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Convexity

= Aset X cR"is convexif for all x1, x2 e Xand any A € [0, 1], Ax1
+ (1-A) x2 e X

= Given a convex set X < R", a function f:X—R is convex (respectively
concave) if for all x1, x2 e Xand any A € [0, 1], f(Ax1 + (1- 1)x2)
< (respectively >) AMf(x1) + (1- A)f(x2)

o Strict convex/concave if the inequality is strict for distinct x1 and x2

= Theorem C.1: A function f: R — R is convex iff. for every a<b<c

f®)=f@ _ f©-f@

b—a c—dad
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Local and global optima

Consider the problem of minimizing a function f:X—R
Any x € X is a feasibl/e solution

An element x* € X is a global optimal solution (or a

solution) if f(x*) < f(x) for all x e X

An element x" e X is locally optimal if for some £>0,
f(x)<f(x), for all x e {x € X: [|x-X'||<¢e}



= A global optimal solution need not be unique, but must

be locally optimal

= Theorem C.2: given a convex set X and a convex

function f over X,

o A local minimum of f over X is also a global minimum;

o If fis strictly convex, then a local optimum is the unique global

optimum.
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Primal problem
min f(x)

s.I.
g (x)<0,1<i<m

xe R"

= We only consider the case where f and all g,'s are convex

and differentiable functions



Theorem C.3:
Karush-Kuhn-Tucker (KKT) conditions

Given a feasible x € R",if IAe R", with 4 >0, s.t.
Vi(x')+> AVg, (x)=0,and

i N _ A Complementary
Z;ﬂg (x)=0, < slackness condition

Then, x 1s a global optimal solution for the primal problem.

= If x* satisfies KKT conditions, it is called a KK7 point
= A are called Lagrange multipliers or dual variables
= In general, KKT conditions are not necessary

= A constraint is binding or active at point x* if the constraint is met with

equality at the point; otherwise, it is s/ack at the point (i.e., met with strict
inequality)



Example C.1

: , , 2(x,—5)
min (x, —5)" +(x, —5) Vf(X)=(2(x _5)j
S.I. 2x

) Vgl(X)=( j
x +x—5<0 2%,
| Oo oy [12
Sx+x—2<0 ) U7l
2 —1
—Xl SO Vg3('x):

—x, <0 Ve (o
8.(x)=
xXe R’ -1

. . (2
consider x = (J



= Geometry of example C.1:

X2

=(5,5)

X 9



Theorem C.4:
necessity and sufficiency of KKT conditions

s If x* is s.t. 3 xeR" with g,(x) < 0 if i-th constraint is
active at x*, then x* is optimal iff. KKT conditions hold at

X*

= If constraints are all linear, then x* is optimal iff. KKT

conditions hold at x*
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Linear program (LP)

= LP: objective function and constraints are all linear

= Primal LP:

o Given beR", A is an m*n matrix with real elements, and ce R™
min b’ x
S.I.

Ax=2c
x=0



= Using Theorems C.3 and C.4, we can derive (p.810 of RO):
o X* is optimal for the LP iff. 3Ae R™, A>0, such that

A(Ax —¢c)=0and (b =4 A)x =0

/.

Complementary slackness
conditions (related to “duality”)
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Dual problem

= For the primal problem

min f{x)

s.1.
g(x)<0, 1<i<m
x20

xe R’

define for Ae R™, A>0,

O(A) =infir>0,g () <OI<i<m: f(x)+3 Ag (0}
O(A)is called the Lagrangian dual function



= Then, the dual problem is

max O(A)

120

o By the definition of the dual function, solution to the dual problem

lower bound the solution to the primal problem

= Theorem C.5 (Strong Duality): If 3x>0 s.t. g(x)<0, 1<i<m, then

o The primal and dual problems have the same optimal values;

o If the optimal value is finite, and if x* and A* are solutions to the primal

and dual problems, then

>rAg (x)=0



Dual LP

Primal LP: Dual LP:
min b’ x max A'c
s.t. S.t.
Ax>c > AALD'
x>0 420

e Recall the complementary slackness conditions for LP
A(Ax —c)=0and (b' -4 A)x =0

A slack in the primal constraint => corresponding dual variable must be 0;

A slack in the dual constraint => corresponding primal variable must be 0.

e From “Strong Duality Theorem”: if the optimum value of the LP is finite, it
is (A)Tc



LP with equality constraints

= His an I*n metrix, and deR

Primal LP: Dual LP:

min b' x max Ac+u'd
s.t. > s.t.

Ax2>c AA+u H<Lb
Hx=d A>20

x>0 L unrestricted

= Complementary slackness conditions: x* is optimal for

the LP iff. 3Ae R™M, A>0, and ueR!such that
A(Ax —c)=0and (b' —-(L A+ u'H))x =0



Theorem C.6:

Given the primal and dual LPs (with equality constraints),
= Dual LP objective value lower bounds the primal LP objective value

= If the primal LP is infeasible, then the dual LP is unbounded; if the

dual LP is infeasible, then the primal LP is unbounded.

= If the primal LP and the dual LP are both feasible, then they both
have solutions and have the same optimal objective value; in this

case, the complementary slackness conditions hold.
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Perturbed primal problem
min f(x)

s.I.
g (x)<lc), 1<i<m
x20

x€e R’

= For LP (where Strong Duality holds): if the optimum value of the LP is
finite, itis (A*)’c => sensitivity is provided by the optima dual variable
A*: a small perturbation in ¢; leads to a proportional perturbation in the

optimal value, and the proportionality factor is A;*.



Summary

Convexity

Local and global optima
Karush-Kuhn-Tucker (KKT) conditions
Linear programming

Duality

Sensitivity of the optimal solution



