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Abstract
We consider polynomial-time algorithms for partitioning
a collection of non-preemptive or restricted-preemption tasks
among the processors of an identical multiprocessor platform.
Since the problem of partitioning tasks among processors (even
with unlimited preemption) is NP-hard in the strong sense, these
algorithms are unlikely to be optimal. For task systems where the
ratio between the largest execution time and the smallest relative
deadline is small, we provide a sufficient condition for feasibility.
The application of this algorithm to preemptive quantum-based
systems is also discussed. For all other task systems, we experimentally evaluate different variants of our heuristic over sets of
randomly generated tasks.

1 Introduction
In many real-time systems, complete a priori knowledge of job release times is either impractical or impossible. The sporadic task model [16] provides a characterization of real-time computation of such task systems
by allowing time between the release of successive jobs
of a task to vary. For a sporadic task τi , a minimum interarrival separation parameter (historically called the period) describes the minimum time interval between successive jobs of a task. A collection of jobs generated by
the sporadic task system is called legal if the minimum
inter-arrival separation is respected for each task. A relative deadline parameter identifies the time interval from
a job’s release time to its absolute deadline during which
execution of the job must complete. A collection of sporadic tasks is called a sporadic task system.
The advantage of preemptive scheduling on uniprocessors has been known since Lui and Layland [14] showed
that total utilization of a uniprocessor is achievable under
preemptive EDF scheduling. In preemptive scheduling, a
job may be halted before the completion of its execution
and resumed at a later time. However, in many systems,
preemption is impractical or undesirable due to the high
overhead involved in context switching between different
tasks. In non-preemptive scheduling, once a job begins
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execution it executes continuously on the processor until
its completion. Non-preemptive scheduling for these systems can reduce scheduling overhead, and have the following additional benefits [12]: elimination of the need
for complex resource sharing protocols for resources or
critical sections that are local to a processor; reduction in
the implementation complexity of scheduling protocols;
and estimates of worst-case execution time for tasks may
be more accurate in the non-preemptive model.
In addition to pure non-preemptive tasks, it is
sometimes useful to model both preemptive and nonpreemptive behavior in the same system.
The
restricted-preemption model allows tasks to execute nonpreemptively in short intervals, and be preempted inbetween the non-preemptive intervals. Each task specifies a non-preemption parameter which indicates the maximum length of time a task may non-preemptively execute. Notice that a non-preemptive system can be represented in the restricted preemption model by setting the
non-preemption parameter for each task equal to its execution requirement. A preemptive system can be represented
by setting the non-preemption parameter for each task to
zero. The restricted-preemption model is also useful for
characterizing the behavior of quantum-based scheduling
systems.
An important endeavor in real-time scheduling theory
is determining whether a task system is feasible on a given
processing platform. A task system is feasible if there
exists, for each legal collection of job releases, a schedule on the processing platform in which no task misses a
deadline. For non-preemptive and restricted-preemption
systems, a more restrictive notion of feasibility can be defined: feasibility without inserted idle times (IIT). A task
system is feasible without IIT if there exists a schedule for
every legal collection of jobs in which a processor is never
idle while there are jobs awaiting execution. A scheduling
algorithm is optimal in this model if it can schedule every
task system that is feasible without IIT.
Uniprocessor Scheduling. The non-preemptive real-time
scheduling of sporadic tasks has been studied extensively
for uniprocessor platforms. For sporadic task systems
where each task’s relative deadline is equal to its period,
Jeffay et al. [12] proved that the non-preemptive Earliest Deadline First algorithm (EDF) [14] is optimal on
uniprocessors with respect to scheduling without IIT, and

they provided necessary and sufficient conditions for EDFschedulability. Non-preemptive EDF schedules at each
idle instant the job with the nearest deadline (from the set
of jobs awaiting execution). George et al. removed the
restriction on a task’s relative deadline, showed that EDF
is optimal without IIT [10], and provided modified necessary and sufficient conditions for EDF-schedulability [11].
Researchers have also focused different techniques and
models [2, 9, 6] for limiting preemptions in an attempt to
obtain the benefits of both preemptive and non-preemptive
scheduling.
Multiprocessor Scheduling. For the multiprocessor
scheduling of non-preemptive and restricted-preemption
sporadic tasks, two alternative paradigms exist: global
and partitioned scheduling. For restricted-preemption
and non-preemptive global scheduling, a job executing a
non-preemptive code section will execute continuously on
the same processor; a job executing a preemptive codesection can be halted and can resume execution on a different processor. For non-preemptive partitioned scheduling, a task is assigned to a processor, and all jobs of the
task are always executed on that processor.
Non-preemptive and restricted-preemption multiprocessor scheduling of sporadic tasks has received much
less attention. Baruah [5] considered the non-preemptive
global scheduling of periodic and sporadic tasks on an
identical multiprocessor platform. To the best of our
knowledge, there has been no work done on the partitioned scheduling of non-preemptive sporadic task systems.
This research. We consider the non-preemptive and
restricted-preemption multiprocessor scheduling of sporadic task systems under the partitioned paradigm. Since
partitioning tasks among processors reduces the multiprocessor scheduling algorithm to a series of uniprocessor
scheduling problems (one to each processor), the optimality (without IIT) of non-preemptive EDF [12, 10] makes
EDF a reasonable algorithm to use as the run-time scheduler on each processor. Therefore, we henceforth make
the assumption that each processor, and the tasks assigned
to it by the partitioning algorithm, are scheduled during
runtime according to non-preemptive EDF and focus on
the partitioning algorithm.
Recently, Albers and Slomka [1] developed a fully
polynomial-time approximation scheme for determining
the feasibility of preemptive sporadic task systems on a
uniprocessor. Their results also extend to non-preemptive
sporadic task systems. In [7], we non-trivially applied the
results of Albers and Slomka to obtain a polynomial-time
partitioning algorithm for preemptive sporadic task systems. In this paper, we extend and generalize the results
in [7] to be applicable for non-preemptive and restrictedpreemption systems. To address some of the drawbacks
of the simple restricted-preemption partitioning algorithm
that we derive, we also consider a family of heuristics
which we evaluate experimentally.
Organization. In Section 2, we present background

on the non-preemptive and restricted-preemption sporadic
task model. We also discuss uniprocessor feasibility tests
for restricted-preemption sporadic tasks. In Section 3,
we design a simple algorithm for partitioning restrictedpreemption systems, and evaluate this algorithm theoretically. The application of this algorithm to preemptive
quantum-based systems is explored as well. In Section 4,
we consider some more pragmatic heuristics for partitioning and evaluate their performance empirically. In Section 5, we draw together the conclusions of this paper.

2

Task and machine model

A restricted-preemption sporadic task [6] τi =
(ei , qi , di , pi , ) is characterized by a worst-case execution
requirement ei , a non-preemption parameter qi , a (relative) deadline di , and a minimum inter-arrival separation
pi . In general, a restricted-preemption sporadic task is
subject to the trivial constraints that qi ≤ ei , ei ≤ pi , and
ei ≤ di . The utilization of task τi represents the amount
computational capacity required by τi on a single procesdef
sor and is denoted by ui = ei /pi . The non-preemption
parameter qi specifies the maximum length of time at
which τi may execute non-preemptively on a single processor. Observe that this parameter specifies only the interval length during which τi executes non-preemptively,
not the start and end times of the non-preemptive interval.
In our model, τi may execute non-preemptively for up to
qi time units starting at any point in time, and may do
so arbitrarily often (subject to the constraints of the other
task parameters). We may model a pure non-preemptive
sporadic task by setting qi = ei .
We will assume that we are given a multiprocessor Π comprised of m identical processors, Π =
{π1 , π2 , . . . , πm }. Let τ be a system of n restrictedpreemption sporadic tasks where τ = {τ1 , τ2 , . . . , τn }
and τi = (ei , di , pi , qi ) for all i, 1 ≤ i ≤ n.
We may categorize sporadic task systems based on
the relationship between the values of pi and di for each
τi ∈ τ . For the purposes of this paper, we consider three
subclasses based on this relationship:
• Implicit-deadline: Each sporadic task τi ∈ τ satisfies the
constraint that di = pi .
• Constrained: Each sporadic task τi ∈ τ satisfies the constraint that di ≤ pi .
• Arbitrary: There is no restriction placed on the relationship between di and pi .

2.1 The Demand-Bound Function
For any sporadic task τi and any real number t ≥ 0, the
demand bound function DBF(τi , t) is the largest cumulative execution requirement of all jobs that can be generated by τi to have both their arrival times and their deadlines within a contiguous interval of length t. It has been
shown [8] that the cumulative execution requirement of
jobs of τi over an interval [to , to + t) is maximized if one
job arrives at the start of the interval – i.e., at time-instant

to – and subsequent jobs arrive as rapidly as permitted —
i.e., at instants to + pi , to + 2pi , to + 3pi , . . . Equation (1)
below follows directly [8]:
µ µ¹
º
¶
¶
t − di
def
DBF (τi , t) = max 0,
+ 1 × ei
pi

(1)

Albers and Slomka [1] have proposed a technique for
approximating the DBF; the following approximation to
DBF is obtained by applying their technique:
½
0,
if t < di
∗
DBF (τi , t) =
(2)
ei + ui × (t − di ), otherwise
As stated earlier, it has been shown that the cumulative execution requirement of jobs of τi over an interval is
maximized if one job arrives at the start of the interval, and
subsequent jobs arrive as rapidly as permitted. Intuitively,
approximation DBF∗ (Equation 2 above) models this jobarrival sequence by requiring that the first job’s deadline
be met explicitly by being assigned ei units of execution
between its arrival-time and its deadline, and that τi be assigned ui ×∆ t of execution over time-interval [t, t+∆ t),
for all instants t after the deadline of the first job, and for
arbitrarily small positive ∆ t.
Observe that the following inequalities hold for all τi
and for all t ≥ 0:
DBF(τi , t)

≤ DBF∗ (τi , t) < 2 · DBF(τi , t) .

(3)

2.2 Uniprocessor Feasibility
It has been shown [12] that the response time of a task
τi (i.e. the time from a job’s release to its completion)
is maximized in the following scenario: Let τk (k > i)
be the task with the largest non-preemptive execution requirement. The worst-case sequence is if a job of τk is released just prior to the release of a job of τi , and all other
tasks τj (j 6= i, k) release jobs simultaneously with τi ;
in addition, successive jobs of τj are released as soon as
legally possible. Any feasibility test for non-preemptive
sporadic systems must determine whether a deadline miss
will occur in this scenario. The feasibility test we use for
non-preemptive and restricted-preemptions uniprocessor
systems is from [6]:
Theorem 1 (from [6]) A restricted-preemption sporadic
task system τ = {τ1 , . . . , τn } is feasible (without IIT) if
and only if
∀t : 0 ≤ t :

n
X

DBF(τi , t)

≤ t,

(4)

i=1

and for all τj = (ej , qj , dj , pj ) where 1 ≤ j ≤ n
∀t : 0 ≤ t ≤ dj : qj +

n
X

DBF(τi , t)

≤t

(5)

i=1
i6=j

Throughout the remainder of this paper, we will
adopt the convention that “feasibility” is with respect to
restricted-preemption model without IIT.

3

A Partitioning Algorithm

Given a system of sporadic tasks, the problem of determining whether it is possible for the task system to always
satisfy all timing constraints is called feasibility-analysis.
In this paper, we are interested in partitioned feasibilityanalysis. Even for implicit-deadline sporadic task systems under the preemptive model, partitioned feasibilityanalysis is NP-hard in the strong sense (by transformation from the bin-packing problem [13]). Unfortunately,
the complexity results extend to partitioned feasibilityanalysis of all restricted-preemption (or non-preemptive)
sporadic task systems.
For the preemptive model, several bin-packing heuristics have been studied [15]. Typically, each of the binpacking heuristics adheres to the following pattern:
1. Tasks of the task system are sorted by some criteria.
2. Tasks are assigned (in order) to a processor upon which
they “fit” according to a sufficient (and sometimes necessary) condition.

In Section 3.1, we describe such a partitioning algorithm. Section 3.2 derives sufficient conditions for
schedulability of a restricted-preemption task system using this algorithm. The algorithm and the derivation of the
sufficient conditions generalizes work done for partitioning of preemptive sporadic task systems in [7]. Section 3.3
describes an application of this algorithm for preemptive
quantum-based scheduling.
3.1 Algorithm NP-PARTITION
We now describe a simple partitioning algorithm
called NP-PARTITION. Given a restricted-preemption
sporadic task system τ comprised of n sporadic tasks
τ1 , τ2 , . . . , τn , and a processing platform Π comprised of m unit-capacity processors π1 , π2 , . . . , πm ,
NP-PARTITION will attempt to partition τ among the processors of Π. The NP-PARTITION algorithm is a variant
of a bin-packing heuristic known as first-fit-decreasing.
For this section, we will assume the tasks of τi are indexed
in non-decreasing order of their relative deadline (i.e.
def
di ≤ di+1 , for 1 ≤ i < n). Let qmax (τ ) = maxni=1 {qi }
denote the maximum non-preemption parameter of any
task in τ .
The NP-PARTITION algorithm considers the tasks
in increasing index order (i.e. τ1 , τ2 , . . .). We will
now describe how to assign task τi assuming that tasks
τ1 , τ2 , . . . , τi−1 have already successfully been allocated
among the m processors. Let τ (π` ) denote the set of tasks
already assigned to processor π` where 1 ≤ ` ≤ m. Considering the processors π1 , π2 , . . . , πm in any order, we
will assign task τi to the first processor πk , 1 ≤ k ≤ m,
that satisfies the following two conditions:

di −


X
DBF
τj ∈τ (πk )

∗

(τj , di ) ≥ ei + qmax (τ )

(6)



and

1 −


X

uj  ≥ ui ;

By Theorem 1, either
(7)

X

DBF(τi , tf ) +

τj ∈τ (πk )

If no such πk exists, then Algorithm NP-PARTITION returns PARTITIONING FAILED: it is unable to conclude that
sporadic task system τ is feasible upon the m-processor
platform. Otherwise, NP-PARTITION returns PARTITION ING SUCCEEDED.
If τ is a constrained, sporadic task system, then it suffices to check only Equation 6:
Lemma 1 For constrained sporadic task systems, any
τi and πk satisfying Equation 6 during execution of the
NP-PARTITION algorithm will also satisfy Equation 7
Proof: Observe that for any constrained task τi , Equation 2 implies that for all t ≥ di ,

DBF

∗

(τi , t) = ui × (t + pi − di ) ≥ ui × t.

Hence, Equation 6
≡
⇒
⇒
⇒

´
³
P
di − τj ∈τ (πk ) DBF∗ (τj , di ) ≥ ei + qmax (τ )
P
di − τj ∈τ (πk ) (uj × di ) ≥ ei + qmax (τ )
P
(τ )
1 − τj ∈τ (πk ) uj ≥ deii + qmax
di
P
(τ )
1 − τj ∈τ (πk ) uj ≥ ui + qmax
(8)
di

The last inequality implies Equation 7.
We must now show that by assigning task τi to processor πk we have not adversely affected the feasibility
of tasks τ1 , τ2 , . . . , τi−1 previously assigned to the processors. The next lemma shows that the system remains
EDF -feasible if we assign tasks according to Equations 6
and 7.

DBF(τj , tf )

> tf

(9)

τj ∈τ (πk )

or there exists τ` ∈ τ (πk ) ∪ {τi } such that
X
DBF (τj , tf ) > tf .
q` +

(10)

τj ∈τ (πk )∪{τi }
j6=`

We will show that if either Equation 9 or 10 is true,
then a contradiction is reached. Assume that Equation 9
is true. Then, since DBF∗ is an upper bound on DBF,
DBF

∗

X

(τi , tf ) +

DBF

∗

(τj , tf ) > tf

(11)

τj ∈τ (πk )

Since tasks are considered in order of non-decreasing
relative deadline, it must be the case that all tasks τj ∈
τ (πk ) have dj ≤ di . We therefore have, for each τj ∈
τ (πk ),
DBF

∗

(τj , tf ) =
=
=

ej + uj (tf − dj ) (By definition)
ej + uj (di − dj ) + uj (tf − di )
∗
DBF (τj , di ) + uj (tf − di )
(12)

Furthermore,
DBF

∗

X

(τi , tf ) +

DBF

∗

(τj , tf )

τj ∈τ (πk )

≡

(ei + ui (tf − di )) + (By Equation 12 above)


X
∗

DBF (τj , di ) + uj (tf − di )


≡

τj ∈τ (πk )

ei +



X
DBF

∗

(τj , di )

τj ∈τ (πk )




X

+(tf − di ) ui +

uj 

τj ∈τ (πk )

Lemma 2 If the tasks previously assigned to
each processor were EDF-feasible (with respect to
restricted-preemption) on that processor and Algorithm
NP-PARTITION assigns task τi to processor πk , then the
tasks assigned to each processor (including processor πk )
remain EDF-feasible on that processor.
Proof: Observe that assigning τi to processor πk does
not affect the tasks previously assigned to other processors. Therefore, we focus our attention only on πk , and
show that if τ (πk ) was EDF-feasible prior to the addition
of τi , and Equation 6 and 7 are satisfied, then τ (πk ) ∪ {τi }
remains EDF-feasible after the addition of τi .
For the sake of contradiction, assume that τ (πk ) and τi
satisfies Equation 6 and 7 of NP-PARTITION, but that EDF
misses a deadline when scheduling the tasks τ (πk ) ∪ {τi }
on processor πk . Let tf be the time that processor πk
misses a deadline. Observe that tf > di since τ (πk ) is
EDF -feasible before the addition of τi .

Consequently, Inequality 11 above can be rewritten as
follows:




e i +

X
DBF

∗

(τj , di ) +

τj ∈τ (πk )




X

(tf − di ) ui +

uj  > (tf − di ) + di (13)

τj ∈τ (πk )

Condition
6,
(ei
+
≤ di − qmax (τ ) ≤ di );
Inequality 13 therefore implies


X
(tf − di ) ui +
uj  > (tf − di )
P However

by

∗
τj ∈τ (πk ) DBF (τj , di ))

τj ∈τ (πk )

which in turn implies that
(ui +

X
τj ∈τ (πk )

uj ) > 1

which contradicts Condition 7.
Now, assume that Equation 10 is true. Similar to Equation 11, we obtain
X

qmax (τ ) +

DBF

∗

(τj , tf ) > tf .

(14)

τj ∈τ (πk )∪{τi }
j6=`

X

uj ) > 1.

τj ∈τ (πk )∪{τi }
j6=`

which also contradicts Equation 7.
Since both Equations 9 and 10 lead to a contradiction,
our supposition that processor πk missed a deadline at
time tf is false. Thus, τ (πk ) ∪ {τi } will always meet all
deadlines on processor πk .
The correctness of Algorithm NP-PARTITION follows,
by repeated applications of Lemma 2:
Theorem 2 If Algorithm NP-PARTITION returns PARTI TIONING SUCCEEDED on task system τ , then the resulting
partitioning is EDF-feasible.
Run-time complexity. In attempting to map task τi , observe that Algorithm NP-PARTITION essentially evaluates, in Equations 6 and 7, the workload generated by the
previously-mapped (i − 1) tasks on each of the m processors. Since DBF∗ (τj , t) can be evaluated in constant
time (see Equation 2), a straightforward computation of
this workload would require O(i + m) time. Hence the
runtime
Pnof the algorithm in mapping all n tasks is no more
than i=1 O(i + m), which is O(n2 ) under the reasonable assumption that m ≤ n.
3.2 Theoretical Evaluation
In this section, we derive a set of sufficient conditions
for the success of NP-PARTITION. In particular, for each
subclass of restricted-preemption sporadic tasks we derive
a different sufficient condition: Theorem 3 corresponds
to implicit-deadline systems, Theorem 4 for constrained
systems, and Theorem 5 for arbitrary systems.
Given a task system τ , the following notation and terminology will be useful for our analysis.
def

dmin (τ )
ρ(τ )
umax (τ )
usum (τ )
δi
δmax (τ )

= minn
i=1 {di }
def
= qmax (τ )/dmin (τ )
def
= maxn
i=1 {ui }
def P
= n
i=1 ui
def
= ei /di
def
= maxn
}
i=1 {δ
³ iP

δsum (τ )

= maxt>0

def

n
i=1

DBF (τi ,t)
t

Lemma 3 Given a restricted-preemption sporadic task
system τ and an m unit-capacity processor system Π,
NP-PARTITION has the following properties:
P1: If usum (τ ) ≤ 1, Equation 7 is always satisfied.

Following similar logical steps of Equations 12
through 13, we would obtain from Equation 14:
(ui +

be useful in proving the main results of Theorems 3, 4,
and 5.

´

(max. blocking ratio)
(max. utilization)
(system utilization)
(task load ratio)
(max. load ratio)
(system load)

The following lemma describes subcases where either
Equation 6 or 7 is trivially satisfied. The corollary immediately following shows that certain combination of subcases imply that τ is trivially restricted-preemption feasible on a single processor. The lemma and corollary will

P2: If δsum (τ ) ≤
isfied.

1−ρ(τ )
,
2

then Equation 6 is always sat-

If
P3: Let τ be an implicit-deadline system.
usum (τ ) ≤ 1 − ρ(τ ), then both Equations 6
and 7 are always satisfied.
Proof: P1 is trivially
P true, since violating Equation 7
requires that (ui + τj ∈τ (πk ) uj ) exceed 1.
)
To see P2, observe that δsum (τ ) ≤ 1−ρ(τ
implies that
2
t0 (1−ρ(τ ))
for all t0 ≥ 0. By Inτj ∈τ DBF (τj , t0 ) ≤
2
equality 3, this in turn implies that
X
∗
DBF (τj , t0 ) ≤ t0 (1 − ρ(τ ))
(15)

P

τj ∈τ

for all t0 ≥ 0; specifically at t0 = di when evaluating Equation 6 for τi . P
Evaluating Equation 15 at
i−1
t0 = di implies that ei + j=1 DBF∗ (τj , di ) ≤ di −
qmax (τ ). Since τ (πk ) ⊆ {τ1 , τ2 , . . . , τi−1 } when attempting
P to add τi to processor πk in NP-PARTITION,
ei + τj ∈τ (πk ) DBF∗ (τj , di ) ≤ di −qmax (τ ). This implies
Equation 6.
To see P3, observe that
usum (τ ) ≤ 1 − ρ(τ )

(16)

trivially implies Equation 7. It remains to show that Equation 6 is satisfied. In an implicit-deadline system, it follows from Equation 2 that DBF∗ can be rewritten as:
½
0,
if t < di
∗
DBF (τi , t) =
(17)
ui t, otherwise
By multiplying both sides of Equation 16 by di , we
obtain
Pn
u d ≤ di − qmax (τ )
j=1
Pnj i
⇒ ei + j=1 uj di ≤ di − qmax (τ )
Pnj6=i
⇒ ei + j=1 DBF∗ (τj , di ) ≤ di − qmax (τ )
j6=i
Pi−1
⇒ ei + j=1 DBF∗ (τj , di ) ≤ di − qmax (τ ).
Since τ (πk ) ⊆ {τ1 , τ2 , . . . , τi−1 } when attempting to add
τi to processor πk in NP-PARTITION, the last inequality
implies Equation 6.
Corollary 1
1. Any
restricted-preemption
sporadic
task
system
τ
satisfying
V
)
(usum (τ ) ≤ 1 δsum (τ ) ≤ 1−ρ(τ
) is success2
fully partitioned on any number of processors ≥ 1
by NP-PARTITION.

2. Any
constrained,
restricted-preemption
sporadic
task
system
τ
satisfying
)
(δsum (τ ) ≤ 1−ρ(τ
)
is
successfully
partitioned
on
2
any number of processors ≥ 1 by NP-PARTITION.
3. Any implicit-deadline, restricted-preemption sporadic task system τ satisfying (usum (τ ) ≤ 1−ρ(τ )) is
successfully partitioned on any number of processors
≥ 1 by NP-PARTITION.
Proof: Part 1 and 3 follow directly from Lemma 3, Equations 6 and 7 of NP-PARTITION will always evaluate to
“true.”
Part 2 follows directly from Lemmas 3 and 1. By
Lemma 1, we need only determine that Equation 6 is satisfied. By Property P2 of Lemma 3, this is ensured by
)
having δsum (τ ) ≤ 1−ρ(τ
.
2
We are now prepared to prove sufficient conditions
for NP-PARTITION successfully partitioning an implicitdeadline, restricted-preemption sporadic task system.
Theorem 3 Any implicit-deadline, restricted-preemption
sporadic task system τ where ρ(τ ) < 1 − usum (τ ) is
successfully scheduled by NP-PARTITION on m unitcapacity processors, for any
usum (τ ) − umax (τ )
m≥
1 − ρ(τ ) − umax (τ )

Lemma 4 Let m1 denote the number of processors, 0 ≤
m1 ≤ m, on which Equation 6 fails when the partitioning
algorithm is attempting to map τi . Assuming that ρ(τ ) <
1 − δi ,it must be the case that

usum (τ ) + (m − 1)ui > m(1 − ρ(τ ))
⇒ m(1 − ρ(τ ) − ui ) < usum (τ ) − ui
sum (τ )−ui
⇒ m < u1−ρ(τ
)−ui
Observe that usum (τ ) > 1 − ρ(τ ); otherwise, τ would
be trivially feasible according to Corollary 1. Therefore,
the left-hand side of the above inequality is maximized
when ui is as large as possible. This implies,
usum (τ ) − umax (τ )
1 − ρ(τ ) − umax (τ )

which contradicts our assumption, thereby proving the
lemma.

(20)

Proof: Let Π1 be the set of m1 processor for which Equation 6 evaluates to false when attempting to add task τi .
Then, for each πk ∈ Π1 ,
X
∗
DBF (τj , di ) > di − ei − qmax (τ )
τj ∈τ (πk )

Summing
over all πk ∈
S
τ
(π
k ) ⊆ τ , we obtain
πk ∈Π1
DBF

(18)

because otherwise when attempting to assign τi to processor πk , NP-PARTITION would be able to “fit” τ (πk ) and
τi on the same processor.
Summing Inequality 19 over all πk ∈ Π, and noting
that the tasks on these processors is a subset of τ , we obtain

2δsum (τ ) − δi
1 − ρ(τ ) − δi

m1 <

n
X

Proof Sketch: The proof is by contradiction. Assume
that Equation 18 is true, but NP-PARTITION fails to partition τ . Then there exists a task τi ∈ τ such that when
attempting to add τi to each processor πk ∈ Π, either
Equation 6 or 7 is violated. Corollary 1 implies for each
πk ∈ Π
usum (τ (πk ) ∪ {τi }) > 1 − ρ(τ )
(19)

m<

In the next lemmas, we describe the necessary conditions for algorithm NP-PARTITION failing to assign τi to
a processor in Π. If τi was not assigned to a processor then
either Equation 6 or 7 evaluated to false for each πk ∈ Π.
Lemma 4 quantifies the maximum number of processors
for which Equation 6 is false; Lemma 5 quantifies the
maximum number of processors for which Equation 7 is
false.

∗

Π1 , and noting that

(τj , di ) > (di − ei − qmax (τ ))m1 + ei

j=1

⇒
2

j=1 DBF (τj , di )

Pn

⇒

(by Inequality 3)

Pn

j=1

DBF (τj ,di )
di

> (di − ei − qmax (τ ))m1 + ei

>

m1
(1
2

− δi −

qmax (τ )
)
di

+

ei
2di

(21)

By definition of δsum (τ )
Pn

j=1 DBF (τj , di )

di

≤ δsum (τ ).

(22)

Chaining Inequalities 21 and 22, and observing that
(τ )
ρ(τ ) ≥ qmax
, we obtain
di
m1
2 (1

⇒

− δi − ρ(τ )) +
sum (τ )−δi
m1 < 2δ1−ρ(τ
)−δi

ei
2di

< δsum (τ )

which is claimed by the lemma.
Lemma 5 Let m2 denote the number of processors, 0 ≤
m2 ≤ m, on which Equation 7 fails when the partitioning
algorithm is attempting to map τi . It must be the case that
m2 <

usum (τ ) − ui
1 − ui

(23)

Proof: Let Π2 be the set of m2 processor for which Equation 7 evaluates to false when attempting to add task τi .
Then, for each πk ∈ Π2 ,
X
1 − ui <
uj
τj ∈τ (πk )

Summing over all πk ∈
S
πk ∈Π2 τ (πk ) ⊆ τ , we obtain

Π2 , and noting that

(1 − ui )m2 + ui <
(τ )−ui
⇒ m2 < usum1−u
i

Pn
j=1

uj

m = m1 + m2 <

which is asserted by the lemma.
We are now prepared to prove sufficient conditions for
success of NP-PARTITION on constrained and arbitrary
task systems.
Theorem 4 Any constrained, restricted-preemption sporadic task system τ where ρ(τ ) < 1 − δmax (τ ) is successfully scheduled by NP-PARTITION on m unit-capacity
processors, for any
2δsum (τ ) − δmax (τ )
m≥
1 − ρ(τ ) − δmax (τ )

(24)

Proof: The proof is by contradiction. Assume that task
system τ and platform Π satisfy Inequality 24, but that
NP-PARTITION fails to assign some task τi ∈ τ to any
processor. By Lemma 1, it must be the case that Equation 6 fails for task τi on each of the m processors (i.e.
m equals m1 from Lemma 4). Consequently, Lemma 4
implies
2δsum (τ ) − δi
m<
1 − ρ(τ ) − δi
)
By the second part of Corollary 1, δsum (τ ) > 1−ρ(τ
; oth2
erwise, τ can trivially be partitioned by NP-PARTITION.
In this case, the right-hand side of the above inequality is
maximized when δi is as large as possible. Thus,

m<

2δsum (τ ) − δmax (τ )
1 − ρ(τ ) − δmax (τ )

which contradicts Inequality 24.
Theorem 5 Any restricted-preemption sporadic task system τ where ρ(τ ) < 1−δmax (τ ) is successfully scheduled
by NP-PARTITION on m unit-capacity processors, for any

m≥

)
Case(i): (δsum (τ ) > 1−ρ(τ
and usum (τ ) > 1).: In this
2
case, both m1 and m2 are non-zero. Summing Inequalities 20 and 23 of Lemmas 4 and 5 (respectively), we obtain

2δsum (τ ) − δmax (τ )
usum (τ ) − umax (τ )
+
(25)
1 − ρ(τ ) − δmax (τ )
1 − umax (τ )

Proof Sketch: The proof is by contradiction. Assume
that task system τ and platform Π satisfy Inequality 25,
but that NP-PARTITION fails to assign some task τi ∈ τ
to any processor. Let Π1 be the set of m1 processor on
which Equation 6 evaluates to false while attempting to
assign τi . Let Π2 be the remaining m2 processors (i.e.
def
m2 = m − m1 ) on which Equation 7 evaluates to false.
According to Part 1 of Corollary 1, (usum (τ ) > 1)
)
or (δsum (τ ) > 1−ρ(τ
); otherwise, NP-PARTITION could
2
trivially partition τ on a single processor. We will consider
three separate cases and show that in each case a contradiction will arise. Due to space requirements we only fully
show the first case.

usum (τ ) − ui
2δsum (τ ) − δi
+
1 − ρ(τ ) − δi
1 − ui

)
Because (δsum (τ ) > 1−ρ(τ
), (usum (τ ) > 1), and (ρ(τ ) <
2
1 − δmax (τ )), the right-hand side of the above inequality
is maximized when both δi and ui are as large as possible.
Therefore,

m<

usum (τ ) − umax (τ )
2δsum (τ ) − δmax (τ )
+
1 − ρ(τ ) − δmax (τ )
1 − umax (τ )

which contradicts Inequality 25.
)
Case(ii): (δsum (τ ) > 1−ρ(τ
and usum (τ ) ≤ 1). Similar
2
to Case (i) via a simple application of Lemma 4.
)
Case(iii): (δsum (τ ) ≤ 1−ρ(τ
and usum (τ ) > 1). Similar
2
to Case (i) via a simple application of Lemma 5.

3.3 Quantum-based Preemptive Scheduling
A quantum-based scheduler allocates a processor to
tasks in “blocks” of time called quantums. During a quantum a task may execute non-preemptively until the earliest
of the following two events occurs: the task completes execution or its quantum expires. In the event of task completion, the scheduler is invoked, and the next available
task (according to the scheduling algorithm) with remaining execution is assigned the newly idle processor. If the
quantum expires prior to the completion of the task, the
task is preempted and the scheduling algorithm makes a
decision about what task to execute in the next quantum
(possibly the same task). In this model, a job of a task
can be “blocked” by a lower-priority (assuming a prioritybased scheduling algorithm) only if it arrives in the middle of a quantum. Therefore, the maximum blocking time
for any task in the system is equal to one quantum. We
will make the following simplifying assumptions about
the system:
1. The scheduler is invoked only at the completion of the execution of a job, or at the end of the quantum.
2. The scheduler’s execution requirement is negligible.
3. The quantum-size is less than the execution requirement of
each task in the system.
4. The quantum sizes are fixed and identical on each processor.

NP-PARTITION is a highly applicable partitioning algorithm for these quantum-based systems. We can model
a quantum-based system by setting, for each task τi ∈ τ ,
qi equal to the quantum-size. Since NP-PARTITION reserves qmax (τ ) units of “slack” at every instance of time
on each processor, this guarantees that each task assigned
to a processor can still meet its deadline despite being
blocked for a quantum’s duration of time. In fact, even
an optimal partitioning algorithm for a multiprocessor
quantum-based must ensure that a job can be delayed

for one quantum. Therefore, we can evaluate the performance of NP-PARTITION in quantum-based systems
using a technique know as resource augmentation [17].
Resource algorithm compares a given algorithm against
a hypothetical optimal algorithm and determines the factor by which we augment the processing platform for the
given algorithm to match the performance of the optimal.
For the purpose of this paper, the resource augmentation
technique is as follows: given a task system that is known
to be feasible upon a particular platform (with respect to
quantum-based scheduling), we determine the multiplicative factor of speed by which we must augment our platform in order for NP-PARTITION to return PARTITIONING
SUCCEEDED (shown in Theorem 6).
First, we need a technical lemma that characterizes the
necessary conditions for feasibility. In [7], Baruah and
Fisher showed for preemptive systems that the larger of
δmax (τ ) and umax (τ ) represents the maximum computational demand of any task, and the larger of δsum (τ ) and
usum (τ ) represents the maximum computational demand
of a preemptive sporadic task system τ . This result trivially extends to restricted-preemption systems.

Assume that we are given arbitrary task system τ feasible (without IIT) on m processors each of speed ξ, it
follows from Lemma 6 that τ must satisfy the following
properties:

Lemma 6 (from [7]) If task system τ is feasible (under
either the partitioned or the global paradigm) on an identical multiprocessor platform comprised of m processors
of computing capacity ξ each, it must be the case that

Though NP-PARTITION is useful for theoretically
evaluating preemptive quantum-based systems, it pessimistically assumes that any task in the system could
potentially blocked for qmax (τ ) time units (Equation 6).
Therefore, the algorithm is impractical for all but small
values of ρ(τ ) and entirely unusable for ρ(τ ) > 1. In a
general restricted-preemption system, we may not need
assume the same maximum non-preemption parameter
each processor. In this section, we will consider a family of polynomial-time heuristics based on the first-fitdecreasing bin-packing heuristic. Section 4.1 will describe each of the heuristics we consider. Section 4.2 will
present our empirical-evaluation methodology and results.
We will also discuss potential theoretic justifications for
the experimental results.

ξ ≥ max(δmax , umax ) ,
and
m · ξ ≥ max(δsum , usum ) .
Theorem 6 Given an identical multiprocessor platform
Π with m processors and a restricted-preemption sporadic task system τ feasible on Π without IIT, the
NP-PARTITION algorithm has the following performance
guarantees for a quantum-based system with quantumqmax
size equal to qmax (i.e. ρ(τ ) = dmin
(τ ) ):
1. if τ is an implicit-deadline system, then
NP-PARTITION will successfully partition τ
upon ³a platform
´ comprised of m processors that are
1
2− m
each 1−ρ(τ ) times as fast as the processors of Π.
2. if τ is a constrained system, then NP-PARTITION
will successfully partition τ upon a³platform
´ com1
3− m
prised of m processors that are each 1−ρ(τ ) times
as fast as the processors of Π.
3. if τ is an arbitrary system, then NP-PARTITION will
successfully partition τ upon ³a platform
´ comprised
2
4− m
of m processors that are each 1−ρ(τ ) times as fast
as the processors of Π.
Proof Sketch: Due to space considerations, we will only
show the proof of the third claim. The other claims can be
proven similarly.

δsum (τ ) ≤ m · ξ
δmax (τ ) ≤ ξ

usum (τ ) ≤ m · ξ
umax (τ ) ≤ ξ

Suppose that τ is successfully scheduled on m unitcapacity processor by NP-PARTITION. By substituting
the inequalities above in Equation 25 of Theorem 5, we
get
usum (τ )−umax (τ )
sum (τ )−δmax (τ )
m ≥ 2δ1−ρ(τ
)−δmax (τ ) +
1−umax (τ )
mξ−ξ
2mξ−ξ
+
⇐ m ≥ 1−ρ(τ
)−ξ
1−ξ
2mξ−ξ
mξ−ξ
⇐ m ≥ 1−ρ(τ
)−ξ + 1−ρ(τ )−ξ

≡

ξ≤

≡

1
ξ

≥

m(1−ρ(τ ))
4m−2
2
4− m
1−ρ(τ )

which is claimed in the third part of the theorem.

4

Heuristics

4.1 Heuristic Descriptions
As mentioned in the beginning of Section 3, typical
partitioning heuristics will first sort the tasks according
to some criteria, and then assign the tasks to a processor according to a sufficient condition for “fitting”. The
NP-PARTITION algorithm matches this heuristic pattern
by sorting tasks in (non-decreasing) order of relative deadline and adding tasks to processors (in order) according to
Equations 6 and 7. In this section, we consider a family
of algorithms that each sorts tasks in non-increasing order
according to different criteria and assigns a task to the first
processor upon which it fits (each algorithm is a variant
of first-fit-decreasing). The conditions for fitting are the
same for each heuristic considered and are a more optimistic sufficient conditions than used for NP-PARTITION
(i.e. a task is more likely to be assigned to a processor).
The following are the eleven different sorting criteria: d1i
(same as NP-PARTITION),

1
pi ,

def

ei , qi , ui , λi =

ei
min(di ,pi ) ,

def
def
qi
bi =
b def qi
δi , u
bi = pqii , λ
min(di ,pi ) , δi = di , and random order.
Each heuristic is denoted by FFD - NP -hsorting-criteriai.
For each the above heuristics, we will attempt to add
tasks τi ∈ τ to processors of Π in the order specified.
Since we have potentially changed the order that tasks are
assigned, Lemma 2 is not necessarily valid. Therefore,
every time we assign a task τi to a processor πk , we must
check that each task in τ (πk ) meets its deadline after the
addition of τi . We will add a task τi to processor πk only if
it does not affect the EDF-feasibility of the tasks of τ (πk ).
Equations 6 and 7 of the NP-PARTITION algorithm ensured that Equations 4 and 5 of Theorem 1 are not violated, by leaving enough slack on a processor to fit the job
with the largest non-preemption parameter. We can consider a more optimistic test by making the following observation: since we are considering EDF-schedulability, a
task τj on a processor may only be blocked (i.e. a priority
inversion occurs) if a task with a larger relative deadline
is executing when a job of τj arrives. Therefore, when
checking if task τi fits on a processor πk , we need only
check if all tasks τj ∈ τ (πk ) with dj < di have enough
slack to accommodate being blocked by τi for qi time
units. We must also ensure that the added demand placed
on πk by τi after time di does not affect the slack necessary to accommodate jobs of τj ∈ τ (πk ) with dj > di .
Therefore, we replace Equation 6 with the following conditions: for each τ` ∈ {τ } ∪ τ (πk ),





d` −




X
DBF
τj ∈τ (πk )
dj <d`

∗



(τj , d` ) ≥ e` +
max
{qj }. (26)

τj ∈{τ }∪τ (πk )
dj >d`

It turns out that if Equations 26 and 7 are true, then
we can safely add τi to processor πk . The full proof of
correctness is omitted due to space considerations.
Run-time Complexity. For each πk ∈ Π, let ik be the
number of tasks assigned to processor πk at the time we
are attempting to assign task τi . For each
P τ` ∈ {τi } ∪
τ (πk ), it takes O(ik ) time to evaluate the DBF∗ (τj , d` )
term and O(1) time to evaluate max{qj } term in Equation 26. Therefore, the time complexity for testing if τi
fits on processor πk is O(i2k ). This implies the overall
time-complexity of each of the heuristics is O(n4 ).
4.2 Empirical Evaluation
Methodology. For empirically evaluating each of the
heuristics, we generated a set of pseudo-random tasks sets
in a manner similar to Baker [3]. We pseudo-randomly
generate a partition of m + 1 preemptive tasks. That
is, each processor is assigned a set of randomly generated tasks which are preemptively feasible on the processor, and the total number of tasks in this initial set
is m + 1. The method of generating an individual task
τi = (ei , qi , di , pi ) is as follows: we generate a random
utilization parameter ui for the task according to the exponential distribution with mean individual task utilization
of 0.25. We then randomly generate the period pi from a
uniform distribution with values ranging from 1 to 1000.
The execution requirement ei is computed from the task
utilization and period. The relative deadline di of a task

is an integer value chosen from the uniform distribution
with range [ei , 2pi ].
A partition of these m + 1 tasks is randomly generated such that each task is preemptively feasible. If
τ (πk ) is the set of tasks from the initial task set assigned
to processor πk , the condition of feasibility is
P
∗
τj ∈τ (πk ) DBF (τj , t) ≤ t for all t ≥ 0. After determining an initial partition, we compute a maximum nonpreemption parameter q̂i for each task in this partition, and
assign to qi a value chosen from the exponential distribution with range [0, min(ei , q̂i )]. To generate subsequent
task sets, we add a randomly generated task to the current
partition and attempt to fit it on any processor. If the task
fits on the processor, we add the resulting task set to our
sample; otherwise, we start over with a newly generated
set of m + 1 tasks.
We generated several different sets of task systems according to the methodology described. However, due to
space consideration, we discuss only one set of 1,000,000
randomly generated task systems. Each of the task systems generated are feasible on a four processor platform.
Figure 1 shows the distribution of generated task systems
with respect to a task system’s δsum value ([4] gives justification for using δsum as metric of comparison).
Results and Discussion. The results of running each of
the eleven heuristics over the sample set are shown in Figure 2. The values are shown for δsum ≥ 2.5 only, as
the smaller δsum -valued task systems are partitionable by
all heuristics. The major trend we have observed from
this experiment and other experiments (omitted for space)
are that heuristics that have the non-preemption parameter qi in the sorting criteria (i.e. FFD - NP -qi , FFD - NP -b
ui ,
b
b
FFD - NP - λi , and FFD - NP - δi ) dominate heuristics that exclude qi for δsum ≤ 3.8. Indeed, FFD - NP -qi dominates
all heuristics for δsum ≤ 3.8. A potential reason for the
domination of the heuristics using qi is that by assigning
tasks with larger non-preemption parameter first, we more
effectively utilize the slack on each processor. If we ignored the qi parameter in ordering tasks, we may not leave
enough room for future tasks with large qi . However, according to Figure 2, heuristics based on the task load or
density (FFD - NP -λi and FFD - NP -δi ) may be more effective than qi -based heuristics for task systems with high
δsum values. Not surprisingly, FF - NP - RANDOM does the
worst and is dominated by all other heuristics since it does
not exploit any information about the task system.

5 Conclusions
Non-preemptive scheduling of tasks has the advantage
of decreasing system complexity and scheduling overheads. However, little work has been done on studying non-preemption for partitioned multiprocessor systems. In this paper, we considered the parititoned multiprocessor scheduling of restricted-preemption and nonpreemptive sporadic task systems. We introduced a simple partitioning algorithm NP-PARTITION for which we
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Figure 2. Comparison of partitioning heuristics
derived sufficient conditions for success (Theorems 3, 4,
and 5). NP-PARTITION can be applied to partitioning preemptive sporadic tasks in a multiprocessor system that uses quantum-based scheduling. For quantumbased systems, we were able to characterize the effectiveness of NP-PARTITION in terms of resource augmentation
bounds (Theorem 6).
To address the drawbacks of the pessimistic behavior of
NP-PARTITION, we considered eleven different partitioning heuristics for restricted-preemption sporadic task systems. We characterized the performance of these heuristics empirically over a set of randomly generated task
systems, and observed that heuristics which use the nonpreemption or load information of the task system outperform heuristics that ignore this information. In the future,
we would like to obtain better theoretical bounds for the
heuristics presented in Section 4.
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