
subset of more than one output channel. Infact, case (2) in-
cludes any routing algorithm that does not conform to case
(2). Wefirst prove a necessary and sufficient condition for
routing algorithms that belong to case (1), followed by one
for case (2).

Theorem 2 A routing algorithm, R 4, that requires a mes-
sage to wait for a specific output channel is deadlock-free
iff R 4 iswait-connected and the CW G for R 4 hasno True
Cycles.

Proof. First note that R 4 is wait-connected by definition.
By Theorem 1, an acyclic CW @G is a sufficient condition
for deadlock freedom. A False Resource Cycle cannot re-
sult in deadlock, so any False Resource Cycles can be ig-
nored. Sincethereareno True Cycles, therouting algorithm
is deadlock-free.

To prove necessity, assumethat a True Cyclewith n. mes-
sages exists. A deadlock configuration can be created from
this True Cycle. For each i < n, dlow message m; to
occupy channel ¢, some additional channels if necessary,
and then wait to acquire channel ¢, ; occupied by message
m;+1. (Assumethat m; and ¢} are defined as before.) Sim-
ilarly, message m,, occupies channel ¢}, and waits for chan-
nel ¢j. Sincethisis a True Cycle, it Is possible to gener-
ate a set of messages that are able to occupy the appropri-
ate channel (s) and then wait for the appropriate channel. To

force m; to wait for the appropriate channel, it is necessary
to guarantee that every output channel m; could use at this
nodeis busy. For any output channel availableto m; that is
also availableto the source, assumethe source hasinjected a
message that is occupying this channel. If R 4 is not suffix-
closed (the notions of suffix-closure and prefix-closure are
definedin[19]), however, it is possible that some of the out-
put channels available to m; can be used only by messages
arriving on the input channel used by m;. For these output
channels, assume that a previous message, m ;, used thisin-
put channel and was forwarded on one of the output chan-
nels. In addition, the length of m; is assumed to be short
enough that it releases the input channel that m; uses, how-
ever, m; is long enough that it occupies the output channel
at this node. By Assumption 2, m; is hot necessarily re-
moved from the network immediatéy, so it is possible that
m; occupiesthis output channel for a short amount of time.
Hence, it is always possible to force m; to wait for c; ;.
Clearly, each message in the set iswaiting for a channel oc-
cupied by another message in the set and none of the mes-
sages can make progress. Therefore, a deadlock configura-
tion can always be constructed from a True Cycle. O

For routing agorithms that permit a message to wait
for any of the output channels to become free, an acyclic
CW@ is not a necessary condition. Since a blocked mes-
sage may have multiple waiting channels, messages may be
able to avoid channelsthat form cyclesin the CW G by us-
ing an aternative channel outside the cycle. Deadlock can
beavoided, however, only if at |east one of thewaiting chan-
nels is guaranteed to become free. For this reason, we se-
lectively remove edges from the CW @G to resolve al True
Cycles, as long as the routing agorithm for the resulting
graph, CW G', remains wait-connected. We next provethat
if no such CWG' exists, then the routing algorithm is not
deadlock-free. If such a CWG' does exist, however, then
the following theorem can be used to prove deadlock free-
dom.

Theorem 3 A routing algorithm, R 4, that permits a mes-
sage to wait for any output channel is deadlock-freeiff R 4
is wait-connected for some subgraph of the CW G, called
CWG', and this CWG' has no True Cycles.

Proof. If R4 iswait-connectedfor the CW G andthe CW G
has no True Cycles, then the result follows immediately
from Theorem 2, with CWG = CWG'. Assume the
CW @G contains True Cycles. Inthiscase, R 4 must be wait-
connected for some CW G’ without True Cycles.

Wefirst prove sufficiency. Consider a potential deadlock
configurationfor R 4, involving acycle of n messages (n >
0). Thisrequiresthat every message in the configuration is
waiting for channels occupied by itself or another message
inthecycle. Since R 4 iswait-connectedfor CW G, at least
one of the waiting channels for each messageisin CWG".
Because CW G’ has no True Cycles, an output channel in
CW G’ eventually becomesfreeand somemessageinthe set
is forwarded. Thereis no guarantee, however, that the out-
put channel the message, m;, eventually acquires a channel
in CWG@G'. (Itispossible that m; is forwarded along a dif-
ferent channel before an output channel in CW G’ becomes
free.) If m; hasreached the last node in its destination set,
then the cycle has been resolved. Otherwise, whether or not
m; acquires a channel in CWG', m; can acquire an out-
put channel in CW G at the next node because R 4 is wait-
connected for CWG'. Hence, one of the messages can al-
ways be routed and a deadlock configuration cannot occur.



We now prove necessity by showing that the routing al-
gorithmisnot deadlock-freeif every wait-connected CW G’
has True Cycles. Assumethat every wait-connected CW G’
has True Cycles. Hence, it is possible to generate a set of
messages, each of which has no waiting channel guaranteed
to become available.! Furthermore, these messages are all
blocking each other, since otherwise it would be possible to
guaranteethat awaiting channel becomesfree. Therefore, a
wait-connected CW G" without True Cycles must exist for
every deadlock-free routing algorithm. O

6. Design examples

Wefirst present aminimal adaptive routing algorithm for
a 2-dimensional mesh and prove it is deadlock-free. The
routing algorithm has the same degree of adaptivity as the
one described by Duato [6], since both algorithms provide
the same set of routing paths. Our algorithm requiresfewer
resources, however — 5 virtual channels per node as op-
posed to 6 required by Duato’s algorithm. We then extend
this routing algorithm to make it fully adaptive by adding
two virtual channels at each node.

Suppose the address of each node in a 2-dimensional
mesh is represented by its integer coordinates (x, y), where
the lowest |eft node has coordinates (0,0). Then the label
assignment function L for ak x k mesh defined below as-
signs an integer label for each node.

| (ky+2x) if yiseven
Lw,y) = { Ky+1)—z—1 ifyisodd

Thislabeling inducesan ordering among the nodeswhich
defines a Hamiltonian path in the network [11]. Hereafter,
we denote a node by its associated label.

Let NV betheset of all thelabel sassociated with the nodes
(inthecaseof ak x k mesh, N = {0,1,2,---, k% — 1}).
We define U to be the set of al ordered subsets of N where
the ordering of elements is in ascending or descending or-
der. For example, in the case of a4 x 4 mesh, the ordered
sets {2,4,7,10} and {14, 10, 5} are members of U. How-
ever, {2,8,6} is not amember of U since its elements are
in neither ascending nor descending order. We can write U
asthe union of two digoint sets U and U¢, where U ® con-
tains all those ordered sets that are in ascending order and
U containsall those ordered sets that are in descending or-
der. The valid destination set functionV : N — P(U),
is defined asfollows: For eaxchns, € N, V(n,) = {S €
U| (S eUradV¥n € S,n > n)or (S € U and
Vn € S, n < ng)}. Inother words, V(n,) consists of all
those ordered setswhose elementsareall greater thann ; and
areorderedin ascending order and the ordered setswhoseel-
ementsareall lessthann, and are ordered in descending or-
der. Foranyn, € N, andadestinationset S for thenoden,
let S ={neS|n>nsyandS?={ne S |n<ns}
and sort S in ascending order and S in descending order.
Then, itisclear that S = S% U S? and that both S¢ and
S? belongto V (). Thus, any destination set for anoden
ca(n b()a written as the union of two digjoint sets belonging to
Ving).

LIn fact, if even one of these messages, m;, has awaiting channel that
becomes free, then either all the messages have a waiting channel or the
remaining messages in the set (without m;) form adeadlock configuration.

Notation: For eachns € N, letV(ns)”” = {S € V(ns) |
n > n,Vn € S}andlet V(ng,)™" = {S € V(ns) |
n < ns¥n € S}. Inother words, V (ns)“? consistsof al the
valid destination sets whose elements are sorted in ascend-
ing order and V (n,) ™™ consists of all the valid destination
sets whose elements are sorted in descending order.

6.1. Routing algorithm R4 4

We define a routing algorithm R4 4 for a & x k mesh
with respect to the valid destination sets provided by the
function V' defined above. Figure 1 shows an example of a
4 x 4 mesh. Inthe horizontal direction, there are three chan-
nels connecting the neighboring nodes. In the vertical di-
rection, there are two channels connecting the neighboring
nodes, onein the upward direction and onein the downward
direction. The channels are colored blue, black, or green
as shown in figure 1. We denote the blue channels origi-
nating from node ¢ in the horizontal and vertical directions

by C?% and C?4e, respectively and use similar notations
for channels of other colors. When multiple messages are
in the network, it is possible that a multicast message can
reserve a consumption channel in one node and wait for a
consumption channel in another node [1]. Thus, acircular
wait among multicast messages for consumption channels
can lead to adeadlock. To avoid deadlock due to consump-
tion channels, each node has two consumption channels—
the“ UM C-channel” (Upward bound M essage Consumption
channel) and the “DMC-channel” (Downward bound Mes-
sage Consumption channel). The UMC-channel at a node
is used to consume a message originating from a lower la-
beled node and the DM C-channel for a message originating
from a higher labeled node. The consumption channels at
each node are not shown in figure 1. We denote the UMC-
channel at node as CY ¢ and the DMC-channel at node i

asCpMC,

,,,,,,,,,,,,,, > green channel
= black channel

1 4 — bluechannel

Figure 1. Label Assignment for nodes and

channels of a mesh for the algorithm R 4.

We define the adaptive routing algorithm R4 4 : N x
PéN)) — Paths_of I asfollows. Foreachn, € N, S €
V ns ’

o if S € V(ny)"?, then Raa(ns, S) consists of al the
minimal paths consisting of black, green, and/or blue
channels passing through the nodesin S in ascending
order such that the path never passes through a node
that has a higher label than the next destination nodein
S. When the message arrives at a destination, it must



use the UMC-channel. Every black channel on a path
€ Raa(ns, S) isawaiting channel for every channel
preceding that channel in the path; for eachnodei € S,
the UMC-channel at node isawaiting channel for ev-
ery channel preceding node i that lies on the path; no
other channel on the path is awaiting channel.

o if S € V(ns)™", then Rya(ns, S) consists of all
theminimal pathsconsisting of blue and/or green chan-
nels passing through the nodesin S in descending or-
der such that the path never passes through a node that
has a lower label than the next destination nodein S.
When the message arrives at a destination, it must use
the DMC-channel. Every blue channel in a path pro-
vided by Ra4(ns,S) is a waiting channel for every
channel preceding that channel in the path; for each
node: € S, the DMC-channel at node i is a waiting
channel for every channel preceding node that lieson
the path; no other channel in the path isawaiting chan-
nel.

® Raa(ns,S) =0if S & V(n,).

For example, in Figure 1, if a multicast message is sent
from node 0 to the destination set S = {6,10, 12}, then the
pah(0 -1 -6 -9 — 10 - 11 — 12) € R44(0,5);
however, 0 - 7 - 6 — 9 — 10 —» 11 — 12) ¢
R44(0,85), sinceit passesthroughthenode 7 whichislarger
than the next destination node, 6.

Lemmal Therouting algorithm R 4 4 is deadlock-free.

Proof: By Theorem 1, it is sufficient to prove that the
channel waiting graph CWG(R44) of the routing algo-
rithm R 4 4 is wait-connected and acyclic. Every message
from a source node ng that is bound for a destination set
S € V(ns)“Phas ablack channel to wait on, at each node
on its path; and at each node in the destination set, the mes-
sage has the UM C-consumption channel to wait on. Every
message from a source node n; that is bound for a destina

tionset § € V(n,)™" has ablue channel to wait on, at
each nodeonits path; and at each nodein the destination set,
the message has the DM C-consumption channel to wait on.
Thus, CWG(Ra4) is wait-connected. All upward bound
messages wait only on black channels and UMC-channels
and all the downward bound messages wait only on blue
channels and DM C-channels. Thus, al possible edges in
CWG(R44) arise asfollows:
e Edges that result from waiting dependencies among
upward bound messages are :
— edges from green, blue, black, and the UMC-
channelsto the black channels, and
— edges from green, blue, black, and the UMC-
channels to the UMC-channels.

o Edgesthat result from waiting dependenciesamong for
downward bound messages are:
— edgesfromgreen, blue, and DM C-channelsto the
blue channels, and
— edgesfromgreen, blue, and DM C-channelsto the
DMC-channels.

Figure 2 shows the condensed form of CWG(R 44). In
figure 2, nodes represent groups of channels. For example,
the node labeled “green channels’ represents the set of all
the green channelsin the network. An edge from node A to
node B in this graph implies that there is at least one edge
in CWG(Raa) from achannel belonging to group A to a

Figure 2. The condensed CWG for Raa

channel belonging to group B. To provethat CWG(R 44)
is acyclic, we consider all possible cases a cycle can arise
and prove that none of those cases arise.

Case (i): CWG(Ra4) containsacycleinvolvingaDMC-
channel.

Since a waiting dependency from a DMC-channel CPM¢
to aDMC-channel CM¢ impliesi > j, acycleinvolving
only DMC-channels does not exist. Thus, a cycle involv-
ing aDMC-channel must contain at |east one channel which
is not a DMC-channel. From figure 2, it is clear that such
a cycle must consist of blue channels and DM C-channels
only. Dependencies among blue channels arise from the
paths supplied for the upward bound messages. Since up-
ward bound messagestraverse the nodesin ascending order,

if thereis an edge from ablue channel C?*¢ to another blue

channel C%'t¢, theni > j. Similarly an edgefrom ablue

channel C7/*¢ to a DMC-channel CPM< impliesi > j;
and an edge from a DMC-channel CPM¢ to a blue chan-
nel CJ”lue impliesi > j. Therefore, no cycle involving only
DM C-channels and blue channelsis possible and hence the
DM C-channel cannot be part of acycle. Thus proving Case
(i) doesnot arise.

Case(ii): CWG(Ra4) containsacycleinvolvingaUMC-
channel.

The proof issimilar to Case (i).

Case (iii): CWG(R44) contains a cycle involving black
channelsonly.

Asobserved above, if thereis an edge from a black channel
CPlack to another black channel C%2<k, then i < j. Thus,
aII the verticesin a cycle cannot be bI ack channels.

Case (iv): CWG(R44) contains a cycle involving blue
channelsonly.

Dependencies among blue channels arise from the paths
supplied for the downward bound messages. Such messages
traverse the nodesin descending order, and henceif thereis
an edge from a blue channel C?'*¢ to another blue channel

Chlue, theni > j. Thus, all the nodes in a cycle cannot be
blue channels.

It is easy to infer from Figure 2 that any cycle in
CWG(R 44) must beoneof thefour typesdiscussed above.
Hence, the CWG(R44) is acyclic and hence Ra4 is



deadlock-free. O

As we noted earlier, the routing algorithm R 4 4 defined
above is not fully adaptive, because it does not alow the
messageto useall the shortest pathsthat lead to the next des-
tination node in the destination set of a message. To make
it fully adaptive, we add two additional virtual channelsin
the horizontal direction- thus each interior node now has
sevenvirtual channels. Theseadditional virtual channelsare
shownasred and yellow channelsin Figure 3. A red channel

from node i is denoted as CT*? and a yellow channel from

node i as C¥*"'°". Next, we modify the routing algorithm
R 4 4 to defineanew routing algorithm R g 4 4 whichismin-
imal and fully adaptive.

I

2]

- 11J ,,,,, yellow channel
S = red channel

s> green channel

——= black channel

4 ‘ —— blue channel

Figure 3. Label Assignment for nodes and
channels of a mesh for the algorithm Rp44.

6.2. Fully adaptiverouting algorithm Rp a4

The fully adaptive routing algorithm Rpaa : N x
P(N) — Paths_of I isdefined asfollows. For eachn €
N andforeach S € V(n;),

o if S € V(ns)", then Rpaa(ns, S) consists of all
the minimal paths consisting of black, green, yellow,
and/or blue channels traversing the nodesin S in as-
cending order with the exception that the path supplied
by Rpaa(ns,S) does not alow waiting on a yellow
channel when the next destination node has a higher
label than the current node. Every black channel on
apath € Rraa(ns,S) isawaiting channel for every
channel preceding that channel in the path; every yel-
low channel onapath € Rraa(ns, S), except asnoted
above, is also awaiting channel for every channel pre-
cedingthat channel inthe path; for eachnodei € S, the
UMC-channel at node i is awaiting channel for every
channel preceding node i that lies on the path.

For example, suppose node 1 sends a multicast mes-
sage to the destination set S; = {5,6,10}; two of
the possible paths supplied by Rra4(1,5:1) for such
amessageael - 6 - 5 —- 6 — 5 — 10 andthe
pahl - 6 - 5 —- 6 — 9 — 10. Here, after visit-
ing node 6 for a second time, the message can use the
blue or yellow channel to goto node5 if oneof themis
available, otherwise, it should wait on the black chan-
nel, go to node 9, and then to node 10.

o if S € V(n,)™", then Rpaa(n,,S) consists of
all the minimal paths consisting of blue, red, and/or

green channels traversing the nodes in S in descend-
ing order with the exception that the path supplied by
Rrpaa(ns,S) doesnot alow waiting on ared channel
when the next destination node has alower label than
thecurrent node. Every bluechannel in apath provided
by Rra4(ns,S)isawaiting channel for every channel
precedingthat channel inthe path; every red channel on
apathe Rrpaa(ns,S), except asnoted above, isalso a
waiting channel for every channel preceding that chan-
nel in the path; for each node: € S, the DMC-channel
at nodes isawaiting channel for every channel preced-
ing nodes that lies on the path; no other channel on the
path is awaiting channel.
e Rpaa(ns,S)=0ifS & V(ns).

Lemma 2 Therouting algorithm Rg 4 4 is deadlock-free.

Proof: By Theorem 1, it is sufficient to prove that
the associated channel waiting graph CWG(Rpa4) is
wait-connected and acyclic. That CWG(RFra4) is wait-
connected followsfrom thefact that at each nodein any path
provided by the routing algorithm R 4 4, the message can
wait on ayellow or ablack channel if the message is bound
for destinationswith a higher label than the source, and can
wait on a blue or red channel if the message is bound for
destinationswith alabel lower than the source; also, at each
node in the destination set, adownward bound message can
wait on the DM C-channel and a upward bound message can
wait on the UMC-channel.

Figure 4. The condensed CWG for Rpaa

Thus al possible edges in CWG(Rpa4) aise as fol-
lows:

1. Edges that result from waiting dependencies among
upward bound messages are:
(a) edgesfromgreen, yellow, blue, black, and UMC-
channelsto black channels,
(b) edgesfrom green, yellow, blue, black, and UMC-
channelsto yellow channels, and
(c) edgesfrom green, yellow, blue, black, and UMC-
channelsto UMC-channels.

2. Edges that result from waiting dependencies among
downward bound messages are:



(a) edgesfrom green, red, blue, and DM C-channels
to red channels,

(b) edges from green, red, blue, and DM C-channels
to blue channels, and

(c) edgesfrom green, red, blue, and DMC-channels
to DMC-channels.

The condensed form of CWG(Rpa4) isshown in Fig-
ure 4. To provethat CWG(Rraa) is acyclic, we anayze
all possible types of cyclesthat can exist. It is easy to see
from Figure4, that acyclein CWG(Rr 44) must be one of
the following types: (i) a cycle involving a DM C-channel,
(if) acycle involving a UMC-channdl, (iii) a cycle involv-
ing red channels only, (iv) a cycle involving blue channels
only, (v) acycleinvolving red and blue channelsonly, (vi) a
cycle involving black channels only, (vii) acycleinvolving
yellow channels only, or (viii) acycleinvolving yellow and
black channels only. We can show by arguments similar to
the ones given in the proof of Lemma 1 that none of these
eight types of cyclesexist. We omit the details of the proof
for lack of space. However, a detailed proof can be found

in[7]. O
7. Conclusion

We have solved an open problem by providing necessary
and sufficient conditions for deadlock-free wormhole rout-
ing with the path-based multicast router model. The theory
also holdsfor unicast routing and thus providesaunified ap-
proach to deadlock-freedom. Thisis particularly important
since both unicast and collective communication messages
will coexist in a network. The theory can also be used as a
foundation to design deadlock-free routing algorithms. We
have illustrated this by proposing two deadlock-free adap-
tive multicast routing algorithms. The first algorithm re-
quiresfewer virtual channelsthan asimilar one proposed by
Duato but has the same adaptivity. The second algorithmis
fully adaptive and requiresonly 7 virtual channels per node.
We are not aware of any other multicast routing algorithms
that areas adaptive and yet have such modest virtual channel
requirements.
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