The Partitioned Dynamic-priority Scheduling
of Sporadic Task Systems

Abstract
A polynomial-time algorithm is presented for partitioning a collection of sporadic tasks
among the processors of an identical multiprocessor platform. Since the partitioning problem is
NP-hard in the strong sense, this algorithm is unlikely to be optimal. A quantitative characterization of its worst-case performance is provided in terms of resource augmentation.
Keywords: Sporadic tasks; partitioned scheduling; multiprocessors.
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Introduction

Over the years, the sporadic task model (Mok, 1983) has proven remarkably useful for the modelling
of recurring processes that occur in hard-real-time systems. In this model, a sporadic task τi =
(ei , di , pi ) is characterized by a worst-case execution requirement ei , a (relative) deadline di , and a
minimum inter-arrival separation pi , which is, for historical reasons, also referred to as the period
of the task. Such a sporadic task generates a potentially infinite sequence of jobs, with successive
job-arrivals separated by at least pi time units. Each job has a worst-case execution requirement
equal to ei and a deadline that occurs di time units after its arrival time. A sporadic task system
is comprised of several such sporadic tasks. Let τ denote a system of such sporadic tasks: τ =
{τ1 , τ2 , . . . τn }, with τi = (ei , di , pi ) for all i, 1 ≤ i ≤ n.
A sporadic task system is said to be feasible upon a specified platform if it is possible to schedule
the system on the platform such that all jobs of all tasks will meet all deadlines, under all permissible
(also called legal ) combinations of job-arrival sequences by the different tasks comprising the system.
The feasibility-analysis of sporadic task systems on preemptive uni processors has been extensively
studied. It is known (see, e.g. (Baruah et al., 1990)) that a sporadic task system is feasible on
a preemptive uniprocessor if and only if all deadlines can be met when each task in the system
has a job arrive at the same time-instant, and subsequent jobs arrive as rapidly as legal (such a
combination of job-arrival sequences is sometimes referred to as a synchronous arrival sequence for
the sporadic task system). This fact, in conjunction with the optimality of the Earliest Deadline
First scheduling algorithm (edf) for scheduling preemptive uniprocessor systems (Liu and Layland,
1973; Dertouzos, 1974), has allowed for the design of preemptive uniprocessor feasibility-analysis
algorithms for sporadic task systems (Mok, 1983; Baruah et al., 1990).
On multiprocessor systems, two alternative paradigms for scheduling collections of sporadic
tasks have been considered: partitioned and global scheduling. In the partitioned approach, the
tasks are statically partitioned among the processors, i.e., each task is assigned to a processor and is
always executed on it. Under global scheduling, it is permitted that a job that has previously been
preempted from one processor resume execution at a later point in time upon a different processor,
at no additional cost (however each job may be executing on at most one processor at each instant
in time).
Most prior research on multiprocessor scheduling of collections of sporadic tasks has assumed
that all tasks have their deadlines equal to their period parameters (i.e., di = pi for all tasks τi ) —
such sporadic systems are sometimes referred to in the literature as implicit-deadline systems1 .
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Some recent work (Baker, 2003, 2005a; Bertogna et al., 2005a,b), considers systems of sporadic tasks with di 6= pi .

We will discuss the relationship between our results and this work in Section 3.
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The research described in this report is part of a larger project that is aimed at obtaining a better
understanding of the multiprocessor scheduling of arbitrary sporadic task systems – i.e., systems
comprised of tasks that do not satisfy the “di = pi ” constraint. We are motivated to perform
this research for two major reasons. First, sporadic task systems that do not necessarily satisfy
the implicit-deadline constraint often arise in practice in the modelling of real-time application
systems, and it therefore behooves us to have a better understanding of the behavior of such
systems. Second, we observe that in the case of uni processor real-time scheduling, moving from
implicit-deadline systems (the initial work of Liu and Layland (Liu and Layland, 1973)) to arbitrary
systems (as represented in, e.g. (Mok, 1983; Leung and Merrill, 1980; Leung and Whitehead, 1982;
Lehoczky, 1990; Audsley et al., 1993)), had a major impact in the maturity and development of the
field of uniprocessor real-time systems; we are hopeful that progress in better understanding the
multiprocessor scheduling of arbitrary sporadic task systems will result in a similar improvement
in our ability to build and analyze multiprocessor real-time application systems.
In this paper, we report our findings concerning the preemptive multiprocessor scheduling of
arbitrary sporadic real-time systems under the partitioned paradigm. Since the process of partitioning tasks among processors reduces a multiprocessor scheduling problem to a series of uniprocessor
problems (one to each processor), the optimality of edf for preemptive uniprocessor scheduling (Liu
and Layland, 1973; Dertouzos, 1974) makes edf a reasonable algorithm to use as the run-time
scheduling algorithm on each processor. Therefore, we henceforth make the assumption that each
processor, and the tasks assigned to it by the partitioning algorithm, are scheduled during runtime
according to edf and focus on the partitioning problem.
Summary of Contributions. We propose two polynomial-time partitioning algorithms. Both
partitioning algorithms are variants of the First-Fit bin-packing heuristic (Johnson, 1973). The first
algorithm we propose assigns sporadic tasks to processors based on their density parameter (density
is defined as the execution requirement of a task divided by the minimum of either the period or
relative deadline parameter). The second partitioning algorithm we propose uses an approximation
to the demand-bound function (introduced in Section 2) for a sporadic task and task utilization
(utilization is defined as execution requirement divided by the period parameter) as dual criteria
for assigning a task to a processor.
For the partitioning algorithm using the demand-bound function approximation, we derive
sufficient conditions for success of our algorithm (Theorems 4 and 5). We also show (Corollary 2)
that our demand-based partitioning has the following performance guarantee:
If a sporadic task system is feasible on m identical processors, then the same task system can be
partitioned by our algorithm among m identical processors in which the individual processors
are (4 −

2
m)

times as fast as in the original system, such that all jobs of all tasks assigned to
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each processor will always meet their deadlines if scheduled using the preemptive edf scheduling
algorithm.

For the density-based partitioning algorithm, we also derive sufficient conditions for success
(Theorem 1). However, we show (Theorem 2) that density-based partitioning does not have a
performance guarantee on the necessary speed of each processor for the partitioning algorithm to
succeed (i.e. there cannot exist a guarantee for density-based partitioning similar to the preceding
guarantee for demand-based partitioning).
Organization. The remainder of this paper is organized as follows. In Section 2, we formally
specify the task model used in the remainder of this paper, and review some properties of the
demand bound function – an abstract characterization of sporadic tasks by the maximum workload
such tasks are able to generate over a time interval of given length. In Section 3, we position our
findings within a larger context of multiprocessor real-time scheduling theory, and compare and
contrast our results with related research. In Section 4 we present, prove the correctness of, and
evaluate the performance of a very simple density-based partitioning algorithm. In Section 5, we
present, and prove correct, a somewhat more sophisticated demand-based partitioning algorithm.
In Section 6, we prove that this algorithm satisfies a property that the simpler algorithm does
not possess: if given sufficiently faster processors, it is able to guarantee to meet all deadlines
for all feasible systems. We also list some other results that we have obtained, and include a
brief discussion of the significance of our results. In Section 7 we propose an improvement to
the algorithm: although this improvement does not seem to effect the worst-case behavior of the
algorithm, it is shown to be of use in successfully partitioning some sporadic task systems that our
basic algorithm – the one presented in Section 5 – fails to handle.

2

Task and machine model

A sporadic task τi = (ei , di , pi ) is characterized by a worst-case execution requirement ei , a (relative)
def

deadline di , and a minimum inter-arrival separation pi . The ratio ui = ei /pi of sporadic task τi is
def

often referred to as the utilization of τi , and the ratio λi = ei / min(pi , di ), as the density of τi .
We will assume that we have a multiprocessor platform comprised of m identical processors π1 ,
π2 , . . ., πm , on which we are to schedule a system τ of n sporadic tasks: τ = {τ1 , τ2 , . . . τn }, with
τi = (ei , di , pi ) for all i, 1 ≤ i ≤ n. Depending upon what additional restrictions are placed on the
relationship between the values of di and pi for each sporadic task τi ∈ τ , we may define special
subclasses of sporadic task systems:
• Sporadic task systems in which each task satisfies the additional constraint that di = pi for
3

each task τi are referred to as implicit-deadline sporadic tasks systems.
• Sporadic task systems in which each task satisfies the additional constraint that di ≤ pi for
each task τi are often referred to as constrained sporadic tasks systems.
Where necessary, the term arbitrary sporadic task system will be used to refer to task systems
which do not satisfy the above constraints.

The demand bound function
For any sporadic task τi and any real number t ≥ 0, the demand bound function dbf(τi , t) is the
largest cumulative execution requirement of all jobs that can be generated by τi to have both their
arrival times and their deadlines within a contiguous interval of length t. It has been shown (Baruah
et al., 1990) that the cumulative execution requirement of jobs of τi over an interval [to , to + t) is
maximized if one job arrives at the start of the interval – i.e., at time-instant to – and subsequent
jobs arrive as rapidly as permitted — i.e., at instants to + pi , to + 2pi , to + 3pi , . . . Equation (1)
below follows directly (Baruah et al., 1990):



 
t − di
def
+ 1 × ei
dbf(τi , t) = max 0,
pi

(1)

An approximation of dbf(τi , t). The function dbf(τi , t), if plotted as a function of t for a
given task τi , is represented by a series of “steps,” each of height ei , at time-instants di , di + pi ,
di + 2pi , · · ·, di + kpi , · · ·. Albers and Slomka (Albers and Slomka, 2004) have proposed a technique
for approximating the dbf, which tracks the dbf exactly through the first several steps and then
approximates it by a line of slope ei /pi (see Figure 1). In the following, we are applying this
technique in essentially tracking dbf exactly for a single step of height ei at time-instant di ,
followed by a line of slope ei /pi .
(
dbf∗ (τi , t) =

0,

if t < di

ei + ui × (t − di ), otherwise

(2)

As stated earlier, it has been shown that the cumulative execution requirement of jobs of τi
over an interval is maximized if one job arrives at the start of the interval, and subsequent jobs
arrive as rapidly as permitted. Intuitively, approximation dbf∗ (Equation 2) models this job-arrival
sequence by requiring that the first job’s deadline be met explicitly by being assigned ei units of
execution between its arrival-time and its deadline, and that τi be assigned ui × δ t of execution
over time-interval [t, t + δ t), for all instants t after the deadline of the first job, and for arbitrarily
small positive δ t (see Figure 2 for a pictorial depiction).
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Figure 1: The step function denotes a plot of dbf(τi , t) as a function of t. The dashed line represents
the function dbf∗ (τi , t), approximating dbf(τi , t); for t < di , dbf∗ (τi , t) ≡ dbf(τi , t) = 0.

Observe that the following inequalities hold for all τi and for all t ≥ 0:
dbf(τi , t) ≤ dbf∗ (τi , t) < 2 · dbf(τi , t) ,

(3)

with the ratio dbf∗ (τi , t)/dbf(τi , t) being maximized just prior to the deadline of the second job of
τi — i.e., at t = di + pi −  for  an arbitrarily small positive number — in the synchronous arrival
sequence; at this time-instant, dbf∗ (τi , t) → 2e while dbf(τi , t) = e.
Comparison of dbf∗ and the density approximation. It is known that a sufficient condition
P
for a sporadic task system to be feasible upon a unit-capacity uni processor is ( τi ∈τ λi ) ≤ 1; i.e.,
the sum of the densities of all tasks in the system not exceed one (see, e.g., (Liu, 2000, Theorem
6.2)). This condition is obtained by essentially approximating the demand bound function dbf(τi , t)
of τi by the quantity (t · λi ). This approximation is never superior to our approximation dbf∗ , and
is inferior if di 6= pi : for our example in Figure 1, this approximation would be represented by a
straight line with slope ei /di passing through the origin.

3

Context and Related Work

As stated in the introduction, our research objective is to obtain a better understanding of the
multiprocessor scheduling of sporadic task systems. Currently not too much is known about this
topic; other than the research reported in (Baker, 2003, 2005a; Bertogna et al., 2005a,b), we are
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Figure 2: Pictorial representation of task τi ’s reservation of computing capacity in a processor-sharing
schedule. ei units of execution are reserved over the interval [0, di ). The hatched region depicts τi ’s
reservation of computing capacity over the interval [di , ∞) – over any time interval [t, t + δ t), an amount
δ t × ui of computing capacity is reserved.

unaware of any theoretical research that specifically addresses multiprocessor scheduling of sporadic
tasks in any model other than the implicit-deadline task model. Below, we summarize the results
obtained in this paper, and place it within the larger context of the multiprocessor scheduling of
sporadic task systems. It is convenient to consider such context from two perspectives: feasibility/
schedulability analysis, and resource augmentation.

Feasibility and schedulability analysis
Given the specifications of a multiprocessor sporadic task system, feasibility analysis is the
process of determining whether it is possible for the system to meet all timing constraints under
all legal combinations of job arrivals.
For implicit-deadline systems, partitioned feasibility-analysis can be transformed to a binpacking problem (Johnson, 1973) and shown to be NP-hard in the strong sense; sufficient feasibility
tests for various bin-packing heuristics have recently been obtained (Lopez et al., 2000, 2004). The
heuristics developed in (Lopez et al., 2000, 2004) are guaranteed to determine that a implicitdeadline task system is partitioned-feasible if the total system utilization does not exceed βm+1
β+1
j
k
def
def
1
where β = umax (τ ) and umax (τ ) = maxτi ∈τ (ui ). The constrained and arbitrary task models are
generalizations of the implicit-deadline model; therefore, the intractability result continues to hold.
However, the bin-packing heuristics and related analysis of (Lopez et al., 2000, 2004) does not hold
for the constrained-deadline or arbitrary task models. Furthermore, it is known that utilization is a
poor metric for the feasibility of non-implicit-deadline systems (e.g. see (Fisher et al., 2006)). To our
knowledge, there have been no prior non-trivial positive theoretical results concerning partitioned
feasibility analysis of constrained and arbitrary sporadic task systems — “trivial” results include
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the obvious ones that τ is feasible on m processors if (i) it is feasible on a single processor; or
(ii) the system obtained by replacing each task τi by a task τi0 = (ei , min(di , pi ), min(di , pi )) is
deemed feasible using the heuristics presented in (Lopez et al., 2000, 2004).
While feasibility analysis is a very interesting and important question from a theoretical perspective, the following question is more relevant to the system designer: Given the specifications
of a multiprocessor sporadic task system and a scheduling algorithm that will be used to schedule
the system during run-time, how do we determine whether the system will meet all its deadlines
when scheduled using this scheduling algorithm2 ? More formally, for any scheduling algorithm A, a
real-time system is said to be A-schedulable if the system meets all its deadlines during run-time
when scheduled using algorithm A. (Note that, at least for the designer of hard real-time systems,
schedulability analysis must be performed beforehand during the design of the system, and prior
to run-time.)
In the work of (Baker, 2003, 2005a; Bertogna et al., 2005a,b), schedulability analysis techniques
have been derived for global scheduling algorithms such as edf and Deadline-Monotonic (DM). In
this paper, our focus is instead on the partitioned scheduling paradigm; that is, we focus on the
partitioning of non-implicit-deadline sporadic task systems. In Sections 4 and 5, we present two
different algorithms for partitioning sporadic task systems upon multiprocessor platforms. These
algorithms both guarantee that all jobs of all tasks assigned to each processor will always meet
all deadlines if each processor is scheduled during run-time using the preemptive uniprocessor edf
scheduling algorithm. Hence, both these partitioning algorithms comprise efficient constructive
schedulability tests for systems of sporadic tasks — as discussed below, they differ from each other
in the kinds of performance guarantee that they are able to make.

Resource augmentation
If a scheduling algorithm is not able to successfully schedule every feasible system, how do we
evaluate how good it is? One possible approach is to perform extensive simulations – this is the
approach adopted in, for example, (Bertogna et al., 2005a; Baker, 2005b, 2006) in evaluating global
multiprocessor edf. Baker (Baker, 2006) has performed empirical analysis of various partitioning
algorithms (including the partitioning algorithm we propose in this paper), and has shown that
our algorithm performs favorably in comparison to edf-based global and partitioned scheduling
approaches. As our proposed partitioning algorithm has been previously evaluated by Baker (Baker,
2006), we use an alternative analysis approach to quantitatively bound the degree to which the
algorithm under consideration may underperform a hypothetical optimal one. To obtain such a
2

Such analysis is sometimes referred to as schedulability analysis – in contrast to feasibility analysis, such

schedulability analysis is specifically concerned with system behavior under specific scheduling algorithms.
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bound, we use the technique of resource augmentation to relate the concepts of feasibility and
A-schedulability, for specific algorithms A. The technique is as follows: given that a system is
known to be feasible upon a particular platform, can we guarantee that algorithm A will always
successfully schedule the system if we augment the platform in some particular, quantifiable, way
(e.g., by increasing the speed, or the number, of processors available to A as compared to the
platform on which the system was shown to be feasible)?
With regard to the global paradigm of multiprocessor scheduling, there is a resource-augmentation
result due to Phillips et al. (Phillips et al., 1997), which, in the context of sporadic task systems,
can be paraphrased as follows:
R1: If a system of sporadic tasks is feasible under the global paradigm on m identical processors,
then this system of sporadic tasks is global edf-schedulable on m identical processors in which
the individual processors are (2 −

1
m)

times as fast as in the original system.

That is, if we were able to show that a given sporadic task system were global feasible on a particular
platform, then global edf guarantees to successfully schedule this system on a platform comprised
of processors that are approximately twice as fast.
Our results, in this paper, are with respect to the partitioned scheduling of sporadic task
systems. The algorithm presented in Section 4 is shown to be incapable of making any kind of
resource-augmentation performance guarantee. By contrast, the partitioning algorithm presented
in Section 5 does offer a resource-augmentation performance guarantee: in Corollary 2 (Section 6)
we derive the following result :
R2: If a system of sporadic tasks is feasible under the partitioned paradigm (and consequently,
under the global paradigm as well) on m identical processors, then this system of sporadic tasks
is partitioned by the algorithm presented in Section 5 on m identical processors in which the
2
individual processors are (4 − m
) times as fast as in the original system, such that each partition

is uniprocessor edf-schedulable. (If the task system is a constrained sporadic task system,
then our algorithm successfully partitions it on m processors that are (3 −

1
m)

times as fast.)

Let us now examine the consequences of results R1 and R2 above, concerning global and
partitioned edf-schedulability, to the schedulability analysis of systems of sporadic tasks. Since
(4 − 2/m) > (2 − 1/m), global edf offers a superior performance guarantee than partitioned edf
if a sporadic task system were known to be feasible (at least from the perspective of the minimum
processor speed-up needed to ensure that all timing constraints are met – this discussion is overly
simplistic in that it ignores all the other factors that have a role to play in the making of this
decision, such as the relative cost of inter-processor migrations, etc.). However, there currently
8

global feasible
on m procs

@
⇐=
@
=⇒

?

satisfies
Lemma 4

?

global edf-schedulable
1
on m (2 − m
)-speed
processors

partitioned edf-schedulable
2
)-speed
on m (4 − m
processors

Figure 3: How the pieces fit together.
is no test known for determining whether a given sporadic task system is (global) feasible on a
given number of processors; consequently, we do not have an effective procedure for testing the
antecedent of result R1 for a given task system, and consequently condition R1 does not translate
to an effective procedure for global edf-schedulability.
Despite the antecedent of result R2 being the same as the antecedent of result R1, this turns
out to not be an issue for partitioned edf scheduling. This is because, as we will see, explicitly
evaluating the antecedent of R2 is not needed in order to be able to apply the partitioning algorithm.
The situation is illustrated in Figure 3. We will show in this document that any sporadic task
system that is global feasible satisfies a certain property (identified in Lemma 4, Section 6), while
the converse is not true: satisfying this property is not a sufficient test for global feasibility. While
the result R1 requires as its antecedent that the sporadic task system actually be feasible under
the global paradigm, it turns out that result R2 merely requires that the task system satisfy the
property identified in Lemma 4 (which is efficiently checkable). Consequently, it is not necessary
to have an effective procedure for checking global feasibility in order to take advantage of result
R2 and obtain an effective procedure for partitioned edf-scheduling; however, we are not aware of
how one could obtain a similar global edf-schedulability test based on result R1.
By composing the result from (Phillips et al., 1997) and the ones we derive in this paper, we
can obtain an effective procedure for edf-schedulability under the global paradigm as follows.
1. Determine, using the algorithms presented in this paper, whether the system is partitioned
edf-schedulable on processors each of speed m/(2m − 1) times as fast as the ones available.
Any system that is partitioned edf-schedulable is, by definition, feasible under the global
paradigm (this is a trivial consequence of the fact that any partitioned schedule is also a
global schedule).
1
)
2. By result R1, this system is consequently global edf-schedulable on processors that are (2− m

times as fast as those considered in step 1 above. Since (2 −

1
m)

× (m/(2m − 1) = 1, this

implies that the system is global edf-schedulable on the available processors.
9

Putting these pieces together, we have the following performance guarantee:
R3: If a system of sporadic tasks is feasible under the global paradigm on m identical processors,
then this system of sporadic tasks is edf-schedulable on m identical processors in which the
individual processors are (2 −

1
m)

× (4 −

2
m)

6
m

= (8 −

+

2
m2 )

times as fast as in the original

system. (If the task system is a constrained sporadic task system, then a processor speedup
of (2 −

1
m)

× (3 −

1
m)

= (6 −

5
m

+

1
m2 )

suffices.)

Currently, there is no known resource-augmentation performance guarantee associated with the
tests of (Baker, 2003, 2005a; Bertogna et al., 2005a,b).

4

Density-based partitioning

In this section, we present a simple, efficient, algorithm for partitioning a sporadic task system
among the processors of a multiprocessor platform. We also show that this partitioning algorithm
does not offer a resource-augmentation performance guarantee.
Let us suppose that we are given sporadic task system τ comprised of n tasks τ1 , τ2 , . . . τn , and
a platform comprised of m unit-capacity processors π1 , π2 , . . . , πm . For each task τi , recall that its
density λi is defined as follows:
def

λi =

ei
.
min(di , pi )

We may also define the maximum task system density:
 
def
λmax (τ ) = max λi .
τi ∈τ

Without loss of generality, let us assume that the tasks in τ are indexed according to non-increasing
density: λi ≥ λi+i for all i, 1 ≤ i < n. Our partitioning algorithm considers the tasks in the order
τ1 , τ2 , . . . . Suppose that tasks τ1 , τ2 , . . ., τi−1 have all been successfully allocated among the m
processors, and we are now attempting to allocate task τi to a processor. Our algorithm for doing
this is a variant of the First Fit (Johnson, 1974) algorithm for bin-packing, and is as follows (see
Figure 4 for a pseudo-code representation). For any processor π` , let τ (π` ) denote the tasks from
among τ1 , . . . , τi−1 that have already been allocated to processor π` . Considering the processors
π1 , π2 , . . . , πm , in any order, we will assign task τi to any processor πk , 1 ≤ k ≤ m, that satisfies
the following condition:

λi + 


X

τj ∈τ (πk )
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λj  ≤ 1

(4)

densityPartition(τ, m)
 The collection of sporadic tasks τ = {τ1 , . . . , τn } is to be partitioned on m identical, unit-capacity
processors denoted π1 , π2 , . . . , πm . (Tasks are indexed according to non-increasing density: λi ≥ λi+1
for all i.) τ (πk ) denotes the tasks assigned to processor πk ; initially, τ (πk ) ← ∅ for all k.
1 for i ← 1 to n
 i ranges over the tasks
2

for k ← 1 to m
 k ranges over the processors, considered in any order

3

if τi satisfies Conditions 4 on processor πk then
 assign τi to πk ; proceed to next task
S
τ (πk ) ← τ (πk )
{τi }

4
5

break;

6

end (of inner for loop)

7

if (k > m) return partitioning failed

8 end (of outer for loop)
9 return partitioning succeeded

Figure 4: Pseudo-code for density-based partitioning algorithm.
Lemma 1 Algorithm densityPartition successfully partitions any sporadic task system τ on
m ≥ 1 processors, that satisfies the following condition:
X
λi ≤ m − (m − 1) × λmax (τ )

(5)

τi ∈τ

Proof:

Let us suppose that Algorithm densityPartition fails to partition task system τ ; in

particular, let us assume that it fails to assign task τi to any processor, for some i ≤ n. It must be
the case that each of the m processors fails the test of Equation 4; i.e., tasks previously assigned to
each processor have their densities summing to more than (1 − λi ). Summing over all m processors,
this implies that
i−1
X

λj > m × (1 − λi )

j=1

≡

i
X

λj > m − (m − 1)λi

j=1

⇒

X

λi > m − (m − 1) × λmax (τ )

τi ∈τ

Hence, any system which Algorithm densityPartition fails to partition must have
m − (m − 1) × maxτi ∈τ (λi ). The lemma follows.
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P

τi ∈τ

λi >

Theorem 1 Algorithm densityPartition successfully partitions any sporadic task system τ on
m ≥ 2 processors, that satisfies the following condition:
(
n
X
m − (m − 1)λmax (τ )
λi ≤
m
i=1
2 + λmax (τ )

if λmax (τ ) ≤
if λmax (τ ) ≥

1
2
1
2

(6)

Proof: Let us define a task τi to be dense if λi > 1/2. We consider two cases separately.
Case 1: There are no dense tasks. In this case λmax (τ ) ≤ 1/2, and Equation 6 reduces to
n
X

λi ≤ m − (m − 1) × λmax (τ ) ;

i=1

by Lemma 1, this condition is sufficient to guarantee that Algorithm densityPartition successfully partitions the tasks in τ .
Case 2: There are dense tasks. In this case λmax (τ ) > 1/2, and Equation 6 reduces to
n
X
i=1

λi ≤

m
+ λmax (τ ) .
2

(7)

Observe first that any task system satisfying Condition 7 has at most m dense tasks – this follows
from the observation that one task will have density equal to λmax (τ ), and at most (m−1) tasks may
P
each have density > 21 while observing the ni=1 λi bound of Condition 7. We consider separately
the two cases when there are strictly less than m dense tasks, and when there are exactly m dense
tasks.
Case 2.1: Fewer than m dense tasks. Let nh denote the number of dense tasks. Algorithm densityPartition assigns each of these nh tasks to a different processor. We will apply Lemma 1 to
prove that Algorithm densityPartition successfully assigns the tasks {τnh +1 , τnh +2 , . . . , τn } on
(m − nh ) processors; the correctness of the theorem would then follow from the observation that
Algorithm densityPartition does in fact have (m−nh ) processors left over after tasks τ1 through
τnh have been assigned.
Let us now compute upper bounds on the cumulative and maximum densities of the task system
{τnh +1 , τnh +2 , . . . , τn }:
n
X

λj =

j=nh +1

⇒

n
X

λj −

j=1
n
X

j=nh +1

nh
X

λj

j=1
n

λj ≤

h
X
m
+ λmax (τ ) −
λj
2

j=1

⇒ (from the fact that λ1 = λmax (τ ) and λ ≥
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1
for all i = 2, . . . , nh )
2

n
X

≡

j=nh +1
n
X

λj ≤

1
m
+ λmax (τ ) − (λmax (τ ) + × (nh − 1))
2
2

λj ≤

m − nh + 1
2

j=nh +1

(8)

Furthermore, since each task in {τnh +1 , τnh +2 , . . . , τn } is, by definition of nh , not dense, it is the
case that
  1
λj ≤
j=nh +1
2
n

(9)

max

By applying the bounds derived in Equation 8 and Equation 9 above to Lemma 1, we may conclude
that Algorithm densityPartition successfully assigns the tasks {τnh +1 , τnh +2 , . . . , τn } on (m−nh )
processors:
n
X

n

λj ≤ (m − nh ) − (m − nh − 1) max

j=nh +1

j=nh +1

 
λj

m − nh + 1
m − nh − 1
≤ (m − nh ) −
2
2
m − nh + 1
m − nh + 1
≤
2
2

⇐
≡
which is, of course, always true.

Case 2.2: Exactly m dense tasks. Let λR denote the cumulative densities of all the nondef P
1
1
dense tasks: λR = nj=m+1 λj . Observe that λR < m
2 − (m − 1) × 2 = 2 . By Equation 6, since
λmax (τ ) > 12 , the total system density does not exceed
(m − 1) tasks τ2 , τ3 , . . . , τm have total density ≤
(m
2

m
2

m
2

+ λmax (τ ). Because λ1 = λmax (τ ), the

− λR , it must be the case that λm is at most

− λR )/(m − 1). We will prove that λm + λR ≤ 1, from which it will follow that all the tasks

τm , . . . , τn fit on a single processor. Indeed,
λ m + λR ≤ 1
m
− λR
⇐ 2
+ λR ≤ 1
m−1
≡ m − 2λR + 2mλR − 2λR ≤ 2m − 2
≡
≡

λR (2m − 4) ≤ m − 2
1
λR ≤
2

which is true.
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4.1

Resource augmentation analysis

Consider the task system τ comprised of the n tasks τ1 , τ2 , . . . , τn , with τi having the following
parameters:
ei = 2i−1 ,

di = 2i − 1,

pi = ∞ .

Observe that τ is feasible on a single unit-capacity processor, since
n
X

blog2 (t+1)c

dbf(τi , t) =

i=1

X

2i−1

i=1

which is ≤ t for all t ≥ 0, with equality at t = 2 − 1, 22 − 1, . . . , 2n − 1 and strict inequality for all
other t.
Now, λi >

1
2

for each i; i.e., each task is dense. Hence, Algorithm densityPartition will

assign each task to a distinct processor, and hence is only able to schedule τ upon n unit-capacity
processors. Alternatively, Algorithm densityPartition would need a processor of computing
capacity ≥ n in order to have Condition 4 be satisfied for all tasks on a single processor. By
making n arbitrarily large, we have the following result:
Theorem 2 For any constant ξ ≥ 1, there is a sporadic task system τ and some positive integer m
such that τ is (global or partitioned) feasible on m unit-capacity processors, but Algorithm densityPartition fails to successfully partition the tasks in τ among (i) ξ × m unit-capacity processors,
or (ii) m processors each of computing capacity ξ.

5

Algorithm partition

Given sporadic task system τ comprised of n tasks τ1 , τ2 , . . . τn , and a platform comprised of m unitcapacity processors π1 , π2 , . . . , πm , we now describe another algorithm for partitioning the tasks in
τ among the m processors. In Section 6 we will prove that this algorithm, unlike the one described
above in Section 4, does make non-trivial resource-augmentation performance guarantees. With no
loss of generality, let us assume that the tasks in τ are indexed according to non-decreasing order
of their relative deadline parameter (i.e., di ≤ di+1 for all i, 1 ≤ i < n). Our partitioning algorithm
(see Figure 5 for a pseudo-code representation) considers the tasks in the order τ1 , τ2 , . . . . Suppose
that tasks τ1 , τ2 , . . ., τi−1 have all been successfully allocated among the m processors, and we
are now attempting to allocate task τi to a processor. For any processor π` , let τ (π` ) denote the
tasks from among τ1 , . . . , τi−1 that have already been allocated to processor π` . Considering the
processors π1 , π2 , . . . , πm , in any order, we will assign task τi to the first processor πk , 1 ≤ k ≤ m,

14

partition(τ, m)
 The collection of sporadic tasks τ = {τ1 , . . . , τn } is to be partitioned on m identical, unit-capacity
processors denoted π1 , π2 , . . . , πm . (Tasks are indexed according to non-decreasing value of relative
deadline parameter: di ≤ di+1 for all i.) τ (πk ) denotes the tasks assigned to processor πk ; initially,
τ (πk ) ← ∅ for all k.
1 for i ← 1 to n
 i ranges over the tasks, which are indexed by non-decreasing value of the deadline parameter
for k ← 1 to m

2

 k ranges over the processors, considered in any order
3

if τi satisfies Conditions 10 and 11 on processor πk then

4

 assign τi to πk ; proceed to next task
S
τ (πk ) ← τ (πk )
{τi }

5

break;

6

end (of inner for loop)

7

if (k > m) return partitioning failed

8 end (of outer for loop)
9 return partitioning succeeded

Figure 5: Pseudo-code for partitioning algorithm.
that satisfies the following two conditions:

X
d i −


dbf∗ (τj , di ) ≥ ei

(10)

τj ∈τ (πk )

and




X

1 −

uj  ≥ ui ;

(11)

τj ∈τ (πk )

If no such πk exists, then we declare failure: we are unable to conclude that sporadic task system
τ is feasible upon the m-processor platform.
The following lemma asserts that, in assigning a task τi to a processor πk , our partitioning
algorithm does not adversely affect the feasibility of the tasks assigned earlier to each processor.
Lemma 2 If the tasks previously assigned to each processor were edf-feasible on that processor and
our algorithm assigns task τi to processor πk , then the tasks assigned to each processor (including
processor πk ) remain edf-feasible on that processor.
Proof: Observe that the edf-feasibility of the processors other than processor πk is not affected
by the assignment of task τi to processor πk . It remains to demonstrate that, if the tasks assigned
15

to πk were edf-feasible on πk prior to the assignment of τi and Conditions 10 and 11 are satisfied,
then the tasks on πk remain edf-feasible after adding τi .
The scheduling of processor πk after the assignment of task τi to it is a uniprocessor scheduling
problem. It is known (see, e.g. (Baruah et al., 1990)) that a uniprocessor system of preemptive
sporadic tasks is feasible if and only all deadlines can be met for the synchronous arrival sequence
(i.e., when each task has a job arrive at the same time-instant, and subsequent jobs arrive as rapidly
as legal). Also, recall that edf is an optimal preemptive uniprocessor scheduling algorithm. Hence
to demonstrate that πk remains edf-feasible after adding task τi to it, it suffices to demonstrate
that all deadlines can be met for the synchronous arrival sequence. Our proof of this fact is by
contradiction. That is, we suppose that a deadline is missed at some time-instant tf , when the
synchronous arrival sequence is scheduled by edf, and derive a contradiction which leads us to
conclude that this supposition is incorrect, i.e., no deadline is missed.
Observe that tf must be ≥ di , since it is assumed that the tasks assigned to πk are edf-feasible
prior to the addition of τi , and τi ’s first deadline in the critical arrival sequence is at time-instant
di .
By the processor demand criterion for preemptive uniprocessor feasibility (see, e.g., (Baruah
et al., 1990)), it must be the case that
X

dbf(τi , tf ) +

dbf(τj , tf ) > tf ,

τj ∈τ (πk )

from which it follows, since dbf∗ is always an upper bound on dbf, that
X

dbf∗ (τi , tf ) +

dbf∗ (τj , tf ) > tf .

(12)

τj ∈τ (πk )

Since tasks are considered in order of non-decreasing relative deadline, it must be the case that all
tasks τj ∈ τ (πk ) have dj ≤ di . We therefore have, for each τj ∈ τ (πk ),
dbf∗ (τj , tf ) = ej + uj (tf − dj )

(By definition)

= ej + uj (di − dj ) + uj (tf − di )
= dbf∗ (τj , di ) + uj (tf − di )
Furthermore,
X

dbf∗ (τi , tf ) +

dbf∗ (τj , tf )

τj ∈τ (πk )

≡ (ei + ui (tf − di )) +
(By Equation 13 above)


X

dbf∗ (τj , di ) + uj (tf − di )
τj ∈τ (πk )
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(13)





≡ ei +

X

dbf∗ (τj , di )

τj ∈τ (πk )




X

+(tf − di ) ui +

uj 

τj ∈τ (πk )

Consequently, Inequality 12 above can be rewritten as follows:



X

ei +

∗

dbf (τj , di ) +

τj ∈τ (πk )




X

(tf − di ) ui +

uj  > (tf − di ) + di

(14)

τj ∈τ (πk )

However by Condition 10, (ei +

P

τj ∈τ (πk ) dbf

∗ (τ

j , di ))



≤ di ); Inequality 14 therefore implies


X

(tf − di ) ui +

uj  > (tf − di )

τj ∈τ (πk )

which in turn implies that
X

(ui +

uj ) > 1

τj ∈τ (πk )

which contradicts Condition 11.
In the special case where the given sporadic task system is known to be constrained — i.e., each
task’s relative deadline parameter is no larger than its period parameter — Lemma 3 below asserts
that it actually suffices to test only Condition 10, rather than having to test both Condition 10
and Condition 11.
Lemma 3 For constrained sporadic task systems, any τi satisfying Condition 10 during the execution of Line 3 in the algorithm of Figure 5 satisfies Condition 11 as well.
Proof:

To see this, observe (from Equation 2) that for any constrained task τk , for all t ≥ dk it

is the case that
dbf∗ (τk , t) = uk × (t + pk − dk ) ≥ uk × t
Hence,
Condition
10

X
di −
≡


dbf∗ (τj , di ) ≥ ei 

τj ∈τ (πk )

⇒

di −

X

(uj × di ) ≥ ei

τj ∈τ (πk )

17

⇒

1−

X

uj ≥

τj ∈τ (πk )

⇒

1−

X

ei
di

uj ≥ ui

τj ∈τ (πk )

≡ Condition 11

Hence if the task system τ being partitioned is known to be a constrained task system, we need
only check Condition 10 (rather than both Condition 10 and Condition 11) on line 3 in Figure 5.
The correctness of the partitioning algorithm follows, by repeated applications of Lemma 2:
Theorem 3 If our partitioning algorithm returns partitioning succeeded on task system τ ,
then the resulting partitioning is edf-feasible.
Proof Sketch:

Observe that the algorithm returns partitioning succeeded if and only if it

has successfully assigned each task in τ to some processor.
Prior to the assignment of task τ1 , each processor is trivially edf-feasible. It follows from
Lemma 2 that all processors remain edf-feasible after each task assignment assignment as well.
Hence, all processors are edf-feasible once all tasks in τ have been assigned.

Run-time complexity
In attempting to map task τi , observe that our partitioning algorithm essentially evaluates, in
Equations 10 and 11, the workload generated by the previously-mapped (i − 1) tasks on each
of the m processors. Since dbf∗ (τj , t) can be evaluated in constant time (see Equation 2), a
straightforward computation of this workload would require O(i + m) time. Hence, the run-time
P
of the algorithm in mapping all n tasks is no more than ni=1 O(i + m), which is O(n2 ) under the
reasonable assumption that m ≤ n.

6

Evaluation

As stated in Section 1, our partitioning algorithm represents a sufficient, rather than exact, test for
feasibility — it is possible that there are systems that are feasible under the partitioned paradigm
but which will be incorrectly flagged as “infeasible” by our partitioning algorithm. Indeed, this is
to be expected since a simpler problem – partitioning collections of sporadic tasks that all have
their deadline parameters equal to their period parameters – is known to be NP-hard in the strong
sense while our algorithm runs in O(n2 ) time. In this section, we offer a quantitative evaluation of
the efficacy of our algorithm. Specifically, we derive some properties (Theorem 5 and Corollary 2)
18

of our partitioning algorithm, which characterize its performance. We would like to stress that
these properties are not intended to be used as feasibility tests to determine whether our algorithm
would successfully schedule a given sporadic task system – since our algorithm itself runs efficiently
in polynomial time, the “best” (i.e., most accurate) polynomial-time test for determining whether
a particular system is successfully scheduled by our algorithm is to actually run the algorithm
and check whether it performs a successful partition or not. Rather, these properties are intended
to provide a quantitative measure of how effective our partitioning algorithm is vis a vis the
performance of an optimal scheduler.
For given task system τ = {τ1 , . . . , τn }, let us define the following notation:

δmax (τ )

def

=

n

max (ei /di )
i=1
Pn

j=1

(15)
dbf(τj , t)

!

δsum (τ )

def

=

max

umax (τ )

def

max (ui )

(17)

usum (τ )

def

uj

(18)

=
=

t>0

t

n

i=1
n
X

(16)

j=1

(For constrained-deadline sporadic task systems, observe that δmax (τ ) as defined above is just
the largest density of any task in τ ; however, δsum (τ ) is not the sum of the densities of all the
tasks in τ . Consider, for instance, the constrained-deadline sporadic task system introduced in
Section 4.1: Consider the task system τ comprised of the n tasks τ1 , τ2 , . . . , τn , with τi having the
following parameters:
ei = 2i−1 ,

di = 2i − 1,

pi = ∞ .

While the sum of the densities for this system is equal to
1+

2n−1
2 4
+ + ... n
3 7
2 −1

and consequently approaches ∞ as n → ∞, δsum (τ ) is equal to 1 for all values of n.)
Intuitively, the larger of δmax (τ ) and umax (τ ) represents the maximum computational demand
of any individual task, and the larger of δsum (τ ) and usum (τ ) represents the maximum cumulative
computational demand of all the tasks in the system.
Lemma 4 follows immediately.
Lemma 4 If task system τ is feasible (under either the partitioned or the global paradigm) on an
identical multiprocessor platform comprised of mo processors of computing capacity ξ each, it must
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be the case that
ξ ≥ max(δmax (τ ), umax (τ )) ,
and
mo · ξ ≥ max(δsum (τ ), usum (τ )) .
Proof: Observe that
1. Each job of each task of τ can receive at most ξ · di units of execution by its deadline; hence,
we must have ei ≤ ξ · di .
2. No individual task’s utilization may exceed the computing capacity of a processor; i.e., it
must be the case that ui ≤ ξ.
Taken over all tasks in τ , these observations together yield the first condition.
In the second condition, the requirement that mo ξ ≥ usum (τ ) simply reflects the requirement
that the cumulative utilization of all the tasks in τ not exceed the computing capacity of the
platform. The requirement that mo ξ ≥ δsum (τ ) is obtained by considering a sequence of job
arrivals
for τ that defines δsum (τ ); i.e., a sequence of job arrivals over an interval [0, to ) such that
Pn
j=1 dbf(τj ,to )
= δsum (τ ). The total amount of execution that all these jobs may receive over [0, to )
to
is equal to mo · ξ · to ; hence, δsum (τ ) ≤ mo · ξ.
Lemma 4 above specifies necessary conditions for our partitioning algorithm to successfully
partition a sporadic task system; Theorem 5 below specifies a sufficient condition. But first, a
technical lemma that will be used in the proof of Theorem 5.
Lemma 5 Suppose that our partitioning algorithm is attempting to schedule task system τ on a
platform comprised of unit-capacity processors.
C1: If usum (τ ) ≤ 1, then Condition 11 is always satisfied.
C2: If δsum (τ ) ≤ 12 , then Condition 10 is always satisfied.
Proof:
P

The proof of C1 is straightforward, since violating Condition 11 requires that (ui +

τj ∈τ (πk ) uj )

exceed 1.

To see why C2 holds as well, observe that δsum (τ ) ≤
for all to ≥ 0. By Inequality 3, this in turn implies that

1
2

implies that

P

τj ∈τ

P

τj ∈τ

dbf(τj , to ) ≤

to
2

dbf∗ (τj , to ) ≤ to for all to ≥ 0;

specifically, at to = di when evaluating Condition 10. But, violating Condition 10 requires that
P
(dbf∗ (τi , di ) + τj ∈τ (πk ) dbf∗ (τj , di )) exceed di .
Corollary 1
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1. Any sporadic task system τ satisfying (usum (τ ) ≤ 1

V

δsum (τ ) ≤ 12 ) is successfully partitioned

on any number of processors ≥ 1.
2. Any constrained sporadic task system τ satisfying (δsum (τ ) ≤ 21 ) is successfully partitioned on
any number of processors ≥ 1.
Proof Sketch: Part 1 follows directly from Lemma 5, since Line 3 of the partitioning algorithm
in Figure 5 will always evaluate to “true.”
Part 2 follows from Lemmas 5 and 3. By Lemma 3, we need only determine that Condition 10
is satisfied, in order to ensure that Line 3 of the partitioning algorithm in Figure 5 evaluate to
“true.” By Condition C2 of Lemma 5, this is ensured by having δsum (τ ) ≤ 21 .
Thus, any sporadic task system satisfying both usum (τ ) ≤ 1 and δsum (τ ) ≤

1
2

is successfully

scheduled by our algorithm. We now describe, in Theorem 5, what happens when one or both these
conditions are not satisfied.
Lemma 6 Let m1 denote the number of processors, 0 ≤ m1 ≤ m, on which Condition 10 fails
when the partitioning algorithm is attempting to map task τi . It must be the case that
m1 <
Proof:

2δsum (τ ) −
1−

ei
di

ei
di

(19)

Since τi fails the test of Condition 10 on each of the m1 processors, it must be the case

that each such processor π` satisfies
X

dbf∗ (τj , di ) > (di − ei )

τj ∈τ (π` )

Summing over all m1 such processors and noting that the tasks on these processors is a subset of
the tasks in τ , we obtain
n
X

dbf∗ (τj , di ) > m1 (di − ei ) + ei

j=1

⇒

(By Inequality 3)
2

⇒

n
X

dbf(τj , di ) > m1 (di − ei ) + ei

j=1
Pn
j=1

dbf(τj , di )
di

>

m1
ei
ei
(1 − ) +
2
di
2di

(20)

≤ δsum (τ )

(21)

By definition of δsum (τ ) (Equation 16)
Pn

j=1 dbf(τj , di )

di
21

Chaining Inequalities 20 and 21 above, we obtain
m1
ei
ei
< δsum (τ )
(1 − ) +
2
di
2di
2δsum (τ ) − deii
⇒
m1 <
1 − deii
which is as claimed by the lemma.
Lemma 7 Let m2 denote the number of processors, 0 ≤ m2 ≤ m − m1 , on which Condition 11
fails (but Condition 10 is satisfied) when the partitioning algorithm is attempting to map task τi .
It must be the case that
m2 <

usum (τ ) − ui
1 − ui

(22)

Proof: Since none of the m2 processors satisfies Condition 11 for task τi , it must be the case that
there is not enough remaining utilization on each such processor to accommodate the utilization of
task τi . Therefore, strictly more than (1 − ui ) of the capacity of each such processor has already
been consumed; summing over all m2 processors and noting that the tasks already assigned to these
processors is a subset of the tasks in τ , we obtain the following upper bound on the value of m2 :
(1 − ui )m2 + ui <

n
X

uj

j=1

⇒

m2 <

usum (τ ) − ui
1 − ui

which is as asserted by the lemma.
Theorem 4 Any constrained sporadic task system τ is successfully scheduled by our algorithm on
m unit-capacity processors, for any
m≥
Proof:

2δsum (τ ) − δmax (τ )
1 − δmax (τ )

(23)

Our proof is by contradiction – we will assume that our algorithm fails to partition

task system τ on m processors, and prove that, in order for this to be possible, m must violate
Inequality 23 above. Accordingly, let us suppose that our partitioning algorithm fails to obtain a
partition for τ on m unit-capacity processors. In particular, let us suppose that task τi cannot be
mapped on to any processor. By Lemma 3, it must be the case that Condition 10 fails for task τi
on each of the m processors; i.e., m1 in the statement of Lemma 6 is equal to the total number of
processors m. Consequently, Inequality 19 of Lemma 6 yields
m<

2δsum (τ ) −
1−
22

ei
di

ei
di

.

By Corollary 1, it is necessary that δsum (τ ) >

1
2

hold. Since δmax (τ ) ≤ 1 (if not, the system is

trivially non-feasible), the right-hand side of the above inequality is maximized when

ei
di

is as large

as possible, this implies that
m<

2δsum (τ ) − δmax (τ )
,
1 − δmax (τ )

which contradicts Inequality 23 above.
Theorem 5 Any sporadic task system τ is successfully scheduled by our algorithm on m unitcapacity processors, for any

m≥
Proof:

2δsum (τ ) − δmax (τ ) usum (τ ) − umax (τ )
+
1 − δmax (τ )
1 − umax (τ )


(24)

Once again, our proof is by contradiction – we will assume that our algorithm fails to

partition task system τ on m processors, and prove that, in order for this to be possible, m must
violate Inequality 24 above.
Let us suppose that our partitioning algorithm fails to obtain a partition for τ on m unit-capacity
processors. In particular, let us suppose that task τi cannot be mapped on to any processor. There
are two cases we consider: (i) Condition 10 fails, and (ii) Condition 10 is satisfied (implying that
Condition 11 must have failed). Let Π1 denote the m1 processors upon which this mapping fails
def

because Condition 10 is not satisfied (hence for the remaining m2 = (m − m1 ) processors, denoted
Π2 , Condition 10 is satisfied but Condition 11 is not).
By Lemma 5 above, m1 will equal 0 if δsum (τ ) ≤ 21 , while m2 will equal 0 if usum (τ ) ≤ 1. Since
we are assuming that the partitioning fails, it is not possible that both δsum (τ ) ≤

1
2

and usum (τ ) ≤ 1

hold.
Let us extend previous notation as follows: for any collection of processors Πx , let τ (Πx )
denote the tasks from among τ1 , . . . , τi−1 that have already been allocated to some processor in the
collection Πx . Lemmas 6 and 7 provide, for task systems on which our partitioning algorithm fails,
upper bounds on the values of m1 (i.e., the number of processors in Π1 ) and m2 (the number of
processors in Π2 ) in terms of the parameters of the task system τ .
We now consider three separate cases.
Case (i): (δsum (τ ) >

1
2

and usum (τ ) ≤ 1). As stated in Lemma 5 (C1), Condition 11 is never

violated in this case, and m2 is consequently equal to zero. From this and Lemma 6 (Inequality 19),
we therefore have
m<

2δsum (τ ) −
1−

ei
di

ei
di

.

In order for our algorithm to successfully schedule τ on m processors, it is sufficient that the
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negation of the above hold:
2δsum (τ ) −

m≥

ei
di

ei
di

1−

.

Since the right-hand side of the above inequality is maximized when

ei
di

is as large as possible,

this implies that
2δsum (τ ) − δmax (τ )
,
1 − δmax (τ )

m≥

which certainly holds for any m satisfying the statement of the theorem (Inequality 24).
Case (ii): (δsum (τ ) ≤

1
2

and usum (τ ) > 1). As stated in Lemma 5 (C2), Condition 10 is never

violated in this case, and m1 is consequently equal to zero. From this and Lemma 7 (Inequality 22),
we therefore have

usum (τ ) − ui
.
1 − ui

m<

We once again observe that it is sufficient that the negation of the above hold in order for our
algorithm to successfully schedule τ on m processors:
usum (τ ) − ui
.
1 − ui

m≥

Since the right-hand side of the above inequality is maximized when ui is as large as possible, this
implies that
m≥

usum (τ ) − umax (τ )
,
1 − umax (τ )

which once again holds for any m satisfying the statement of the theorem (Inequality 24).
Case (iii): (usum (τ ) > 1 and δsum (τ ) > 21 ). In this case, both m1 and m2 may be non-zero. From
m1 + m2 = m and Inequality 22, we may conclude that
m1 > m −

usum (τ ) − ui
1 − ui

(25)

For Inequalities 25 and 19 to both be satisfied, we must have
2δsum (τ ) −
1−
⇒

ei
di

ei
di

m<

>m−

2δsum (τ ) −
1−

ei
di

usum (τ ) − ui
1 − ui

ei
di

+

usum (τ ) − ui
1 − ui

(26)

Hence for our algorithm to successfully schedule τ , it is sufficient that the negation of Inequality 26
hold:
m≥

2δsum (τ ) −
1−

ei
di

ei
di

24

usum (τ ) − ui
+
1 − ui

!
(27)

Observe that the right hand-side of Inequality 27 is maximized when ui and

ei
di

are both as large as

possible; by Inequalities 15 and 16, these are defined to be umax (τ ) and δmax (τ ) respectively. We
hence get Inequality 24:

m≥

2δsum (τ ) − δmax (τ ) usum (τ ) − umax (τ )
+
1 − δmax (τ )
1 − umax (τ )



as a sufficient condition for τ to be successfully scheduled by our algorithm.
Recall that in the technique of resource augmentation, the performance of the algorithm being
discussed is compared with that of a hypothetical optimal one, under the assumption that the algorithm under discussion has access to more resources than the optimal algorithm. Using Theorem 5
above, we now present such a result concerning our partitioning algorithm.
Theorem 6 Our algorithm makes the following performance guarantees:
1. if a constrained sporadic task system is feasible on mo identical processors each of a particular
computing capacity, then our algorithm will successfully partition this system upon a platform
comprised of m processors that are each (2 mmo + 1 −

1
m)

times as fast as the original.

2. if an arbitrary sporadic task system is feasible on mo identical processors each of a particular
computing capacity, then our algorithm will successfully partition this system upon a platform
comprised of m processors that are each (3 mmo + 1 −
Proof:

2
m)

times as fast as the original.

Let us assume that τ = {τ1 , τ2 , . . . , τn } is feasible on mo processors each of computing

capacity equal to ξ. Below, we consider separately the cases when τ is a constrained sporadic task
system and an arbitrary sporadic task system:
1. τ is a constrained sporadic task system. Since τ is feasible on mo ξ-speed processors, it
follows from Lemma 4 that the tasks in τ satisfy the following properties:
δmax (τ ) ≤ ξ, and δsum (τ ) ≤ mo · ξ
Suppose that τ is successfully scheduled by our algorithm on m unit-capacity processors. By
substituting the inequalities above in Equation 23 of Theorem 4, we get
2δsum (τ ) − δmax (τ )
1 − δmax (τ )
2mo ξ − ξ
⇐ m≥
1−ξ
m
≡ ξ≤
2mo + m − 1
1
mo
1
≡
≥2
+1−
ξ
m
m

m≥
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which is as claimed in the statement of the theorem.
2. τ is an arbitrary sporadic task system. Since τ is feasible on mo ξ-speed processors, it
follows from Lemma 4 that the tasks in τ satisfy the following properties:
δmax (τ ) ≤ ξ, umax (τ ) ≤ ξ, δsum (τ ) ≤ mo · ξ, and usum (τ ) ≤ mo · ξ
Suppose once again that τ is successfully scheduled by our algorithm on m unit-capacity processors.
By substituting the inequalities above in Equation 24 of Theorem 5, we get
2δsum (τ ) − δmax (τ ) usum (τ ) − umax (τ )
+
1 − δmax (τ )
1 − umax (τ )
2mo ξ − ξ mo ξ − ξ
⇐ m≥
+
1−ξ
1−ξ
m
≡ ξ≤
3mo + m − 2
1
mo
2
≡
≥3
+1−
ξ
m
m

m≥

which is as claimed in the statement of the theorem.
By setting mo ← m in the statement of Theorem 6 above, we immediately have the following
corollary.
Corollary 2 Our algorithm makes the following performance guarantees:
1. if a constrained sporadic task system is feasible on m identical processors each of a particular
computing capacity, then our algorithm will successfully partition this system upon a platform
comprised of m processors that are each (3 −

1
m)

times as fast as the original.

2. if an arbitrary sporadic task system is feasible on m identical processors each of a particular
computing capacity, then our algorithm will successfully partition this system upon a platform
comprised of m processors that are each (4 −

7

2
m)

times as fast as the original.

A pragmatic improvement

We have made several approximations in deriving the results above. One of these has been the use
of the approximation dbf∗ (τi , t) of Equation 2 in Condition 10, to determine whether (the first job
of) task τi can be accommodated on a processor πk . We could reduce the amount of inaccuracy
introduced here, by refining the approximation: rather than approximating dbf(τi , t) by a single
step followed by a line of slope ui , we could explicitly have included the first k steps, followed by a
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line of slope ui (as proposed by Albers and Slomka (Albers and Slomka, 2004)). For the case k = 2,
such an approximation, denoted dbf0 (τi , t) here, is as follows:
0

dbf (τi , t) =




 0,

if t < di

ei ,


 2e + u × (t − (d + p )),
i
i
i
i

if di ≤ t < di + pi

(28)

otherwise

If we were to indeed use an approximation comprised of k steps, instead of the single-step approximation dbf∗ , in Condition 10 in determining whether a processor can accommodate an additional
task, we would need to explicitly re-check that the first k deadlines of all tasks previously assigned to
the processor continue to be met. This is because it is no longer guaranteed that the new deadlines
(those of τi ) will occur after the deadlines of previously-assigned tasks, and hence it is possible that
adding τi to the processor will result in some previously-added task missing one of its deadlines.
However, the benefit of using better approximations is a greater likelihood of determining a system
feasible; we illustrate by an example.
Example 1 Suppose that task τj = (1, 1, 10) has already been assigned to processor πk when task
τi = (1, 2, 20) is being considered. Evaluating Condition 10, we have
di − dbf∗ (τj , 2) ≥ ei
≡ 2 − 0.1 × (2 + 10 − 1) ≥ 1
≡ 2 − 1.1 ≥ 1
which is false; hence, we determine that τi fails the test of Condition 10 and cannot be assigned to
processor πk .
However, suppose that we were to instead approximate the demand bound function to two steps
rather than one, by suing the function dbf0 ( , ) (Equation 28 above). We would need to consider
two deadlines for both the new task τi as well as the previously-assigned task τj . The deadlines
for τi are at time-instants 2 and 22, and for τj at time-instants 1 and 11. The demand-bound
computations at all four deadlines are shown below:
• At t = 1: dbf0 (τj , 1) + dbf0 (τi , 1) = 1 + 0 = 1, which is ≤ 1.
• At t = 2: dbf0 (τj , 2) + dbf0 (τi , 2) = 1 + 1 = 2, which is ≤ 2.
• At t = 11: dbf0 (τj , 11) + dbf0 (τi , 11) = 1 + 2 = 3, which is ≤ 11.
• At t = 22: dbf0 (τj , 22) + dbf0 (τi , 22) = 2 + 3.1 = 5.1, which is ≤ 22.
Furthermore, τi also passes the test of Condition 11, since uj + ui = 0.1 + 0.05 which is ≤ 1.
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As this example illustrates, the benefit of using a finer approximation is enhanced feasibility:
the feasibility test is less likely to incorrectly declare a feasible system to be infeasible. The cost of
this improved performance is run-time complexity: rather than just check Condition 10 at di for
each processor during the assignment of task τi , we must check a similar condition on a total of
(i × k) deadlines over all m processors (observe that this remains polynomial-time, for constant k).
Hence in practice, we recommend that the largest value of k that results in an acceptable run-time
complexity for the algorithm be used.
From a theoretical perspective, we were unable to obtain a significantly better bound than the
ones in Theorem 5 and Corollary 2 by using a finer approximation in this manner.

Discussion
We reiterate that the results in Corollary 2 are not intended to be used as feasibility tests to
determine whether our algorithm would successfully schedule a given sporadic task system; rather,
these properties provide a quantitative measure of how effective our partitioning algorithm is.
Observe that there are two points in our partitioning algorithm during which errors may be
introduced. First, we are approximating a solution to a generalization of the bin-packing problem.
Second, we are approximating the demand bound function dbf by the function dbf∗ , thereby
introducing an additional approximation factor of two (Inequality 3). While the first of these
sources of errors arises even in the consideration of implicit-deadline systems, the second is unique
to the generalization in the task model. Indeed, it can be shown that
any implicit-deadline sporadic task system τ that is (global or partitioned) feasible on
m identical processors can be partitioned in polynomial time, using our partitioning
algorithm, upon m processors that are (2 −

1
m)

times as fast as the original system,

when edf is used to schedule each processor during run-time.
Thus, the generalization of the task model costs us a factor of 2 in terms of resource augmentation
for arbitrary deadlines, and a factor of less than 2, asymptotically approaching 1.5 as m → ∞, for
constrained deadlines.
The purpose of the above discussion on the partitioning of implicit-deadline systems is only
intended to identify the sources of the error in the approximation factors for constrained-deadline
and arbitrary systems (Corollary 2). In practice, a system designer would use the tighter analysis
of (Lopez et al., 2000, 2004) for the partitioning implicit-deadline sporadic tasks systems.
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Conclusions

Most prior theoretical research concerning the multiprocessor scheduling of sporadic task systems
has imposed the additional constraint that all tasks have their deadline parameter equal to their period parameter. In this work, we have removed this constraint, and have considered the scheduling
of arbitrary sporadic task systems upon preemptive multiprocessor platforms, under the partitioned
paradigm of multiprocessor scheduling. We have designed an algorithm for performing the partitioning of a given collection of sporadic tasks upon a specified number of processors, and have
proved the correctness of, and evaluated the effectiveness of, this partitioned algorithm. The techniques we have employed are novel and interesting, and we hope that they will be of some use in
designing superior, and more efficient, algorithms for analyzing multiprocessor real-time systems.
While we have assumed in this paper that our multiprocessor platform is comprised of identical processors, we observe that our results are easily extended to apply to uniform multiprocessor
platforms — platforms in which different processors have different speeds or computing capacities
— under the assumption that each processor has sufficient computing capacity to be able to accommodate each task in isolation. We are currently working on extending the results presented in
this paper to uniform multiprocessor platforms in which this assumption may not hold.
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