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Abstract

Reducing communication overhead has been widely rec-
ognized as a requirement for achieving efficient mappings
which substantially reduce the execution time of parallel
algorithms. This paper presents an iterative heuristic for
static mapping of parallel algorithms to architectures. Spe-
cial attention is given to measuring and reducing channel
contention. Experimental results are used to show the ef-
fects of channel contention for packet-switched networks
and the improvement realized by our heuristic. We also
present preliminary results for wormhole-routed networks.

Keywords: multiprocessor architectures, channel con-
tention, mapping problem, directed acyclic task graph, crit-
ical edges.

1 Introduction

It is well known that communication overhead can sig-
nificantly increase the execution time of parallel algo-
rithms. The mapping problem explores the difficulties of
scheduling the computation and communication compo-
nents of the parallel algorithm on the processors so the ex-
ecution time is minimized. In practice, a parallel architec-
ture is not completely connected, so the overhead associ-
ated with communicating between processors is not uni-
form. Additionally, channel contention can increase the
transmission time of messages. These factors can be used
by the mapping heuristic to reduce the execution time.

Finding an optimal mapping is NP-complete in gen-
eral [3], so researchers have focused on designing tractable
heuristics that generate efficient mappings. The heuristic
requires an appropriate model of the computation and the
communication components of the parallel algorithm and
the communication properties of the parallel architecture.
The heuristic also needs an appropriate goal, since an inap-
propriate goal may lead to an inferior mapping.

�
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Approaches to the mapping problem can be divided be-
tween compile-time (static) and run-time (dynamic) map-
ping methods. The disadvantages of run-time mapping are
the reduced efficiency that results from making decisions
without global information and the overhead of simulta-
neously mapping and executing the algorithm. These dis-
advantages are avoided by using compile-time mapping.
The drawback to compile-time mapping is the difficulty of
determining the execution time of branches and loops. A
compile-time approach is adopted.

2 Previous Work

Early research results [1, 6] assume each task is assigned
to a separate processor. Also, the heuristics focus on min-
imizing the total communication overhead. This goal does
not necessarily result in a good execution time, because
the arrival time of some messages may have to be delayed
so that more critical messages can be expedited. Unrea-
sonable restrictions are also placed on the communication
model of the architecture or algorithms. For example, [1]
assumes that all communications transmit the same amount
of data and ignores channel contention. In [6], channel con-
tention is explicitly measured, but only when all the com-
munication occurs in phases.

In contrast, recent research results [2, 5, 8, 9] focus on
minimizing the execution time which is also the goal of this
paper. Additionally, no restrictions are placed on the num-
ber of tasks. However, various inadequate assumptions are
made about the communication properties of the parallel ar-
chitecture. Infinite bandwidth between the processors is as-
sumed in [9]. In [5], the mapping heuristic uses the proxim-
ity of the clusters to reduce contention. However, the con-
tention is not measured, so the heuristic is unable to vary the
mapping to avoid contention. Channel contention is mea-
sured in [2, 8], but the communication model is inaccurate
and so the contention is not accurately determined. This
leads to incorrect decisions. For example, in [2] it is shown
that over a third of their mappings were worse when con-
tention was considered.
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3 Problem Statement

The parallel architecture is modeled as a set of � ho-
mogeneous processors connected by a network with lo-
cal memory on each processor. A hypercube topology is
assumed, although the mapping heuristic can be used for
any topology. The network consists of a fixed number
of bi-directional channels that directly connect neighbor-
ing processors. This paper uses packet-switched networks
and provides preliminary results on wormhole-routed net-
works.

The parallel algorithm is represented by a directed
acyclic graph (DAG), ���������
	�� where � is the set of
nodes (or tasks) and 	 is the set of directed edges. The
number of nodes in the graph is 
���� ��� and the number
of directed edges is ����� 	�� . Directed edge ����� represents
a message from node ��� to node ��� with a communication
cost of ����� . The communication cost is given in number of
packets for packet switching and number of flits for worm-
hole routing. Node � � has an execution time of  � . No re-
strictions are placed on either the communication costs of
the edges or the execution times of the tasks.

A general model requires an arbitrary number of tasks.
An effective means of handling this requirement is via a
two-step approach. First, a clustering algorithm is used to
cluster the tasks on an unbounded number of processors and
these clusters are merged until there is exactly one cluster
for each processor in the target architecture. After clus-
tering, the mapping problem is simplified to choosing the
appropriate processor for each cluster. This two-step ap-
proach yields a substantial improvement over the one-step
unclustered approach [5]. Although the tasks are in clus-
ters, each task maintains its own communication and com-
putation properties. It is assumed that the clustering step
has already been performed. Heuristic algorithms for clus-
tering are given in [4, 5, 10].

The clustering algorithm imposes a total ordering on the
tasks in a cluster. This total ordering allows for more effi-
cient execution of our algorithm. The tasks are numbered
based on their level in the DAG.

Channel contention can have a significant effect on the
execution time of the parallel algorithm. If infinite channel
bandwidth is assumed when evaluating a mapping, not only
is an unrealistic estimation of the execution time made, but
also an inefficient mapping may be chosen over a more ef-
ficient one.

In Figure 1, the clusters have been mapped to a four pro-
cessor hypercube. All tasks in a column are in the same
cluster. The horizontal axis gives the processor of the corre-
sponding cluster and the vertical axis gives the time. Each
rectangle represents a task with the associated task num-
ber inside the rectangle. The execution time of a task is
the length of its rectangle. Each directed edge is a commu-

nication message. The communication cost of each edge,
����� , indicates the time to transmit the message along a sin-
gle channel without contention.
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Figure 1: Examples of Channel Contention

Channel contention occurs for three reasons:

! Finite Bandwidth on any Channel. Consider the mes-
sage from Task 0 to Task 3 and from Task 2 to Task
3. Both messages require the same channel, however,
Task 0 is still using this channel when Task 2 is ready
to begin transmission. The message from Task 2 to
Task 3 must be delayed.

! A Limited Number of Channels at each Processor.
There are three messages being transmitted by Task 5.
Since this processor has only two channels, one of the
messages must be delayed.

! Limited Paths through the Interconnection Network.
Task 3 and Task 5 are sending messages at the same
time. The message from Task 3 to Task 6 can be-
gin transmission immediately. However, the message
from Task 3 to Task 7 must either wait until the mes-
sage from Task 3 to Task 6 has completed transmis-
sion, or be routed through the processor that executed
Task 5. Since Task 5 is currently using all its channels,
the message must be delayed in either case. This situ-
ation could also arise because of restrictions imposed
by the routing algorithm.

Since the mapping algorithm given in [9] and our map-
ping algorithm both use the same computation model and
assume clustering as a prior step, simulation results using
the two algorithms are compared.

4 The Algorithm

Like many other researchers, our heuristic uses the crit-
ical path while attempting to improve the current mapping.
A critical edge is an edge that increases the execution time

249



of the parallel algorithm if the transmission of the edge is
delayed. The source and destination tasks of a critical edge
are critical tasks. A cluster with at least one critical task is
a critical cluster.

The heuristic, described in Sections 4.1 – 4.7, uses an it-
erative approach to find a mapping. The channel contention
is measured to accurately determine the execution time of
a mapping. Then the set of critical edges is updated using
contention information and a new mapping is generated.
The algorithm uses a function, distance(), which returns the
length of the shortest path between any two processors. For
complexity analysis, it is assumed that this function can be
computed in constant time.

4.1 Calculate the Communication Matrix

Since the communication among clusters does not
change during the mapping, the results of this step are
reused for each iteration. Each directed edge has a send-
ing task and a receiving task that are assigned to different
clusters. The amount of communication between different
clusters is stored in a ��� � matrix. After all the edges have
been processed, each element in the matrix corresponds to
the total message traffic between the two specified clusters.
The amount of communication for each cluster is also to-
taled. The matrix is used to map the clusters that are not
critical. Since all edges are examined once, and the matrix
must be initialized, the time complexity is

� � ��� ��� � .

4.2 Map the Clusters to the Processors

A mapping is first generated on a completely connected
architecture. This is done using the identity mapping, that
is, cluster � is mapped to processor � . The time complex-
ity of this step is

� ����� . Information from the mapping on
the completely connected architecture is used as input to the
first iteration of our heuristic. The remaining iterations use
the output from the previous iteration.

The critical edges have a direct impact on the execution
time. The heuristic tries to find the mapping which has the
least total distance between critical task pairs. This mini-
mizes the execution time if there is no channel contention
and reduces the chance of contention because fewer chan-
nels are required.

The total distance between critical task pairs is calcu-
lated for the current mapping. This is done in

� � � � � time.
The algorithm then swaps each critical cluster with ev-
ery other cluster and recalculates the total distance. The
two clusters are swapped back if the total distance has in-
creased. This sequence of exchanges does not guaran-
tee that the total distance is reduced, however, this ap-
proach works well in practice. In the worst case, all clusters
are critical clusters, so

� ����� � different mappings are tried.

Only two clusters are swapped each time, so the total dis-
tance for each new mapping can be computed in

� ����� time.
The time complexity of this step is

� � ��	 � .
The remaining clusters must be mapped to prevent de-

lays in the non-critical edges from increasing the execution
time of the parallel algorithm. It is not clear how this can be
done efficiently; the method used is to try to minimize the
channel contention by using fewer channels for communi-
cation. This is of secondary importance to the critical edge
assignment, so these clusters are assigned only to available
processors.

The mapping of the non-critical clusters is done by re-
peatedly choosing the unassigned cluster with the most to-
tal communication. It is placed on the available proces-
sor which minimizes the total distance of the messages be-
tween this cluster and the clusters that are already assigned.
At most

� � ��� clusters must be assigned using this method,
trying at most

� ��� � different processors. Checking the to-
tal distance requires

� � ��� time, so the time complexity of
this step is

� � �
	 � .

4.3 Compute the Execution Windows

The execution window is the time range in which a
task must begin execution to avoid increasing the execu-
tion time of the parallel algorithm. The size of the execu-
tion window is the difference between the earliest and latest
starting times. The execution window is calculated itera-
tively from the immediate predecessors and successors of
each task. The earliest starting time is calculated from the
start node(s) of the DAG as follows:

Let � � � ����� ��� denote tasks. ��� is any task that sends
a message to task � � ; ��� is the task whose earliest start-
ing time is being computed; and �
� is the previous task
in the same cluster. Using the definitions from Section 3,
the transmission time of a message, ignoring channel con-
tention, is:

� ��� � ������������� ��� � ��� � � � � ��� �����

The earliest starting time of task � � is:

� ����� � ��� � � ��� � � �"!$# � � ���$� � �$� � � ��� ���  
� �
�"!%# �
� � ���$� � �$� � � � � �&�  ��� � ��� � �

The latest starting time is similarly calculated from the
exit node(s). The time complexity of this step is

� � 
'� � � .

4.4 Measure the Channel Contention

Figure 1 illustrates the reasons there could be channel
contention. Measuring the contention allows a more real-
istic execution time for the mapping to be found. Since
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the execution time of the mapping is more accurately de-
termined, inferior mappings can be correctly rejected. In
order to simulate message transmission, it is necessary to
make several assumptions about how messages are routed
through the interconnection network. These are typical as-
sumptions made by other researchers, a complete list can
be found in [7]. Fully-adaptive minimal routing is used for
packet switching and e-cube routing is used for wormhole
routing.

In order to evaluate the impact of channel contention on
the mapping, it is necessary to consider the traffic on the
interconnection network during the entire execution of the
algorithm. This execution is modeled with an event-driven
simulator. An event occurs whenever a task completes
execution (and places messages on the channel queues),
a packet enters the network (and utilizes channels), or a
packet leaves the network (and frees channels). The exe-
cution windows are also updated with channel contention
information.

For complexity analysis, a � -processor hypercube which
has a diameter of ����� � is assumed. The time complexity of
this step is

� � 
 � ������� � � � , assuming that the maximum
length of any message is fixed. Our measurement of the
channel contention is much more accurate than the method
proposed in [2], while still achieving a lower time complex-
ity.

4.5 Update the Critical Edge Set

All critical edges are transmitted between tasks with an
execution window of size zero. The proof can be found in
[7]. This simplifies the problem of determining the critical
edges. The set of critical edges depends on the mapping.
Both the distance between the source and destination pro-
cessors and channel contention can increase the transmis-
sion time of an edge. It is necessary to recompute the crit-
ical edges for each mapping. The time complexity of this
step is

� � � � �
� � .

4.6 Calculate the Execution Time

The execution time is calculated while measuring the
channel contention. The goal of the mapping heuristic is
to minimize the execution time of the parallel algorithm.
Within our model, it is impossible to produce a mapping
with a execution time less than that of the identity mapping
on the completely connected architecture, so this time is a
lower bound on the execution time.

Theorem 1 For a given clustering, no mapping on the tar-
get architecture can have a execution time that is less than
the execution time of the identity mapping on the completely
connected architecture.

Proof: The proof can be found in [7].

This lower bound is loose, in the sense that it is unlikely
that any mapping on the target architecture can achieve this
time bound. However, this lower bound is used for compar-
ison because no other basis of comparison was available.

4.7 Termination

The mapping heuristic terminates for any of three rea-
sons:

! A previous mapping of the clusters to the processors
has been repeated. The mapping process is determin-
istic, so a cycle of mappings has been found.

! A mapping has an execution time equivalent to that of
the completely connected architecture.

! It is necessary to balance the complexity of the al-
gorithm with the need to generate an efficient map-
ping. In order to guarantee an upper bound on the
time complexity of the mapping algorithm, the map-
ping algorithm is terminated after � iterations. Based
on measurements taken while computing the results
presented in Section 5, this gives a reasonable trade-
off between complexity and performance.

Since there are at most � iterations of the algorithm, the
worst-case time complexity is

� ���	��� 
 � ���
�
����� � ��� .

5 Results

All tests assume a hypercube architecture. All task
graphs were randomly generated using task computation
times that randomly vary from � � ��� and message lengths
that randomly vary from � � �
� packets. Each task gen-
erates from � ��� messages. The tasks are uniformly dis-
tributed between the clusters. Additional results are pre-
sented in [7].

The average of 100 randomly generated graphs was used
for the results. The results are weighted relative to the exe-
cution time on the completely connected architecture. The
three algorithms used are:

! MsCntn(Measure Contention) The heuristic in this
paper is used to choose a mapping.

! IgCntn(Ignore Contention) The heuristic in [9] is
used to choose a mapping. The differences between
the two heuristics are that their heuristic ignores chan-
nel contention and does not allow the reassignment
of the critical clusters after the initial mapping. The
mapping chosen by their heuristic is recomputed with
channel contention and this corrected measure of the
execution time is used in the results.
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Table 1: Execution Times (Lower Bound = 100)

Problem Size MsCntn IgCntn Random
����� � 
 ��� ��� 112.1 113.0 113.2
����� � 
 ��� ��� 112.3 117.4 117.5
����� � 
 ������� 113.8 118.1 117.6
��� ��� � 
 ������� 114.1 121.1 123.3
��� ��� � 
 �	����� 115.2 122.2 124.4
����
�� � 
 �	����� 115.6 122.3 123.8
���	
�� � 
 � �
����� 121.5 131.3 134.5
���	��� � 
 � �
����� 123.5 138.5 142.6
���	��� � 
 �	
������ 131.6 145.8 150.1

! Random A random mapping is generated.

Table 1 provides results for various configurations of the
number of nodes in the DAG and the hypercube architec-
ture. Figure 2 shows the results of using a 16-processor hy-
percube and varying the size of the DAGs. Figure 3 shows
the results of using DAGs with 800 tasks on different sized
hypercubes. Table 1 and Figures 2 – 3 clearly show the im-
provement when channel contention is considered. Table 1
shows the increasing difference in execution times between
the heuristics as the problem size increases. As seen in Fig-
ure 2, the relative improvement is almost constant when the
number of processors is fixed and the number of tasks is in-
creased. Although the relative improvement is nearly con-
stant, the absolute improvement increases. Figure 3 shows
how the difference between the heuristics increases with the
number of processors when the number of tasks is fixed.
We expect these trends to continue for larger numbers of
processors, because of the continued increase in distance
and channel contention.

Except for small problem sizes, the random mapping al-
gorithm has the worst performance. The variation between
the results in this paper is smaller than the variation given
in [9]. The reason for this reduced variation is that packet
switching is used instead of message switching. Message
switching is more sensitive than packet switching to the dis-
tance between processors. This has the most effect for ran-
dom mappings, which are significantly worse.

The heuristic given in [9] does not perform significantly
better than the random mapping, while our heuristic shows
noticeable improvement. Our heuristic shows the least
variance, although both heuristics have less variance than
the random mappings.

The heuristics are extended to wormhole-routed hyper-
cubes, but are otherwise unchanged. The random graphs
are modified so that communication costs are given in num-
�
The y-axis starts at 100, the lower bound for an optimal mapping.
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Figure 2: Execution Times with 16 Processors �

ber of flits rather than number of packets. The execution
times of the tasks are modified to maintain the same com-
putation to communication ratio. The results are shown in
Table 2.

Table 2: Execution Times (Lower Bound = 100)

Problem Size MsCntn IgCntn Random
����� � 
 �	� ��� 111.6 112.9 113.3
����� � 
 �	� ��� 111.7 116.4 117.1
����� � 
 ������� 112.5 117.5 118.8
��� �
� � 
 ������� 112.5 119.6 121.6
��� �
� � 
 ������� 115.4 121.7 123.9
����
�� � 
 ������� 114.4 122.6 125.5
���	
�� � 
 � �
����� 119.9 128.3 130.7
���	��� � 
 � �
����� 117.1 126.1 128.7
���	��� � 
 ��
�� ��� 124.3 134.2 135.8

The results in Table 2 show important differences from
the results in Table 1 and Figures 2 – 3. Both heuristics gen-
erate better mappings than the random mapping, however,
the improvement is not as great. Accurate estimates of the
execution time of random mappings are comparable to in-
accurate estimates of more sophisticated mapping heuris-
tics. This can be clearly seen since the random mapping
is nearly as good as the heuristic that ignores channel con-
tention. Our heuristic shows the best performance for all
problem sizes, but the improvement over the random map-
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Figure 3: Execution Times with 800 Tasks �

pings is relatively small. This suggests that different heuris-
tics are required for wormhole-routed architectures. These
heuristics should be more sensitive to channel contention
than distance.

6 Conclusion and Future Work

The mapping strategy presented in this paper demon-
strates the need for a realistic model of both the communi-
cation requirements of a parallel algorithm and the commu-
nication bandwidth of the interconnection network to pro-
duce efficient mappings. Ignoring channel contention in the
interconnection network can result in the selection of an in-
ferior mapping.

Experimental evidence has been presented to justify the
use of this mapping heuristic. One aspect that deserves fur-
ther exploration is deriving a tighter lower bound on the op-
timal mapping. This examination is useful both for quanti-
fying the worst-case and expected results of the mapping
algorithm, and for identifying potential refinements to the
heuristic. The heuristics have been compared using random
graphs. We plan to use DAGs generated from a variety of
applications.

Our approach uses clustered task graphs which are then
mapped onto the processors. Considering channel con-
tention during the clustering step as well as the mapping
step may result in a better solution to the general mapping
problem. We are currently developing heuristics that re-
duce channel contention for both the clustering and map-

ping steps on wormhole-routed architectures and also per-
form significantly better than random mappings.
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