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Abstract
Current feasibility tests for the static-priority scheduling of periodic task systems run in
pseudo-polynomial time. We present a polynomial-time approximation scheme (PTAS) for
feasibility in static-priority systems where each task’s relative deadline is constrained to be at
most its period. This test is an approximation with respect to the amount of processor capacity
that must be “sacrificed” for the test to become exact. We show that an arbitrary level of
accuracy, ², may be chosen for the approximation scheme, and present a run-time bound that
is polynomial in terms of ² and the number of tasks, n.
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Introduction

An exact feasibility test for the preemptive uniprocessor scheduling of sets of periodic tasks, each
with its deadline parameter equal to its period, was introduced by Lehoczky, Sha, and Ding [4].
The test determines whether a set of tasks is feasible using the rate monotonic algorithm [7].
The response time of each task is calculated, and checked against its deadline. Audsley et al . [2]
developed a feasibility test for sets of tasks in which deadlines can be less than periods, and which
are scheduled using the deadline monotonic algorithm [6]. Lehoczky [5] provided a more general
feasibility test for periodic task systems where the relation between deadlines and periods may be
arbitrary.
In each of the aforementioned feasibility tests, the running time of the test is dependent on
the values of the parameters of the tasks in the task system. Thus, these are psuedo-polynomial
time tests. Albers and Slomka [1] present a polynomial-time approximation scheme (PTAS) for
feasibility of a sporadic task system using a dynamic-priority scheduling algorithm. The feasibility
test accepts as input, the specifications of a task system and a constant ², 0 < ² < 1, and is an
approximation scheme in the following sense:
If the test returns “feasible”, then the task set is guaranteed to be feasible on the
processor for which it had been specified. If the test returns “infeasible”, the task set is
guaranteed to be infeasible on a slower processor , of computing capacity (1 − ²) times
the computing capacity of the processor for which the task system had been specified.
In this paper, we extend the results of Albers and Slomka to the domain of static-priority scheduling. That is, we present a PTAS for static-priority feasibility analysis that makes a performance
guarantee similar to the one above: for any specified value of ², the PTAS correctly identifies, in
time polynomial in the number of tasks in the task system, all task systems that are static-priority
feasible on a processor that has (1 − ²) times the computing capacity of the processor for which the
task system is specified.
Since many static-priority feasibility-analysis algorithms (in particular, those based upon iterative convergence of response-time equations) have been observed to converge extremely rapidly in
practice, it may be argued that such a PTAS is not particularly useful. However, the presence or
otherwise of such a PTAS is interesting from a theoretical perspective as part of the ongoing debate
concerning the relative merits of static-priority and dynamic-priority scheduling: since a PTAS was
recently obtained for dynamic-priority uniprocessor feasibility analysis, it is of interest to know
whether static-priority feasibility analysis could be approximated as efficiently as dynamic-priority
analysis. The PTAS presented in this paper answers this question in the affirmative.
The running time of current feasibility tests for static-priority task systems depends on the
ratio between the largest and smallest period. Therefore, the complexity of current feasibility tests
for task systems with widely-varying periods may prohibit their use in automatic synthesis tools.
The running time of the approximation proposed in this paper is completely independent of the
tasks’ periods, and depends only on the number of tasks and the accuracy constant, ². Thus, the
approximation offers a reduction in complexity for many task sets, and its predictable worst-case
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run-time guarantees a quick estimate for automatic synthesis tools exploring a real-time system
design space.
The remainder of this paper is organized as follows. We formally define our task model in
the next section. We briefly summarize (Section 3.1) how the request-bound function abstraction,
which plays a crucial role in the various static-priority feasibility tests mentioned above [4, 2, 5],
can be approximated by a function that is easily computed, and which satisfies the property that
its value “closely” tracks (in a sense that will be made clearer in Section 4) the exact value of the
request-bound function. We use this approximation to the request-bound function to construct
an approximation to the exact dm-feasibility test [3] in Section 3.2. In Section 3.3, we give an
illustrative example of the approximate and exact feasibility tests. We prove the correctness of the
approximate feasibility test in Section 4. The polynomial time complexity of this approximate test
is derived in Section 5. In Section 6, we describe some of the challenges in applying the approximate test to a system with arbitrary relative deadlines, and briefly sketch a potential approach to
developing an approximate feasibility test for this model.

2

Task Model

We consider both periodic and sporadic task models. A task τi = (ei , di , pi ) is characterized by
a worst-case execution requirement ei and (relative) deadline di . In the periodic task model, the
period pi represents the exact interval between the arrival of jobs of τi . In the sporadic task model,
pi represents the minimum inter-arrival separation between jobs of τi . Each job has a worst-case
execution requirement equal to ei and a deadline that occurs di time-units after its arrival time. A
periodic task system is synchronous if the first job of every task is released at the same time.
A feasibility test is a necessary and sufficient set of conditions for determining whether a given
task system will meet all of its deadlines. In the remainder of this paper, we study approximation
schemes for feasibility of both sporadic and synchronous periodic task systems that are to be
executed on a preemptive uniprocessor platform. We will assume that for all tasks τi , di ≤ pi ,
unless otherwise specified.

Static-Priority Scheduling Algorithms
In static-priority systems, each task is assigned a distinct priority, and all jobs of a task execute
at the task’s priority. More formally, a job is said to be active at a specified time-instant in a
schedule, if it has remaining execution time and has not missed its deadline. When a scheduling
algorithm is invoked at time t, it will select the job with highest priority out of the set of active
jobs at time t. Two well-studied static priority scheduling algorithms are rate monotonic(rm) and
deadline monotonic(dm). rm, introduced in [7], assigns each task a priority equal to the inverse of
its period. dm, first presented in [6], assigns each task a priority equal to the inverse of its relative
deadline.
A task system τ is feasible with respect to static-priority systems if there exists a task priority
assignment such that when τ is scheduled according to this priority assignment, all deadlines are
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met. A static-priority scheduling algorithm A is optimal over all static-priority algorithms, if for
every feasible task system τ , A produces a schedule in which all deadlines are met. rm is known
to be optimal for static-priority algorithms when deadlines are equal to periods. dm is optimal
for static-priority algorithms when deadlines are bounded by periods. Since, we are assuming that
di ≤ pi , we will concentrate on the dm algorithm because it is optimal in this case.

3

Feasibility Test

In this section, we introduce an approximate feasibility test for static-priority systems where each
task’s relative deadline is constrained to be less than or equal to its period. We begin in Section 3.1
by defining a request-bound function (rbf) that bounds the amount of execution time requested
by a task (similarly defined in [4, 2, 5]). An approximation to the rbf is defined such that the
deviation from the rbf is bounded.
In Section 3.2, we define both an exact and approximate cumulative request-bound function
based respectively on the exact and approximate request-bound functions for a task τi . The functions describe the cumulative execution requests over a time interval for task τi and all tasks of
higher priority. Lehoczky et al. [4] showed that in a sporadic or synchronous periodic system, the
smallest fixed point of the exact cumulative request-bound function for task τi is the time at which
the processor can satisfy τi ’s request. If the smallest fixed point of task τi ’s cumulative requestbound function is no larger than its relative deadline, then τi is schedulable. If the smallest fixed
point exceeds τi ’s deadline, then τi is not schedulable according to any static-priority scheduling
algorithm. The remainder of Section 3.2 describes how we use the approximate cumulative requestbound function for an approximate feasibility test for static-priority task system τ . Section 3.3 gives
an example task system, and applies our approximate feasibility test.

3.1

Request-Bound Function

In a periodic synchronous task system, the total execution time requested by a task τi can be
expressed as a function of time. Every time a task τi releases a job, ei additional units of processor
time are requested. The following function provides an upper bound on the total execution time
requested by task τi at time t:
»
def

rbf(τi , t) =

¼
t
ei
pi

(1)

In a sporadic task system, rbf(τi , t) represents the total execution time requested by τi in its
worst-case phasing. Figure 1 shows an example of a rbf. Notice that the “step” function, rbf(τi , t)
increases by ei units every pi time units.
Approximating the rbf
The function rbf(τi , t) is discontinuous every pi time units. We call these discontinuities steps.
We define an approximation that computes the first (k − 1) steps of rbf(τi , t) exactly (where k is
3
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Figure 1: The step function denotes a plot of rbf(τi , t) as a function of t. The double line represents
the function δ(τi , t), approximating rbf(τi , t), where k = 3; for t ≤ 2pi , δ(τi , t) ≡ rbf(τi , t).
a constant, defined below), and is a linear approximation of rbf(τi , t), thereafter. The bounded
number of steps (k − 1) for the approximation function will ultimately lead to a polynomial time
complexity for the approximate feasibility test (shown in Section 5).
Recall the “accuracy” constant ², 0 < ² < 1, discussed in the introduction. ² represents the
desired accuracy of our approximate feasibility test. We choose a constant k based on ². For the
remainder of the paper, assume the integer constant k is defined as follows:
def

k = d1/²e − 1

(2)

We now define the following function δ(τi , t); in section 4, we will prove that δ(τi , t) closely
approximates the function rbf(τi , t):
(
δ(τi , t) =

rbf(τi , t) , for t ≤ (k − 1)pi
i
ei + te
for t > (k − 1)pi
pi ,

(3)

Figure 1 shows that δ(τi , t) is exactly rbf(τi , t) up to (k − 1)pi , (in this example, k = 3) and
then is a linear approximation t > (k − 1)pi that “bounds” rbf(τi , t) from above.

3.2

Description of Feasibility Test

Exact Test
For static-priority task systems with relative deadlines bounded by periods, Liu and Layland [7]
showed that the worst-case response time for a job of task τi occurs when all tasks of priority greater
than τi release a job simultaneously with τi . If a task τi releases a job J simultaneously with all
higher priority tasks and each higher priority task τj releases subsequent jobs at the earliest legal
4

opportunity (i.e. the inter-arrival separation between jobs of higher-priority task τj is exactly pj ),
then J has the largest response time of any job of task τi . In a sporadic or synchronous periodic
task system with relative deadlines bounded by periods, it is necessary and sufficient to only check
the response time of the first job of each task. If the response time of the first job of task τi is
at most its relative deadline, then τi is schedulable; else, it is not schedulable. A task system τ is
feasible on a uniprocessor if and only if the first job of each task τi has a worst-case response time
at most di .
In order to determine the response-time for the first job of task τi , we must consider execution
requests of τi and all jobs of tasks which may preempt τi . We define the following cumulative
request-bound function based on rbf. Let T−i be the set of tasks with priority greater than τi .
Then, the cumulative request-bound function is defined as:
X

def

Wi (t) = ei +

rbf(τj , t)

(4)

τj ∈T−i

The cumulative request-bound function Wi (t) is simply the total execution requests of all tasks
of higher priority than τi over the interval (0, t], and the execution request of one job of τi .
Audsley et al. [3] presented an exact feasibility test for task τi using dm: a task is feasible if and
only if there exists a fixed point, t, of Wi (t) such that t occurs before τi ’s deadline . The following
theorem restates their test:
Theorem 1 (from [3]) In a synchronous periodic (or sporadic) task system, task τi is feasible
using dm if and only if ∃t ∈ (0, di ] such that Wi (t) ≤ t.

Approximate Test
The goal of using a linear approximation in δ(τi , t) is to bound the number of steps in the approximation function. Since δ(τi , t) has at most k − 1 steps for all τi , a superposition of δ(τi , t)’s (i.e.
summation of δ functions) will have a polynomially bounded number of steps in terms of k and the
number of functions in the superposition. The following equation defines a superposition which we
will use as the approximate cumulative request-bound function for the approximate feasibility test:
X

ci (t) def
W
= ei +

δ(τj , t)

(5)

τj ∈T−i

ci (t) is always at least that of Wi (t). If we use the
In Section 4, we will see that the value of W
ci (t) to find a fixed point as in Theorem 1, it is
approximate cumulative request-bound function, W
possible for the approximate function’s smallest fixed point to exceed the exact function’s smallest
fixed point; therefore, the test is no longer necessary and sufficient. Instead, we will have sufficient
test for feasibility tests, as the following theorem states (proved in Section 4):
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Theorem 2 In a synchronous periodic (or sporadic) task system, task τi is feasible using dm if
ci (t) ≤ t.
∃t ∈ (0, di ] such that W
Using the approximate cumulative request-bound function also no longer gives an exact check
ci (t) ≤ t, then τi is infeasible
for infeasibility. Instead, if we cannot find a t ∈ (0, di ] such that W
on a lower capacity processor. In fact, we can quantify a smaller capacity processor for which this
approximate feasibility test would become exact. The following theorem (also proved in Section 4)
derives this capacity:
ci (t) > t, then τi is infeasible using dm on a processor of (1 − ²)
Theorem 3 If ∀t ∈ (0, di ], W
capacity.

The preceding theorem states we must effectively ignore (1 − ²) of the processor capacity for
the test to become exact.
Together, theorems 2 and 3 provide an approximate test for feasibility of task system τ . The
test is:
ci (t) ≤ t, then τ is feasible.
If for all tasks, τi ∈ τ , there is a time t ≤ di such that W
Otherwise, τ is guaranteed to be infeasible only on a processor of (1 − ²) capacity.
Section 5 will show that the complexity of the approximate test is polynomial-time in terms of
the number of tasks and the accuracy parameter, ².

3.3

Example

We now consider an example system τ , to illustrate both the exact and approximate feasibility
tests. Let τ be comprised of the following tasks:
τ1 = (1, 3, 3)
τ2 = (2, 5, 5)
τ3 = (2, 12, 12)
Let us first demonstrate the exact feasibility test. We must calculate the fixed points of the the
cumulative request-bound function (if they exist). The fixed points are: W1 (1) = 1, W2 (3) = 3,
and W3 (9) = 9. Since, for all τi , there exists a t such that Wi (t) ≤ t and t ∈ (0, di ], then τ is feasible
on a uniprocessor. Figure 2(b) shows the cumulative request-bound function for τ3 . Observe from
the graph you can quickly identify the smallest fixed point of W3 (t).
c1 (1) = 1, and W
c2 (3) = 3. However, it is easy to see from Figure 2(a)
For the approximate test, W
c3 (t) ≤ t. Therefore, by Theorem 3, τ is infeasible
that there does not exist a t ∈ (0, 12] such that W
on a uniprocessor of (1 − ²) capacity. The fact that W3 (t) does not fall below the line f (t) = (1 − ²)t
in Figure 2(b) illustrates the infeasibility of τ on this smaller capacity processor.
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Figure 2: The two graphs above illustrate the cumulative request-bound functions of task τ3 for task system
τ where τ1 = (1, 3, 3), τ2 = (2, 5, 5), and τ3 = (2, 12, 12). Graph (a) shows the approximate cumulative
c3 (t) where ² = 1 (i.e. k = 2) . Since there does not exist a t ∈ (0, 12) such that
request-bound function, W
3
c3 (t) ≤ t, the approximate feasibility test declares τ is infeasible. Graph (b) shows the exact cumulative
W
request-bound function, W3 (t). Notice, that τ is, in fact, infeasible on a uniprocessor of (1 − 31 ) capacity;
however, τ is feasible on the unit capacity uniprocessor.

4

Correctness of Approximation

In this section, we will prove the correctness of Theorems 2 and 3, thereby proving the correctness
of the approximate feasibility test. However, before proving the theorems, it will be useful to prove
properties of the request-bound functions. Using the request-bound properties, we will be able to
prove lemmas about the approximate cumulative request-bound function. From these lemmas and
properties, Theorems 2 and 3 will follow.
We prove several properties about δ(τi , t), which together show that δ(τi , t) closely tracks
rbf(τi , t). The first property states that our approximation always exceeds or equals rbf.
Property 1 ∀t ≥ 0, δ(τi , t) ≥ rbf(τi , t).
Proof: For all t ∈ [0, (k − 1)pi ], δ(τi , t) = rbf(τi , t) , by definition. For t > (k − 1)pi , δ(τi , t) =
t
t
i
ei + te
pi = ( pi + 1)ei ≥ d pi eei = rbf(τi , t)
The second property states that if the approximation strictly exceeds the rbf at time t, then we
have calculated at least k − 1 steps of the rbf. We may observe this visually in Figure 1, because
the linear approximation does not begin until after the k − 1 step. Formally,
Property 2 If δ(τi , t) > rbf(τi , t), then rbf(τi , t) ≥ kei .
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Proof: δ(τi , t) > rbf(τi , t) implies that t > (k − 1)pi . Thus, rbf(τi , t) = d pti eei >
(k − 1)ei . Since rbf increases by ei at each step, rbf(τi , t) ≥ kei .

l

(k−1)pi
pi

m
ei =

The third property reflects the fact that the approximation never exceeds the rbf by more
than one step size, ei . Again, visually this is easy to see, since after k − 1 steps, δ(τi , t) is a linear
interpolation of the “edges” of the steps.
Property 3 ∀t ≥ 0, δ(τi , t) − rbf(τi , t) ≤ ei .
Proof: For
m t ∈ [0, (k−1)pi ], δ(τi , t)−rbf(τi , t) = 0 ≤ ei . For t > (k−1)pi , δ(τi , t)−rbf(τi , t) =
l all
tei
tei
tei
t
pi + ei − pi ei ≤ pi + ei − pi = ei .
Property 4, below, bounds the ratio of the value of the approximate function at time t to the
value of the exact function:
Property 4 ∀t ≥ 0, rbf(τi , t) ≤ δ(τi , t) ≤ (1 + k1 )rbf(τi , t).
Proof: rbf(τi , t) ≤ δ(τi , t) follows from Property 1. By Property 3, δ(τi , t) ≤ rbf(τi , t)+ei . Then
by Property 2, rbf(τi , t)+ei ≤ rbf(τi , t)+ rbfk(τi ,t) . This implies, ∀t ≥ 0, δ(τi , t) ≤ (1+ k1 )rbf(τi , t).
The following lemmas describe the implications of using the approximation function δ in the
cumulative request-bound function. Informally, Lemma 1 states that if the approximate cumulative
request-bound function is below line f (t) = t, then the exact cumulative request-bound function
must be below as well.
ci (t) ≤ t, then Wi (t) ≤ t.
Lemma 1 If W
Proof:
P
P
P
By Property 1, τj ∈T−i δ(τj , t) ≥ τj ∈T−i rbf(τj , t). Thus, ei + τj ∈T−i δ(τj , t) ≤ t ⇒ ei +
P
c
τj ∈T−i rbf(τj , t) ≤ t. The Lemma follows from the definitions of Wi (t) and Wi (t).
Lemma 2 states that if the approximate cumulative request-bound function lies above f (t) = t,
k
then the exact cumulative request-bound function must lie above the line f (t) = 1+k
(t). Formally
stated:
ci (t) > t, then Wi (t) >
Lemma 2 If W
Proof:

k
1+k (t).

ci (t) = ei + P
W
τj ∈T−i δ(τj , t) > t
P
⇒ ei + τj ∈T−i (1 + k1 )rbf(τj , t) > t
(by Property 4)
P
1
⇒ (1 + k )(ei + τj ∈T−i rbf(τj , t)) > t
P
k
⇒ ei + τj ∈T−i rbf(τj , t) > 1+k
(t)
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The Lemma follows from definition of Wi (t).
We are now prepared to prove Theorems 2 and 3, originally stated in Section 3.
ci (t0 ) ≤ t0 . Then, by Lemma 1,
Proof of Theorem 2 Assume there exists a t0 ∈ (0, di ] such that W
Wi (t0 ) ≤ t0 . From Theorem 1, τi is schedulable using dm.
ci (t) > t, but τi is still feasible on a
Proof of Theorem 3 Assume that for all t ∈ (0, di ], W
k
processor of (1 − ²) capacity. Notice that 1 − k+1 ≤ ². So, by Theorem 1, ∃t0 ∈ (0, di ] such that
ci (t) > t ⇒ Wi (t) > ( k )t by Lemma 2. This is a contradiction;
Wi (t) ≤ (1 − ²)t ≤ ( k )t. But, W
k+1

k+1

therefore, τi is infeasible on a processor of capacity (1 − ²).

5

Testing Set

We now turn our attention to the most significant benefit of the approximate feasibility test: its
polynomial time complexity. In order to prove that the test runs in polynomial time, we show that
the number of points at which equation (5) must be evaluated is bounded by a polynomial in terms
of n and ².
As a basis of comparison, let us first consider the testing set for the exact feasibility test. It is
known [2] that the time-instants at which the condition of Theorem 1 must be evaluated is:
½
¹ º¾
di
def
(6)
Si = t = bpa : a = 1, . . . , i; b = 1, . . . ,
pa
Informally, these are the only values of t where Wj (t) changes value, for some j, 1 ≤ j ≤ i. The
number of points in this set may be as large as:
º
i ¹
X
di
pj

j=1

(7)

Since the number of points that must be checked is dependent on the task periods, this represents
a pseudo-polynomial feasibility test.
ci (t) in
In the remainder of this section, we will show that if we were to use the approximation W
place of Wi (t), we would only need test the condition of Theorem 2 at polynomially many points.
In particular, we will show that the set of points that must be checked is:
def
Sbi = {t = bpa : a = 1, . . . , i − 1; b = 1, . . . , k − 1} ∪ {t = di }

(8)

Necessity and Sufficiency of Testing Set
In the following argument, we will show that Sbi is a sufficient number of points to determine the
ci (t) ≤ t. Our proof obligation is to show: if for all
existence (or absence) of a time t such that W
b
c
c
t ∈ Si , Wi (t) > t, then for all t ∈ (0, di ], Wi (t) > t.
9

We call two elements t1 and t2 (t1 < t2 ) in set Sbi adjacent if no t satisfying t1 < t < t2 is in
b
Si . In order to satisfy our proof obligation, we will show that for any pair of adjacent points in Sbi ,
ci at the adjacent points lies above f (t) = t, then the value of W
ci at all points in
if the value of W
between the adjacent points are above f (t) = t.
Define a linear function, g(t1 ,t2 ) (t) over this interval as follows,
def

g(t1 ,t2 ) (t) =

ci (t2 ) − W
ci (t1 )
W
ci (t1 ), ∀t ∈ (t1 , t2 )
(t − t1 ) + W
t2 − t1

(9)

ci (t1 )) and (t2 , W
ci (t2 )). For example,
Intuitively, g(t1 ,t2 ) (t) is a linear interpolation of points (t1 , W
in Figure 2a consider the two adjacent points t1 = 6 and t2 = 10. g(t1 ,t2 ) (t) is the line defined by
points (6, 8) and (10, 10 31 ).
The following claim shows that between any two adjacent points, the linear function, g(t1 ,t2 ) (t)
is less than the approximation function. So, g(t1 ,t2 ) (t) bounds the approximation function from
below over the interval (t1 , t2 ). Let ri (t) be the total execution of all tasks of priority τi or greater
that release jobs at time t. Formally,
X

def

ri (t) =

ej

(10)

{τj ∈T−i |pj divides t}

³
´
ci (t), ∀t ∈ (t1 , t2 ) .
Claim 1 For adjacent elements, t1 , t2 ∈ Sbi (t1 < t2 ):: g(t1 ,t2 ) (t) < W
ci (t1 ) and g(t ,t ) (t2 ) = W
ci (t2 ) by definition of g(t ,t ) (t).
Proof: We know that g(t1 ,t2 ) (t1 ) = W
1 2
1 2
ci (t) is ri (tS ) > 0 at every point tS in Sbi . Also, note
Observe that the “height” of the step for W
ci (t) is linear in interval (t1 , t2 ). Then, for t ∈ (t1 , t2 ), W
ci (t) is a line that passes through
that W
c
c
ci (t1 ) + ri (t1 )) and (t2 , W
ci (t2 )). Thus, W
c (t) = Wi (t2 )−Wi (t1 )−ri (t1 ) (t − t1 ) + W
ci (t1 ) + ri (t1 ).
(t1 , W
t2 −t1
´ i
³
ci (t) > g(t ,t ) (t).
ci (t) − g(t ,t ) (t) = ri (t1 ) t2 −t > 0. This implies, W
Notice that W
1 2
1 2
t2 −t1
ci lies above the
The next lemma shows that for any adjacent elements of Sbi , if the value of W
c
line f (t) = t, then the value of Wi of all points in between the adjacent elements must lie above
f (t) = t.
ci (t1 ) > t1 and W
ci (t2 ) > t2 , then W
ci (t) > t,
Lemma 3 For adjacent elements, t1 , t2 ∈ Sbi , if W
∀t ∈ (t1 , t2 ).
ci (t1 ) > t1 and g(t ,t ) (t2 ) = W
ci (t2 ) > t2 . Now consider function
Proof: Notice that g(t1 ,t2 ) (t1 ) = W
1 2
g(t1 ,t2 ) (t) over the interval (t1 , t2 ). Assume that there exist t0 ∈ (t1 , t2 ), such that g(t1 ,t2 ) (t0 ) ≤ t0 .
Since, g(t1 ,t2 ) (t) is linear the slope from t1 to t0 must equal the slope from t0 to t2 . But,
ci (t0 ) ≤ t0
W
⇒
⇒

ci (t0 )−t1
W
≤1
t0 −t1
ci (t0 )−W
ci (t1 )
W
<
t0 −t1
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1,

and

ci (t0 ) ≥ −t0
−W
⇒
⇒

ci (t0 )
t2 − W
≥1
t2 −t0
ci (t2 )−W
ci (t0 )
W
>
t2 −t0

1.

The slopes are unequal and we have reached a contradiction. Our assumption that there exists a t0
ci (t) > t,
such that g(t1 ,t2 ) (t0 ) ≤ t0 is incorrect. Therefore, ∀t ∈ (t1 , t2 ), g(t1 ,t2 ) (t) > t. By Claim 1, W
∀t ∈ (t1 , t2 ).
The following theorem proves Sbi is a necessary and sufficient testing set for our approximation.
ci (t) ≤ t if and only if there exists t0 ∈ Sbi such that
Theorem 4 There exists t ∈ (0, di ] such that W
0
0
ci (t ) ≤ t .
W
Proof: The “if” direction is obvious since Sbi ⊂ (0, di ]. Therefore, we will concentrate on the
ci (t) ≤ t (where pmin is
“only if” direction of the proof. If there exists a t ∈ (0, pmin ) such that W
ci (pmin ) ≤ pmin and pmin ∈ Sbi . So, assume there exists a t ∈ [pmin , di ]
the smallest period), then W
ci (t) ≤ t, but 6 ∃t0 ∈ Sbi such that W
ci (t0 ) ≤ t0 . Since Sbi ⊂ [pmin , di ], there exists adjacent
such that W
ci (t) > t. This
elements t1 and t2 of Sbi such that t ∈ (t1 , t2 ). But, by Lemma 3, for all t ∈ (t1 , t2 ), W
ci (t0 ) ≤ t0
a contradiction; therefore, our assumption that there did not exist a t0 ∈ Sbi such that W
is incorrect.

Complexity
It is easy to see that the number of items in the testing set for τi is at most:
1 + (i − 1)(k − 1)

(11)

In a naive implementation of approximate feasibility-analysis, the condition in Theorem 2 would
be evaluated at most Σni=1 (1 + (i − 1)(k − 1)) times, which is O(n2 k); a smarter implementation
(see, e.g, [8]) would take O(nk log n) time.
For a given accuracy, ², the running time of the approximation algorithm is O(n2 /²). Thus,
the algorithm is a member of a family of algorithms that collectively represent a polynomialtime approximation scheme for uniprocessor feasibility analysis for both synchronous periodic and
sporadic task systems in a static-priority system. The following theorem states this formally.
Theorem 5 For any ² in the range (0, 1), there is an algorithm A² that has run-time O(n2 /²) and
exhibits the following behavior: On any synchronous periodic or sporadic task system τ ,
• if τ is dm-infeasible on a unit-capacity processor then Algorithm A² correctly identifies it as
being dm-infeasible;
• if τ is dm-feasible on a processor of computing capacity (1 − ²) then Algorithm A² correctly
identifies it as being dm-feasible;
11

• else Algorithm A² may identify τ as being either feasible or infeasible.

6

Future Work: Arbitrary Relative Deadlines

When deadlines can exceed periods, Lehoczky [5] shows that it is no longer sufficient to check the
response-times of only the first job of each task. Instead, it is potentially necessary to check the
response-time of all jobs in the level-i busy interval for each task τi . A level-i busy interval is a
time interval [a, b] where only jobs of Ti = T−i ∪ {τi } are executing continuously and the following
is true:
1. A job of Ti is released at time a.
2. All jobs of Ti released prior to a have completed by time a.
3. b is the first time instant where all jobs of Ti released after a have completed.
It may be tempting to try extending our results to a task system with arbitrary deadlines by
applying the approximate feasibility test presented in this paper to each job of τi in the level-i
busy interval. Unfortunately, if this approach is used the approximate feasibility test is no longer
polynomial in terms of n and ². Applying the approximate feasibility test to each job of τi in
the level-i busy interval results in a pseudo-polynomial time test. The reasons that the test is
pseudo-polynomial are the following:
• The length of the level-i busy interval does not depend on n, but on the pi and ei terms; therefore, the level-i busy interval contains a pseudo-polynomial number of jobs of τi . Applying the
approximate feasibility test in this paper would require running the test a pseudo-polynomial
number of times.
• The number of jobs at each time instant t that are active (i.e. t lies between the job’s release
time and absolute deadline) could be Θ(di /pi ). Again, this is not polynomial in terms of n
and ². Therefore, at each point in the testing set, we may have to perform computation for a
pseudo-polynomial number of active jobs to check if any of them have missed their deadline.
We are currently working on techniques that do not require these pseudo-polynomial time
checks. We conjecture that there exists a PTAS for feasibility analysis in static-priority systems
with arbitrary relative deadlines. We further conjecture that the PTAS for arbitrary relative
deadlines can achieve the same asymptotic time complexity as the PTAS for bounded relative
deadlines.
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7

Conclusions

It has be shown [1] that there exists a polynomial-time approximation scheme (PTAS) for feasibility
analysis of sporadic task sets in dynamic-priority systems. We have constructed a similar PTAS for
static-priority feasibility analysis of uniprocessor synchronous periodic and sporadic task systems, in
which all tasks have their relative deadlines no larger than their periods. Our PTAS has a run-time
asymptotically identical to the test of [1]. We have, thus, shown that dynamic- and static-priority
systems have equivalent approximate feasibility-analysis “tools” available. To further strengthen
our claim that dynamic- and static-priority systems have similar feasibility-analysis tools available,
we are currently extending our results to a model that allows arbitrary response times (i.e. the
relation between deadlines and periods is arbitrary).
The polynomial-time approximation tests presented in this paper and in future work offer a
reduction in complexity for feasibility tests. These approximate feasibility tests may be useful for
quick estimates of task system feasibility in automatic system-synthesis tools.
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