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A great deal of recent work has been done on developing
techniques for proving deadlock freedom for wormhole rout-
ing algorithms. One approach has been to restrict the class
of routing algorithms for which the proof technique applies.
The other approach is to provide a generic method that can
be applied to all routing algorithms. Although this latter
approach offers clear advantages, a general technique must
deal with many complications. Foremost among these is the
issue of irreducible cyclic dependencies that cannot result in
deadlock. Such dependencies have been referred to alterna-
tively as unreachable configurations and false resource cy-
cles. In this paper, we apply the notion of unreachable con-
figurations to oblivious routing algorithms and thereby pro-
vide a counter-example to Dally and Seitz’s [6] theorem for
deadlock-free routing in wormhole-routed networks. This
idea is then further developed to show various restrictions
on when unreachable configurations can exist with oblivious
routing algorithms.
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Wormhole routing [6] has become the switching technique
of choice in most modern distributed-memory multiproces-
sors. Wormhole routing propagates messages through the
network by dividing each message into packets, which are
further divided into flits. The header flit of a packet contains
the routing information and the data flits of the packet fol-
low the header flit through the network. The network treats
each packet as a separate message, so we use the terms mes-
sage and packet interchangeably. The major advantage of
wormhole routing is that when the header arrives at an inter-
mediate router, the router forwards the message header to a
neighboring router as soon as an output channel the message
can use is available.
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Since the flits of a message are forwarded as soon as
possible, the message latency is largely insensitive to the
distance between the source and destination. On the other
hand, packet switching buffers the entire message at every
intermediate node before forwarding any part of the mes-
sage. Hence, wormhole routing has lower message latency
when there is little or no channel contention. Although vir-
tual cut-through also allows messages to progress as soon
as an output channel is available, wormhole routing requires
only enough storage at each router to buffer a few flits, rather
than the entire packet. These two properties account for the
popularity of wormhole routing in distributed-memory mul-
tiprocessors. See Ni and McKinley [13] for a detailed expla-
nation of wormhole routing.

The primary drawback to wormhole routing is the con-
tention that can occur even with moderate traffic, which
leads to higher message latency. Whenever a message is
unable to proceed due to contention, the header and data
flits are not removed from the network. Instead, the mes-
sage holds all the channels it currently occupies. A message
that requires several channels can block many messages dur-
ing transmission. These blocked messages can in turn block
other messages, which further increases the message latency.

A cost-effective method of reducing message latency,
proposed by Dally [4], is to allow multiple virtual channels
to share the same physical channel. Each virtual channel has
a separate buffer, with multiple messages multiplexed over
the same physical channel. Both latency and contention can
be further reduced by using the multiple paths that exist in
the network between the source and destination nodes. Dally
and Seitz [6] have shown, however, that since a message
holds channels until the entire message has been transmit-
ted, a routing algorithm with no restrictions on the use of
virtual or physical channels can result in deadlock.

The simplest routing algorithms are oblivious (nonadap-
tive) and define a single path between the source and destina-
tion. Adaptive routing algorithms, on the other hand, support
multiple paths between the source and destination. A routing
algorithm is either minimal or nonminimal. Minimal rout-
ing algorithms allow only shortest paths to be chosen, while
nonminimal routing algorithms do not require messages to
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use only shortest paths. Minimal routing algorithms provide
higher throughput for high message traffic and are generally
simpler to implement. Nonminimal routing algorithms are
useful for fault tolerance.

Recent research on routing algorithms for wormhole
routing has provided many different techniques for proving
deadlock freedom. In this paper, we build upon these results
to show that, even with oblivious routing, cyclic dependen-
cies do not necessarily imply deadlock. In addition, we show
several restrictions on when a deadlock-free oblivious rout-
ing algorithm can have cyclic dependencies. Finally, we dis-
cuss the implications of these results for a general method-
ology for proving deadlock freedom.

The remainder of the paper is organized as follows. In
section 2, previous work on deadlock-free routing is re-
viewed, and in section 3 we present our model and assump-
tions. In section 4, we present an oblivious routing algorithm
for wormhole routing that is deadlock-free, but does not have
an acyclic channel dependency graph. In section 5, we prove
several conditions that must be satisfied in order to have ir-
reducible cyclic dependencies in a deadlock-free oblivious
routing algorithm. Finally, in section 6, we discuss the im-
plications of this result and describe possible extensions for
future work.
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Designing deadlock-free routing algorithms for wormhole
routing was simplified by Dally and Seitz with a proof that
an acyclic channel dependency graph guarantees deadlock
freedom [6]. Each vertex of the channel dependency graph
is a physical or virtual channel. There is a directed edge from
one channel to another if a message is permitted to use the
second channel immediately after the first. Since the graph is
acyclic, deadlock freedom can be shown by assigning a num-
bering to the edges of the graph, ensuring that all channels
are used in strictly increasing or strictly decreasing order.

Dally and Seitz proposed their proof technique for oblivi-
ous routing algorithms. Oblivious routing algorithms can be
characterized by functions of the form 
���
�����������
 ,
where the input channel, belonging to the set of channels

 , and the current and destination nodes, belonging to the
set of nodes � , define an output channel on which to route
the message. An acyclic channel dependency graph has also
been used as a basis for developing adaptive routing algo-
rithms defined by functions of the form 
���
����������� � 
"! , where a set of output channels, taken from

� � 
"! –
the power set of 
 , is defined on which to route the mes-
sage.

Both Glass and Ni [10], and Boura and Das [2] have pro-
posed methodologies for generating deadlock-free routing
algorithms. Both proof techniques require an acyclic chan-
nel dependency graph. Glass and Ni propose a method of an-
alyzing routing algorithms based on the permitted and pro-
hibited dependencies from one channel to another. These de-

pendencies are characterized as turns, with the set of possi-
ble turns defined by the topology. The turn model groups the
turns into cycles and breaks all cycles by prohibiting some
turns. Boura and Das propose a method of proving deadlock
freedom by partitioning the channels into two acyclic sets
and requiring messages to route completely in the first set
before using channels in the second set.

Duato [7, 8] proved that an acyclic channel dependency
graph was not a necessary condition for deadlock-free rout-
ing for adaptive routing algorithms defined by functions of
the form 
#�$�%�&�%� � � 
"! , where the current node and
the destination node, independent of the input channel, de-
fine the set of output channels on which to route the message.
Schwiebert and Jayasimha [14, 16] have used Duato’s suffi-
ciency condition and the mesh topological properties to pro-
pose a fully adaptive routing algorithm for arbitrary dimen-
sion mesh networks that is optimal in the number of virtual
channels required and in the number of restrictions placed
on the use of these virtual channels. Berman, et al. [1] pro-
pose a torus routing algorithm that allows cyclic dependen-
cies among the channels.

Dally and Aoki [5] prove deadlock freedom for a rout-
ing algorithm with cyclic dependencies by guaranteeing an
acyclic packet wait-for graph. A packet wait-for graph is
defined dynamically by the packets in the network and con-
tains an edge from packet ')( to packet '$* if '+( is waiting for
a channel held by '$* .

All these proof techniques provide only a sufficient
condition for deadlock-free adaptive routing. Dally and
Seitz’s [6] proof that an acyclic channel dependency graph
guarantees deadlock freedom was originally proposed as a
necessary and sufficient condition for deadlock-free rout-
ing algorithms. As previously mentioned, Duato showed
that this claim does not hold for adaptive routing algo-
rithms, however, it was generally believed [7, 8, 12, 15, 17]
that an acyclic channel dependency graph was required
for deadlock-free oblivious routing. A counter-example is
shown in this paper, by presenting a deadlock-free oblivious
routing algorithm with cyclic dependencies.

Finding a necessary and sufficient condition for
deadlock-free routing remained an open problem. One of
the difficulties of providing a necessary and sufficient condi-
tion for deadlock-free routing arises from the problem of un-
reachable configurations. Unreachable configurations were
identified by Cypher and Gravano [3] and used to show that
it may be impossible to remove cyclic dependencies from a
deadlock-free routing algorithm. An unreachable configura-
tion consists of a set of channel dependencies that cannot
exist simultaneously because of interdependencies among
these dependencies. This is possible because the actual de-
pendencies at any instance rely on the dynamic interaction
among messages in the network at that time, but the channel
dependencies are static, in that they are determined by the
routing algorithm. Schwiebert and Jayasimha [15, 17] prove
that an unreachable configuration can occur only when at
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least two of the dependencies in a configuration require the
simultaneous use of some channel in the interconnection net-
work. For this reason, they refer to unreachable configura-
tions as false resource cycles.

Lin, McKinley, and Ni [12] propose a proof tech-
nique based on the observation that a routing algorithm is
deadlock-free if none of the channels in the network can
be held forever. If every message that uses a given chan-
nel is guaranteed to reach its destination, then that channel
is called a deadlock-immune channel. Since sink channels
cannot be part of a deadlock configuration, the proof starts
with the sink channels and works backward through the net-
work. If it is possible to show that no channel can be held
forever by a message, regardless of the destination and sub-
sequent path taken, then the routing algorithm is deadlock-
free. This proof technique was proposed as a necessary and
sufficient condition, however, it is not clear how to apply
this approach to routing algorithms with unreachable con-
figurations. Channels are shown to be deadlock-immune by
their association with neighboring deadlock-immune chan-
nels. The channels in an unreachable configuration form a
cycle, however, so there is no starting point from which to
deduce that these are deadlock-immune channels.

Duato [9] has proposed a necessary and sufficient con-
dition for deadlock freedom for adaptive routing algorithms
of the form 
 � � ��� � � � 
"! . The class of routing
algorithms is restricted further to ensure completeness and
prevent unreachable configurations. First, the routing algo-
rithm must provide a minimal path between every pair of
nodes, even for nonminimal routing algorithms. Second, the
routing algorithm must be coherent. A routing algorithm is
coherent if it permits every partial path from any source to
any destination to be used by the same source to reach an
intermediate node on the path or by an intermediate node on
the path to reach the same destination. Many nonminimal
routing algorithms are not coherent.

A general necessary and sufficient condition for
deadlock-free routing was proved by Schwiebert and
Jayasimha [17]. It has none of the restrictions imposed
by Duato’s proof technique. Furthermore, this methodol-
ogy can be applied to routing algorithms of the form 
 �

�� � � � � � � 
"! and has been generalized to vir-
tual cut-through and packet switching [15]. Because the re-
sult applies to a broad class of routing algorithms, unreach-
able configurations must be addressed. This is done by in-
troducing the notion of false resource cycles and providing
a design methodology that distinguishes false resource cy-
cles from cycles that produce deadlock configurations. This
proof technique was recently generalized by Jayasimha, et
al. [11] to support routing algorithms for collective commu-
nication, including multicasting.

After introducing the assumptions and definitions used in
this paper, we will describe how the notions of unreachable
configuration and false resource cycle affect the require-
ments for deadlock-free oblivious routing. The definitions

are specific to oblivious routing, although these definitions
can be easily generalized to include adaptive routing algo-
rithms [17].

� � ��� ����� ��� � � � 	 � ��� �	� � � ��� � � �

This paper adopts a conservative view of deadlock freedom.
This approach is taken to avoid the possibility of design-
ing routing algorithms that seem deadlock-free, but dead-
lock freedom actually depends on implementation aspects.
This means deadlock freedom must be independent of cer-
tain physical properties of the network, such as the flit buffer
size or the minimum message length. No restriction is im-
posed on message length. Similarly, arbitrary flit buffer sizes
are allowed. For instance, if a routing algorithm would dead-
lock when the routers have a buffer size of one flit, the rout-
ing algorithm is considered not deadlock-free.

Furthermore, when multiple messages arrive simultane-
ously and request the same output channel, and one of these
messages can lead to a deadlock, that message is assumed to
acquire the channel. This is reasonable, since it is unlikely
that neighboring routers are completely synchronous, so two
messages arriving on the same clock cycle could actually ar-
rive at slightly different times. The routers are assumed to all
operate with the same network clock cycle time, however, so
one message could not be forwarded over several channels
while another message makes no progress even though its
output channel is available.

Several assumptions and definitions are introduced to fa-
cilitate the presentation of the paper. These are standard as-
sumptions made about wormhole routing and have also ap-
peared in [6, 8].

1. A node can generate messages of arbitrary length des-
tined for any other node at any rate.

2. A message arriving at its destination is eventually con-
sumed.

3. Since wormhole routing is used, once a channel queue
accepts the header flit of a message, it must accept all
the flits of the message before accepting any flits from
another message.

4. A channel queue cannot contain flits belonging to more
than one message at a time. The channel must transmit
the last flit of the current message before the channel
queue accepts the header flit of the next message.

5. A node arbitrates among messages which simultane-
ously request the same output channel. Messages al-
ready waiting for a channel are chosen in an order that
prevents starvation.

Definition 1 An interconnection network 
 is a strongly
connected directed multigraph, denoted 
�� 
 � ��� 
"! ,
where the vertices, � (�� � , are the processors and the arcs,
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� ( � 
 , are channels that connect neighboring processors.
Each channel, � ( , can transmit messages from one proces-
sor, denoted � ( , to a neighboring processor, denoted

� ( .
Definition 2 A routing function has the form 
 ��
��&���
�%� 
 and specifies an output channel based on the input
channel, the current node, and the destination of the mes-
sage.

Definition 3 A routing algorithm 
�� on interconnection
network 
 takes two node IDs as arguments and is repre-
sented by 
�� � � ( � � * ! . For each source-destination pair, 
��
defines the set of paths available to a message. The routing
is accomplished by application of a routing function at each
router between the source and destination of the message.
The routing algorithm may be adaptive or nonadaptive; min-
imal or nonminimal.

Definition 4 A configuration is an assignment of messages
to channels. The header and data flits of each message are
stored in the channel queues and each channel queue holds
flits from at most one message. The leading channel is the
channel the message has most recently acquired and its chan-
nel queue contains the message header. Any other channels
occupied by this message contain only data flits. A config-
uration is legal if each message in the configuration occu-
pies one or more consecutive channels; the message header
is stored at the head of the leading channel queue that the
message occupies; each message occupies only channels
the routing algorithm permits the message to use; and the
storage capacity of each occupied channel has not been ex-
ceeded.

Definition 5 A reachable configuration is a legal configura-
tion that can be produced by routing messages when starting
from an empty network [3].

Definition 6 A deadlock configuration for routing algo-
rithm 
�� on interconnection network 
 is a non-empty
reachable configuration consisting of a set of messages,�	� � ��
 �
���
�	� ��� � ����� , where each message, � ( , in the
set has acquired at least one channel. The header flit of � (
has not reached its destination and is unable to proceed be-
cause the output channel for � ( is unavailable. Moreover,
the output channel for � ( is occupied by either data flits of� ( or the header or data flits of another message in the set.
The data flits at the head of any other channel queue held
by � ( are unable to proceed because the next channel queue
occupied by � ( is full. Thus, each message is blocked and
must wait for an unavailable waiting channel held by another
message in the set.
Note: Because oblivious routing is used, each message is
blocked by only one other message. The first channel that
a message uses in the cycle blocks the previous message in
the cycle and that is the only channel in the cycle where that
message blocks another message in the cycle.

Definition 7 Routing algorithm 
�� is suffix-closed if a path
that 
�� permits from node � ( to node � * through node ���
implies that 
�� also permits the partial path from ��� to �)*
when � � is the source. Note that every routing algorithm
with a routing function of the form 
 � � � � � � � 
"!
is suffix-closed. This definition is used to facilitate proving
restrictions on when unreachable configurations can occur.

����� ��� � � � ����� � 	 ���"! ��#����%$ �"! � � � � ����& ��� ��� �('

Although Duato presented a counter-example to the claim
that an acyclic channel dependency graph is a necessary and
sufficient condition for deadlock-free adaptive routing, no
such counter-example for oblivious routing has been found.
In this section, a counter-example for oblivious routing is
presented. The channels and nodes for an oblivious routing
algorithm that is deadlock-free even with cyclic dependen-
cies is shown in figure 1. All channels are bi-directional,
although the channels used to form the cycle are shown with
the direction used for the cycle.

D4

P1N*

P3
P4

P2

Src

D2

D1

D3

Figure 1: Topology for the Deadlock-Free Routing Algo-
rithm

The routing algorithm associated with the interconnec-
tion network shown in figure 1 works as follows. If node)+*

is the source, send the message directly to the destina-
tion. With four exceptions, messages from the other nodes
are routed by sending the message from the source of the
message to node

),*
, which then forwards the message di-

rectly to the destination. Note that these messages never use
the highlighted channels that form the cycle in figure 1. The
four exceptions occur when node Src sends a message to
destination D1, D2, D3, or D4. For these source-destination
pairs, the message is routed from Src to

)-*
, and then along
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the corresponding path. For example, the path for destina-
tion D1 routes the message from

) *
to node P1 and then

follows the cycle in the counter-clockwise direction until
the message reaches D1. Note that there are cyclic depen-
dencies, since the message destined for D1, message M1,
routes through D4, the message destined for D2, message
M2, routes through D1, the message destined for D3, mes-
sage M3, routes through D2, and the message destined for
D4, message M4, routes through D3. For convenience, this
routing algorithm is called the Cyclic Dependency routing
algorithm.

It is clear from the description of the routing algorithm
that only the cycle generated by the four messages originat-
ing from node Src can lead to a deadlock configuration. If
this cycle is actually an unreachable configuration (false re-
source cycle), then the routing algorithm is deadlock-free.

For this to be a deadlock configuration, message M1 must
reach D4 before message M4. Similarly, message M2 must
reach D1 before M1, message M3 must reach D2 before M2,
and M4 must reach D3 before M3. In addition, each message
must be long enough to hold all the channels in the cycle that
that message uses to form the deadlock configuration. This
means that M1 and M3 must hold at least three channels and
M2 and M4 must hold at least four channels.

If the flit buffer size is larger than one flit, then messages
M1 and M3 must be at least six flits each, which means
that either message would reach D1 or D3, respectively, at
the same time that M2 or M4 enter the network. Similarly,
since the messages must use the shared channel consecu-
tively (rather than simultaneously), using a longer message
allows that message to progress further before a subsequent
message enters the network. Thus, if a deadlock configura-
tion cannot be created when the buffer size is one flit and
the messages have their minimum length, then the routing
algorithm is deadlock-free.

Theorem 1 The Cyclic Dependency routing algorithm is
deadlock-free.

Proof. To form the cycle, messages M2 and M4 must hold
four channels and M1 and M3 must hold three channels. Be-
cause of the intervening nodes, M2 and M4 must use three
channels between node

),*
and the cycle, while M1 and M3

use only two channels between node
) *

and the cycle. This
introduces a problem when trying to create the cycle. When
M1 releases the shared channel (the channel between Src
and

)+*
), M1 needs to use only two more channels to bypass

M2’s entry point into the cycle, but M2 needs to use three
more channels to block M1. Thus, M2 must be injected be-
fore M1 in order to block M1. For the same reason, M4 must
be injected before M3. If both M2 and M4 are injected prior
to either M1 or M3, however, then the first message injected
(M2 or M4) is not blocked. Hence, it is impossible to inject
both M2 and M4 before M1 and M3 and also block M2 and
M4.

A second possibility is to generate the cycle using more
than four messages, by allowing one of the messages to
temporarily block another message, thereby allowing sub-
sequent messages to arrive in time to form a deadlock. Note
that messages M1 and M3 use only two channels from the
shared channel to the cycle and must hold three channels
within the cycle. Hence, it is not beneficial to temporarily
block M1 or M3, because then none of the other messages
are able to enter the network. Similarly, messages M2 and
M4 use only three channels from the shared channel to the
cycle and must hold four channels within the cycle.

Since it is impossible to generate a sequence of mes-
sages that form a deadlock, the cycle is a false resource cy-
cle and the messages that would form the cycle comprise an
unreachable configuration. Since this is the only cyclic de-
pendency in the routing algorithm, the routing algorithm is
deadlock-free.

�

� &+������� ��� � � � � ��� ��� � � � #�� ��� � � � 	�����	 �"! � � � � � ' ���
	 ��� � � �

An unreachable configuration similar to the one presented in
section 4 would be unlikely to arise in a typical routing al-
gorithm. That unreachable configuration has four messages
that share a channel outside the cycle and the channels in the
cycle can be used by only a restricted set of messages. A
general technique for proving deadlock freedom, however,
must be able to resolve such unlikely situations. One way
of simplifying the process of identifying false resource cy-
cles is to demonstrate restricted circumstances under which
cycles can be unreachable.

As previously mentioned, an unreachable configuration
results from a set of channel dependencies that require the
simultaneous use of a channel. The Cyclic Dependency rout-
ing algorithm has an instance of this, where the cycle can be
formed only if multiple messages use the channel between
Src and

)+*
at the same time. Since simultaneous use of a

channel is not possible, the configuration cannot be gener-
ated. Under some circumstances, however, it may be pos-
sible for messages to use the shared channel consecutively
instead of simultaneously and still form a cycle. To explore
these possibilities further, the cycles are divided between
configurations with the shared channel within the cycle and
those with the shared channel outside the cycle. A shared
channel is considered to be within the cycle only when the
shared channel is within the cycle for all messages in the
cycle that use the channel.

Theorem 2 An oblivious routing algorithm cannot have an
unreachable configuration when all shared channels are
within cycles.

Proof. Since the shared channel is within the cycle, any
message, 	 ( , that uses it has already blocked some other
message, 	 * . All the messages in the configuration can use
their initial channel in the cycle simultaneously, because no
channel sharing is required prior to the cycle. If 	 ( reaches
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a shared channel that is already in use by another message,
then 	 ( is blocked because 	�( can use only that channel.
Thus, every message is blocked after blocking the previous
message in the cycle, so a deadlock configuration has been
produced.

�

Corollary 1 A routing algorithm with a routing function of
the form 
 � � � � � 
 has no unreachable configura-
tions.

Proof. If a routing function has the form 
 �����&� � 
 ,
then any cycle can be generated using only channels in the
cycle. Each message can originate from the node connected
to the first channel that message uses in the cycle. This en-
sures that no channels are used outside of the cycle. Since a
shared channel is required for an unreachable configuration,
the proof follows immediately from theorem 2.

�

Corollary 2 A suffix-closed routing algorithm with a rout-
ing function of the form 
 �"
 � � � � � 
 has no
unreachable configurations.

Proof. The proof follows immediately from corollary 1 and
the fact that if the routing algorithm is suffix-closed, then a
routing function of the form 
 �$
��&���&� � 
 reduces
to the form 
�� � ��� �%
 .

�

Restrictions can also be placed on the situations in which
sharing a channel outside the cycle leads to an unreachable
configuration. In order to facilitate the explanation of these
theorems, figures 2 and 3 have been provided. For clarity,
only the channels used to form the cycles are depicted. In
figure 2, each channel is labeled with the messages in the
cycle that could use that channel.

Theorem 3 If a shared channel outside of the cycle is used
by only two messages, the cycle forms a deadlock configura-
tion.

Proof. Since the shared channel is outside the cycle, the
messages can use the channel in consecutive order, provided
that they both arrive in the cycle in time to block the pre-
ceding message in the cycle and arrive late enough to also
become blocked. Since there are only two messages that use
the shared channel, any other messages in the cycle can ar-
rive at the appropriate times. Order the two messages that
use the shared channel such that the message with the longer
path from the shared channel to the cycle is first.1 In fig-
ure 2, the first message would be M1. The length of both
messages is minimized, so that each message is only long
enough to hold the channels within the cycle. Furthermore,
the flit buffers hold only a single flit. Immediately after the
first message has traversed the shared channel, the second
message starts traversing the shared channel. The distance
that the message header of the first message must travel from
its current position to the channel in the cycle that blocks
�
If the distance is the same for both messages, choose either.

this message is equal to the distance from the shared chan-
nel to the first channel in the cycle. The distance that the
message header of the second message has to travel from the
shared channel to the first channel in the cycle is no more
than the distance that the first message still has to travel.
This allows all the messages in the cycle to enter the cycle
before any message reaches the channel where it is blocked.
Note that this approach works whether both messages use
the shared channel outside the cycle or one message uses the
shared channel within the cycle and the other outside the cy-
cle. Thus, the cycle can be created and this is a deadlock
configuration.

�

An example has been shown where a false resource cycle
can be created using a channel that is shared by four mes-
sages prior to entering the cycle. Theorems 2 and 3 prove
that with oblivious routing, a false resource cycle is not pos-
sible if the shared channel is within the cycle or only two
messages share a channel outside of the cycle. The possi-
bility of generating an unreachable configuration with three
messages sharing a channel is considered next.

Eight conditions must be satisfied in order to produce a
false resource cycle with oblivious routing when only three
messages in a cycle share a channel. Necessity and suffi-
ciency is proved in theorem 4.

In presenting these conditions, the messages are labeled
by the number of channels used between the shared channel
and the cycle, so ��� refers to the message that uses the most
channels between the shared channel and the first channel
that message uses in the cycle. Similarly, the message us-
ing the fewest channels between the shared channel and the
cycle is labeled ��� and the third message using the shared
channel is labeled ��� . Note that this does not necessarily
mean that � � uses the most channels in the cycle, only that
this message has the longest path from the shared channel to
the cycle.

1. Relative to the cycle, the order of the messages using
the shared channel is such that ��� is followed by � � .
Note that there could be other messages between these
two messages, but ��� is not between � � and ��� .

2. All three messages use the shared channel outside of
the cycle.

3. All three messages use a different number of channels
from the shared channel to the cycle.

4. Message � � uses more channels within the cycle than
it uses from the shared channel to the cycle.

5. If the message in the cycle that immediately precedes
message � � in the cycle does not use the shared chan-
nel, then message ��� uses more channels within the
cycle then it uses from the shared channel to the cycle.

6. Either message ��� uses more channels within the cy-
cle than it uses from the shared channel to the cycle
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M1
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D1
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M2

D2
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M1

M2

M2

M2
M2

Figure 2: A Deadlock with a Channel Shared by Two Messages

or message � � immediately precedes � � in the cycle
and � � uses fewer channels from the shared channel
to the first channel ��� uses in the cycle than message� � uses from the shared channel to the cycle.

7. The number of channels used by � � from the shared
channel to the cycle plus the number of channels used
by other messages in the cycle between � � and ��� is
less than the number of channels used in the cycle by��� plus the number of channels used by � � from the
shared channel to the cycle.

8. The number of channels used by � � from the shared
channel to the cycle plus the number of channels used
by other messages in the cycle between � � and � � is
less than the number of channels used by � � from the
shared channel to the cycle.

In order to facilitate the understanding of these condi-
tions, six different cycles are presented in figure 3. The rout-
ing algorithm is similar to the routing algorithm presented in
section 4, except that the channels not used in the cycle have
been removed for clarity. In all six cases, � � is message 1,��� is message 2, and ��� is message 3. Figure 3(a) depicts
a false resource cycle that occurs because all three messages
use more channels within the cycle than they use from the
shared channel to the cycle. Figure 3(b) depicts a false re-
source cycle that occurs even though message ��� can be
blocked between the shared channel and the cycle, because
message � � is too short to block � � long enough. The
deadlock shown in figure 3(c) occurs because condition 4 is
not satisfied. Similarly, figure 3(d) shows a deadlock that oc-
curs when condition 6 is not satisfied, because the path taken
by message � � is too long. Figure 3(e) depicts a deadlock

that arises when condition 7 is not satisfied. Finally, fig-
ure 3(f) introduces a fourth message, which routes from S4
to D4 and does not use the shared channel. This configura-
tion does not satisfy conditions 6 or 8, so a deadlock can be
generated.

Theorem 4 If a channel is shared by exactly three of the
messages in a cycle, that cycle is an unreachable configura-
tion iff all eight of the preceding conditions hold.

Proof. Note that if only one of the messages uses the shared
channel from outside the cycle, that message can acquire the
shared channel at the same time that the other two messages
acquire their first channel in the cycle. The first message can
be made long enough to hold the shared channel, so the other
two messages are blocked. The other messages do not use
the shared channel, so each of these messages can complete
its part of the cycle in time to block the preceding message.
Thus, a deadlock configuration has been formed.

Likewise, if only two messages use the shared channel
from outside the cycle, then the approach taken in theorem 3
for ordering the messages can be used to produce a dead-
lock configuration. The message that uses the shared chan-
nel within the cycle can be started so that it arrives at the
shared channel immediately after the second message starts
using this channel. Hence, an unreachable configuration is
not possible unless all three messages use the shared channel
prior to entering the cycle.

Since the shared channel is used outside the cycle by all
three messages, these messages must use the channel in con-
secutive order. A deadlock occurs if they all arrive in the cy-
cle in time to block the preceding message in the cycle and
arrive late enough to also become blocked. Since there are
only three messages that use the shared channel, any other
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messages can enter the cycle at the appropriate times. The
sequence of messages that form the cycle starts with one of
the messages using the shared channel, followed by zero or
more messages not using the shared channel, followed by
another message using the shared channel again followed by
zero or more messages not using the shared channel, and
then again followed by a message that uses the shared chan-
nel and then possibly additional messages that do not use the
shared channel.

If one of the messages in the cycle uses at least as many
channels from the shared channel to the cycle as it uses
within the cycle, then it can be blocked outside of the cy-
cle after using the shared channel. If the preceding message
in the cycle does not use the shared channel, then that mes-
sage can block this message indefinitely (by creating a long
enough message). This effectively reduces the cycle to a
case of only two messages using the shared channel and a
deadlock configuration can be constructed as shown in the
proof of theorem 3.

Order the three messages that use the shared channel such
that � � is first, followed by the other two messages in the
order in which they appear in the cycle. If this ordering of the
messages places them in the order � � followed by ��� and
then ��� , a deadlock configuration can be generated when
these messages use the shared channel consecutively in this
order. The proof is similar to the proof of theorem 3.

It is easily verified that such an ordering is possible un-
less ��� is followed by � � and all three messages use a dif-
ferent number of channels from the shared channel to the
cycle. In this case, � � could bypass � � in the cycle if � �
uses the shared channel before ��� . If the other messages
in the cycle (if any) interposed between these two messages
( ��� and ��� ) use at least as many channels as the differ-
ence between the number of channels used from the shared
channel to the cycle by ��� and ��� , then ��� is successfully
blocked and a deadlock is constructed.

Otherwise, it may be possible to generate a deadlock
from the cycle by injecting ��� before ��� , but after � � .
In this case, ��� could bypass � � . This does not occur, how-
ever, if � � reaches the cycle in time.

Message � � can acquire the shared channel as soon as� � is finished with it. At this time, ��� has traveled as many
channels as � � uses in the cycle, because that is the length
of ��� . If � � still needs to travel at least as far to reach its
blocking channel as ��� needs to travel to reach the cycle,
then the deadlock configuration can be formed. Of course,
messages interposed between � � and ��� can be used to pro-
vide the necessary additional channels.

The remaining possibility is when none of the above
cases are satisfied. In this case, � � is temporarily blocked
outside the cycle so that the other two messages can reach
the cycle in time. This temporary blocking is beneficial only
when ��� uses no more channels within the cycle than ���
uses from the shared channel to the cycle, because then ���
can be blocked without it holding the shared channel. This

allows the deadlock to be initiated by injecting � � first in
order to block ��� .2 Then inject ��� , followed by � � and fi-
nally � � . Message � � blocks ��� from the time ��� reaches
the cycle until � � enters the cycle. In other words, until the
end of ��� traverses the channel that blocks � � . This means
that � � reaches its blocking channel after � � acquires this
channel, because � � enters the cycle after the last flit of ���
releases that channel and must then travel the length of � �
to reach its blocking channel. This means the last flit of � �
must travel from the shared channel to the channel where � �
is blocked. This is equal to the length of ��� plus the num-
ber of channels used from the shared channel to the cycle.
Since � � uses fewer channels from the shared channel to
the cycle than � � does, there is time to inject another mes-
sage for � � and still allow time for � � to reach the cycle
before ��� reaches its blocking channel.

If message � � uses more channels within the cycle than
it uses from the shared channel to the cycle, then blocking� � cannot lead to a deadlock. If message ��� uses fewer
channels within the cycle than it uses from the shared chan-
nel to the cycle, then blocking ��� temporarily may lead to
a deadlock configuration. In this case, � � is injected first to
temporarily blocks ��� . Message ��� is then injected, fol-
lowed by � � and then ��� . Obviously, message ��� reaches
the cycle before ��� reaches its blocking channel, so a dead-
lock configuration can be formed if � � can be blocked long
enough to permit ��� to enter the cycle before � � reaches
its blocking channel.2 It can be verified that � � will block� � long enough only if the number of channels used by � �
from the shared channel to the channel where � � enters the
cycle is greater than or equal to the number of channels used
by � � from the shared channel to the cycle.

A careful examination of the situations considered above
shows that all possible message orderings have been consid-
ered and a deadlock configuration can arise from the cycle
whenever even one of these conditions does not hold.

�

� � � � ��! ��� � � �

In this paper, we have constructed an oblivious routing al-
gorithm that is deadlock-free, even though the routing al-
gorithm has cyclic dependencies. This routing algorithm is
a counter-example to a long-standing claim by Dally and
Seitz [6]. One consequence of this result is that although
an acyclic channel dependency graph can be used to guar-
antee deadlock freedom, the existence of a cycle does not
guarantee the routing algorithm can deadlock, even for non-
adaptive routing algorithms. The methodology in [15, 17]
handles false resource cycles and thus provides a necessary
and sufficient condition for oblivious and adaptive routing.

The cyclic dependencies in our counter-example do not
lead to a deadlock configuration because the cycle is an
unreachable configuration. This false resource cycle arises

�
An analogous argument can be constructed using an interposed message if re-

quired.
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when four messages use a shared channel outside the cycle.
We have shown that any such unreachable configuration

in an oblivious routing algorithm must have at least three
messages that share a channel and that channel must be
shared outside of the cycle. Furthermore, restrictions have
been placed on the types of oblivious routing algorithms for
which an unreachable configuration can be created. Namely,
the routing algorithm cannot be suffix-closed.

The conditions that permit a false resource cycle to occur
when three messages in a cycle share a channel have been
precisely determined. These results could be extended to the
case of four messages and beyond. Conditions could also be
derived for multiple shared channels. Of course, the number
of cases to consider increases with more shared channels or
more messages using the shared channel.

A more interesting extension of this work would be to ap-
ply these techniques to adaptive routing algorithms and bet-
ter characterize when false resource cycles can occur with
adaptive routing. Because adaptive routing algorithms have
more dependencies between channels and a choice of out-
put channels, adaptive routing algorithms are more likely to
contain unreachable configurations. For example, Cypher
and Gravano [3] present a false resource cycle for a nonmin-
imal routing algorithm for packet-switched networks. Du-
ato has presented a false resource cycle for a nonminimal
wormhole routing algorithm. This routing algorithm is re-
produced in [17], along with a minimal wormhole routing
algorithm that contains a false resource cycle, developed by
Schwiebert and Jayasimha.

A better understanding of when unreachable configura-
tions can and cannot arise with adaptive routing should lead
to simpler proofs of deadlock freedom for certain classes of
adaptive routing algorithms.
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Figure 3: Six Possibilities when a Channel is Shared by Three Messages
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