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Abstract
The multiprocessor scheduling of collections of real-time jobs
is considered. Sufficient conditions are derived for determining
whether a specified system meets all deadlines when scheduled by
a static-priority algorithm. These conditions are used to obtain
efficient schedulability tests for sporadic task systems scheduled
using the popular Deadline-Monotonic real-time scheduling algorithm. Resource-augmentation bounds are provided that quantify
the tightness of these schedulability tests.
Keywords: Multiprocessor platforms; Static-Priority Scheduling;
Schedulability analysis; Resource Augmentation.
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Introduction

Over the years, the sporadic task model [12, 6] has proven
remarkably useful for the modelling of recurring processes
that occur in hard-real-time systems. In this model, a sporadic task τk = (ek , dk , pk ) is characterized by a worstcase execution requirement ek , a (relative) deadline dk , and
a minimum inter-arrival separation pk , which is, for historical reasons, also referred to as the period of the task. Such
a sporadic task generates a potentially infinite sequence of
jobs, with successive job-arrivals separated by at least pk
time units. Each job has a worst-case execution requirement equal to ek and a deadline that occurs dk time units
after its arrival time. A sporadic task system is comprised
of several such sporadic tasks.
In this paper, we consider the scheduling of sporadic
task systems upon platforms comprised of a number of
identical processors, under the assumptions that jobs are
preemptive, and that inter-processor migration is permitted; i.e., that a job executing upon a processor may be preempted at any instant in time, and its execution resumed
later upon the same or a different processor. We will assume that a job may not be executed simultaneously on
more than one processor at a time; in other words, intrajob parallelism is forbidden.
Most priority-based multiprocessor run-time scheduling algorithms operate as follows: at each instant, there is a
priority assigned to each job, and the m highest-priority
active jobs are selected for execution upon the m available processors. A static-priority algorithm for scheduling sporadic task systems associates a unique priority with

each sporadic task, and all the jobs generated by a task
are assigned the priority of this task. Examples of staticpriority scheduling algorithms include the rate-monotonic
algorithm [11], in which higher priorities are assigned to
tasks with smaller values of the period parameter, and the
deadline-monotonic algorithm [10], which assigns tasks
priorities in inverse proportion to their relative deadline parameters: if dk < dℓ , then task τk has a higher priority than
task τℓ (ties broken arbitrarily).
Static-priority scheduling algorithms are very commonly used in real-time systems; indeed, the RateMonotonic Analysis (RMA) real-time system design and
analysis methodology [9] has become a standard in the
domain of hard-real-time systems. One of the benefits of
scheduling systems using static-priority scheduling is that
higher-priority tasks are protected from errant behavior by
lower-priority tasks; hence by assigning highest priority to
the most critical tasks it can be ensured that these tasks’
jobs are least likely to miss their deadlines. For systems in
which all tasks are equally critical, it is known that upon
preemptive uniprocessors, deadline-monotonic priority assignment is optimal in the sense that if any static priority
assignment will result in a system always meeting all deadlines, then so will the deadline-monotonic priority assignment.
Given the specifications of a sporadic task system and
a priority assignment, (static-priority) schedulability analysis is the process of determining whether the system is
guaranteed to always meet all deadlines if implemented
upon a specified platform. Schedulability analysis of sporadic task systems when implemented upon preemptive
uniprocessor platforms is well understood (see, e.g., [9]);
the research reported in this document is aimed at determining schedulability-analysis algorithms for sporadic task
systems which are implemented upon multiprocessor platforms.
Resource augmentation [14] provides a measure of
the relative effectiveness and tightness of a given schedulability analysis algorithm. Resource augmentation works
by comparing a given algorithm against the performance
of a hypothetically optimal algorithm. The resourceaugmentation metric of effectiveness used in this paper
for a given schedulability analysis algorithm is as follows:
given any task system that is always schedulable according

to the hypothetical optimal algorithm on the original platform, our goal is to obtain a constant multiplicative factor by which we must increase the speed of each processor in order for our given algorithm to achieve the same
performance as the optimal algorithm. That is, we are
interested in the minimum speed-up factor necessary to
guarantee that our schedulability analysis algorithm verifies that a task system that is optimally schedulable on
the original platform is also schedulable (according to our
given non-optimal algorithm) on the more powerful, modified platform. In this paper, we obtain such resourceaugmentation bounds for our schedulability analysis of
deadline-monotonic scheduling.
The remainder of this paper is organized as follows.
In Section 2, we formally describe our task and processor models, and discuss the motivation and applicability of
these models to the modelling of actual real-time systems.
In Section 3, we obtain sufficient conditions for multiprocessor schedulability analysis of real-time instances. We
also obtain resource-augmentation bounds for deadlinemonotonic scheduling of sporadic task systems upon a multiprocessor. In Section 4, we briefly summarize related
work and place this work within a larger context of multiprocessor real-time scheduling theory.

2

Workload and processor models

Recall that each sporadic task τk is characterized by an execution requirement parameter ek , a relative deadline parameter dk , and an inter-arrival separation parameter pk ,
and generates a potentially infinite sequence of jobs during
run-time. Some notation: for each job J generated by some
sporadic task, let J.A denote its arrival time, J.E its worstcase execution requirement, and J.D its relative deadline:
job J may need to execute for up to J.E time-units over
the time interval [J.A, J.A + J.D) (of course, the values
of J.A, J.E, and J.D are determined by the parameters of
the sporadic task that generated J). We also let J.π denote
the priority of the job J; the value assigned to this priority
depends upon both the identity of the task that generated J
and the priority assignment scheme being used.
The sporadic task model specifies minimum, rather
than exact, separations between successive jobs generated
by each sporadic task; therefore, any given sporadic task
system may generate infinitely many different collections
of jobs during different runs at run-time. We will refer to
such a collection of jobs as a real-time instance. Specifically, a real-time instance I is comprised of a finite or infinite collection of independent jobs, that are to be executed
upon a platform comprised of m ≥ 1 identical processors.
While our primary objective in this paper is to design schedulability analysis tests for systems of sporadic
tasks that are implemented upon multiprocessor platforms,
some of our results (in particular, Theorem 1) are valid for
arbitrary real-time instances. For a specific real-time instance I, schedulability analysis is the process, typically
performed prior to run-time, of determining whether all

jobs in I will meet their deadlines during run-time. Given
the complete specifications of a finite real-time instance I,
determining whether I will meet all deadlines during runtime is easily accomplished, by essentially simulating the
scheduling of I.
For a sporadic task system, on the other hand, schedulability analysis is the process of determining whether all
possible real-time instances that could be legally generated by this task system will meet all deadlines. Since any
given sporadic task system generates infinitely many different instances, simulation of every possible real-time instance generated by a sporadic task system is not possible.
To obtain schedulability analysis tests for sporadic task systems from schedulability tests for real-time instances, we
must instead relate the workload characterization for realtime instances with the workload of a sporadic task system.
Section 3.1 will explore the relation between the workload
characterizations of real-time instances and sporadic task
systems in greater detail. For the remainder of this section,
we describe our workload characterization for a real-time
instance I.
In what follows, we will model a real-time instance I as a finite or infinite collection of jobs: I =
{J1 , J2 , . . .}. Each job Ji is characterized by the parameters Ji .A, Ji .E, Ji .D and Ji .π as discussed above. Without loss of generality, we assume that the execution requirement parameters of jobs are normalized with respect
to processor speed; i.e., Ji .E denotes the amount of time
for which Ji must execute. For each i, let ∆i be defined as
follows:
µ
¶
def

∆i =

max

Jk .π≥Ji .π

{Jk .D} /Ji .D

(1)

i.e., ∆i denotes the ratio of the largest deadline parameter
of a job with priority greater than or equal to Ji ’s priority,
to Ji ’s deadline parameter. This parameter will prove useful in determining schedulability conditions for real-time
instances.
For any priority-level p, let us define the demand of
a real-time instance over a time interval to be the sum of
the execution requirements of all jobs in the instance with
priority ≥ p, that have both their arrival times and their
deadlines within the interval:
def

demand(p, I, t1 , t2 ) =

X

J.E

(2)

(J∈I)∧(J.π≥p)∧(t1 ≤J.A)∧(J.A+J.D≤t2 )

For any real-time instance I and any priority level p, let us
define load(p, I) as follows:
load(p, I)

def

=

max

t1 <t2

demand(p, I, t1 , t2 )
t 2 − t1

(3)

Intuitively, load(p, I) denotes the maximum possible cumulative computational demand, normalized by interval
length, of priority p or greater that is generated by real-time
instance I.

3

Sufficient schedulability conditions

We now derive sufficient conditions for determining
whether a given real-time instance I is schedulable upon

a specified number of processors. In Section 3.1, we will
extend these conditions to obtain sufficient schedulability
conditions for the multiprocessor scheduling of sporadic
task systems. In Section 3.2, we will quantify the “goodness” of these schedulability conditions via a resourceaugmentation metric.
Suppose that a given real-time instance I =
{J1 , J2 , . . .} is unschedulable upon m unit-capacity processors, and let Ji denote the first job which misses its
deadline (see Figure 1). Since Ji does not receive Ji .E
units of execution over the interval [Ji .A, Ji .A + Ji .D),
it must be the case that jobs of equal or greater priority execute on all m processors for strictly more than
(Ji .D − Ji .E) time units during this interval. That is, such
jobs of equal or greater priority execute within this interval
for > m × (Ji .D − Ji .E) time units. Clearly, all of this
execution belongs to jobs that arrive, and / or have their
deadline in, the interval [Ji .A, Ji .A + Ji .D).
Let Js denote the job with earliest arrival time that
has priority ≥ Ji .π, such that Ji .A < Js .A + Js .D ≤
Ji .A+Ji .D; and let Jf denote the job with latest (absolute)
deadline that has priority ≥ Ji .π, such that Ji .A ≤ Jf .A <
Ji .A + Ji .D (see Figure 1). It is evident from the figure
that all the execution occurring over [Ji .A, Ji .A + Ji .D) is
generated by jobs of priority ≥ Ji .π that arrive in, and have
their deadlines within, [Js .A, Jf .A + Jf .D).
Recall, from Equation 1, that ∆i denotes the ratio of
the largest deadline parameter of a job with priority greater
than or equal to Ji ’s priority, to Ji ’s deadline parameter.
Hence, Js .D and Jf .D are both ≤ Ji .D × ∆i . From Figure 1, it is evident that the interval [Js .A, Jf .A + Jf .D) is
of length at most (2∆i + 1) × Ji .D. Hence for Ji to miss
its deadline, it is necessary that

actual scheduling of the real-time instance. However (as
discussed in Section 2 above), it is not possible to perform
schedulability analysis of a sporadic task system by explicitly testing the schedulability of each of the infinitely many
different real-time instances the sporadic task system could
generate; hence, alternative approaches are needed to perform schedulability analysis of sporadic task systems. As
we will see in Section 3.1 below, Theorem 1 provides a
useful tool for designing such a schedulability test.

3.1

(Jf .A + Jf .D − Js .A)load(Ji .π, I) − Ji .E > m(Ji .D − Ji .E)
⇒(2∆i + 1) · Ji .D · load(Ji .π, I) − Ji .E > m(Ji .D − Ji .E)
J .E

≡ load(Ji .π, I) >

m−(m−1) J i .D
i
2∆i +1

We have seen above that, in order for Ji to miss its deadline, it is necessary that Condition 4 be satisfied; Theorem 1
below follows by negating Condition 4.
Theorem 1 Let I denote a real-time instance such that for
each Ji ∈ I, the following condition is satisfied:
µ
¶
Ji .E
1
m − (m − 1)
. (5)
load(Ji .π, I) ≤
2∆i + 1
Ji .D
Instance I is fixed-priority schedulable upon a platform
comprised of m unit-capacity processors.
A note. We would like to point out that while the test
of Theorem 1 is sufficient for ensuring that a specified
real-time instance I is schedulable, it is not necessary –
an instance that fails the test of Theorem 1 may well be
schedulable. Indeed, for real-time instances I for which
all job parameters are a priori known, a simple exact (necessary and sufficient) schedulability test is to simulate the

Sporadic Task Systems

In this section, we apply the result of Theorem 1 to obtain
sufficient conditions for schedulability of real-time systems
represented using the sporadic task model. Consider a sporadic task system τ = {τ1 , τ2 , . . . , τn } comprised of n
tasks. Without loss of generality, assume that the tasks
are indexed according to decreasing priorities: task τ1 is
assigned the greatest priority, τn the least priority, and τk ’s
priority is higher than τk+1 ’s for all k. We make no assumption about the relationship between a task’s relative
deadline and period parameter; however, if dk > pk then
it is possible for two jobs of τk to be active at the same
time (i.e. for a given time t, two or more jobs of τk may
have remaining execution). In this paper, we assume that
different jobs of the same task may execute concurrently
on different processors (i.e., while intra-job parallelism remains forbidden, intra-task parallelism is allowed). We are
currently working on extending our results to systems that
forbid intra-task parallelism. Below, we describe how Theorem 1 may be applied to obtain a sufficient schedulability
condition for τ .
Consider all the jobs that are generated by sporadic task τk :

(4)

1. Observe that all such jobs Ji will have the same priority, and that ∆i for all such jobs is given by the following:
maxk−1
j=1 (dj )
(6)
∆i =
dk
2. Notice that for all such jobs Ji generated by τk ,
Ji .E
ek
=
Ji .D
dk

(7)

3. We will determine an expression for load(Ji .π, I).
For this, we make use of the concept of demand bound
function [6]; for any sporadic task τk and any nonnegative real-number t, the demand bound function
DBF(τk , t) denotes the maximum cumulative execution requirement that could be generated by jobs of τk
that have both ready times and deadlines within any
time interval of duration t. It is proved in [6] that
DBF(τk , t)

def

=

º
¶
¶
µ µ¹
t − dk
+ 1 × ek
max 0,
pk

Let I denote any real-time instance that is generated
during run-time by sporadic task system τ . Since the
job Ji under consideration is assumed to have been
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Figure 1. Job Ji is being considered. Jobs Js and Jf are jobs with priorities ≥ Ji .π with earliest arrival time and latest absolute
deadline respectively, whose “intervals” overlap with that of Ji .
generated by task τk , only tasks τ1 , τ2 , . . . , τk will
contribute to the load(Ji .π, I) term. The maximum
cumulative execution requirement by jobs of these
tasks over any time interval [t1 , t2 ) is at most the sum
of the maximum execution requirements of the individual tasks:
k
X
demand(Ji .π, I, t1 , t2 ) ≤ (
DBF (τj , t2 − t1 )) .
j=1

From the definition of load (Equation 3), it follows
that


k
X

load(Ji .π, I) ≤ max (
DBF(τj , t))/t
(8)
t≥0 

j=1

Thus far, the load function has been defined with respect
to real-time instances only. Let us now overload the definition of load to apply to sporadic task systems as well, as
follows:


k
X

def
load(k, τ ) = max (
DBF (τj , t))/t
t≥0 

j=1

That is, load(k, τ ) denotes the maximum cumulative computational demand, normalized by interval length, of priority k or greater that can be generated by sporadic task
system τ . It has been shown that load may be efficiently
determined for sporadic task systems. [5, 8, 15] present algorithms that have pseudo-polynomial time complexity
for
Pn
task systems that have a system utilization ( i=1 ei /pi )
strictly less than m. If a bounded amount of inaccuracy may be tolerated, a polynomial-time approximation
scheme exists [8] which calculates load to within an arbitrary additive error term ǫ with run-time complexity of
O(n3 /ǫ).
Substituting from Equations 6, 7, and 8 into Theorem 1, we obtain the following theorem concerning the
static-priority scheduling of sporadic task systems upon
multiprocessor platforms:
Theorem 2 Any sporadic task system τ
. . . , τn } satisfying

=

{τ1 , τ2 ,

∀k : 1 ≤ k ≤ n :
1

load(k, τ ) ≤
2

Ã

max

k−1
(dj )
j=1
dk

!

+1

³

m − (m −

1) dekk

´

(9)
is fixed-priority schedulable upon a platform comprised of
m unit-capacity processors.

Recall that in deadline monotonic scheduling [10], tasks
are assigned priorities in inverse proportion to their
maxk−1 (dj )

j=1
is
relative-deadline parameters. In that case,
dk
always no larger than 1, and Corollary 1 below follows:

Corollary 1 Any sporadic task system τ = {τ1 , τ2 , . . . ,
τn } satisfying
∀k : 1 ≤ k ≤ n : load(k, τ ) ≤

1
3

µ

m − (m − 1)

ek
dk

¶

(10)
is deadline-monotonic schedulable upon a platform comprised of m unit-capacity processors.

3.2

Resource-augmentation bound

As mentioned in the introduction, resource augmentation
quantifies the maximum multiplicative factor by which
we must increase the speed of each processor to obtain
the same performance as an optimal scheduling algorithm.
To obtain a resource-augmentation bound for the staticpriority scheduling of sporadic task systems, it is useful to
derive necessary conditions for schedulability. Suppose a
given condition is necessary for schedulability on an mprocessor platform where each processor has speed-1/α
(where α ≥ 1), and the same condition is sufficient for
schedulability on a unit-capacity processor, then we may
infer that the given scheduling algorithm has a resourceaugmentation bound of at least α.
We can easily derive necessary conditions for sporadic task system τ = {τ1 , τ2 , . . . , τn } (with dk ≤ dk+1
∀k) to be schedulable on m unit-capacity processors. First,
it is necessary that load(k, τ ) ≤ m for all k: for each value
of k, this asserts that it is possible to meet all deadlines
of all jobs of priority ≥ k. Similarly, it is necessary that
(ek /dk ) ≤ 1 for all k (since we have assumed that execution requirements are normalized with respect to processor
speed, this merely states that no job’s execution requirement may exceed the time-interval between its arrival time
and its deadline).
These were necessary conditions for schedulability;
Corollary 2 below provides sufficient conditions:
Corollary 2 Any sporadic task system τ = {τ1 , τ2 , . . . ,
τn } satisfying the following conditions
∀k : 1 ≤ k ≤ n : load(k, τ )

≤

∀k : 1 ≤ k ≤ n : (ek /dk ) ≤

m2
4m − 1
m
4m − 1

(11)
(12)

is successfully scheduled by the deadline-monotonic
scheduling algorithm upon an m-processor unit-capacity
multiprocessor platform.
Proof: In order that instance I be successfully scheduled by the deadline-monotonic scheduling algorithm on
m unit-capacity processors it is, by Equation 10, sufficient
that for all k,

⇐

1
× (m − (m − 1)(ek /dk ))
3
(From Condition 12)
µ
¶
1
m
load(k, τ ) ≤ × m − (m − 1)
3
4m − 1

≡

load(k, τ ) ≤

load(k, τ ) ≤

m2
4m − 1

which is true, (by Condition 11 above).
The result in Corollary 2 above can be considered to
be an analog of a “utilization” test [11], or a “processor demand criteria” test [6], for uniprocessor systems. Clearly,
Conditions 11 and 12 are necessary for any τ to be schedulable upon a platform comprised of m processors each of
computing capacity m/(4m − 1); by Corollary 2 above,
these conditions are also sufficient for τ to be schedulable
upon m unit-capacity processors. Hence to within a constant factor of less than four, we have obtained bounds on
the multiplicative speed-up needed for the conditions based
on load and (ek /dk ) to suffice for schedulability.

4

Context and Related Work

We now relate the research described in this paper to the
larger body of on-going research in multiprocessor realtime scheduling theory. In Section 4.1, we briefly describe applications of the scheduling of real-time instances.
In addition, we review some prior work on static-priority
schedulability analysis for real-time instances, and relate
Theorem 1 to this prior work. In Section 4.2, we review some prior related work on schedulability analysis
for static-priority scheduling of sporadic task systems. We
provide a brief comparison and discussion of the results of
Corollary 1 and 2 in relation to these prior results.

Abdelzaher et al. [2] have previously considered the
static-priority multiprocessor scheduling of real-time instances. Abdelzaher et al. propose a workload characterization called synthetic utilization. Let V (t) be the
set of jobs in a real-time instance I that are active at
time t (a job Ji is active at time t if Ji .A ≤ t <
Ji .A + Ji .D). The synthetic utilization of I at time t
def P
is UI (t) =
Ji ∈V (t) Ji .E/Ji .D. An advantage of this
characterization is that it may be used for efficient realtime admission-control of new jobs. However, it can be
shown that any schedulability test based on only synthetic
utilization has no resource-augmentation bound. Consider
an instance I comprised of n jobs, all arriving at timeinstant 0 and having an execution-requirement of 1, and
with the i’th job’s deadline at time-instant i. This instance
can be successfully scheduled upon a single unit-capacity
processor,
yet has synthetic utilization at time zero equal to
Pn
i=1 (1/i), which increases without bound with increasing
n. Hence, there can be no necessary condition for schedulability based on synthetic utilization alone; thus, there is no
resource-augmentation bound for pure synthetic-utilization
based schedulability testing. In contrast, we may obtain
an resource-augmentation bound similar to Corollary 2 for
deadline-monotonic scheduling of real-time instances.

4.2

The Scheduling of Sporadic Task Systems

Recently, researchers have focussed on the multiprocessor static-priority scheduling of sporadic task systems.
Baker [3, 4] and Bertogna et al. [7] have derived sufficient
conditions for the multiprocessor, static-priority schedulability of sporadic task systems. The following theorem restates the schedulability test from Bertogna et al. [7]:
Theorem 3 (from [7]) Let τ be a sporadic task system
{τ1 , . . . , τn } ordered by decreasing priority with di ≤ pi
for each task τi . A task τk ∈ τ is schedulable on m unitcapacity processors according to static-priority scheduling
if
k−1
X
i=1

or,

4.1

The Scheduling of Real-Time Instances

To ensure a given quality-of-service, web servers may associate with each request a deadline and priority. From
a different domain: real-time database systems (RTDBS)
may characterize transactions by their arrival time, execution requirement, deadline, and priority [1]. In both these
examples, the real-time instance characterization discussed
in Section 2 can be used to model these systems. Upper
bounds on the load may be obtainable through empirical
or analytical methods (for example, we may obtain upper
bounds for load of real-time network traffic using the wellknown (σ, ρ) model [13]). Once an upper bound on load
has been determined, we may apply the schedulability test
of Theorem 1.

min(βi , 1 −

ek
ek
) < m(1 −
)
dk
dk

k−1
X

ek
ek
min(βi , 1− ) = m(1− ),
d
d
k
k
i=1

µ

(13)

¶
ek
if ∃i 6= k : βi ≤ 1 −
dk
(14)

where
def

βi =





ei
pi
ei
pi

³
³

1+

pi −ei
dk

1+

pi −ei
dk

´
´

,

if

ek
dk

≥

ei
pi

, if

ek
dk

<

ei
pi

e

+

ei −pi dk

k

dk

(15)

Previous work has only empirically evaluated the effectiveness of the approach of Theorem 3, and, to the best
of our knowledge, no resource-augmentation bounds have
been obtained. In the next theorem, we give a lower bound
on the resource-augmentation bound associated with Theorem 3:

Theorem 4 The schedulability tests of Theorem 3 (Conditions 13 and 14) cannot have a resource-augmentation
2
bound smaller than 3− m
for a platform with m-processors
(where m > 1).
Proof: Consider the following task system τ comprised
of (m − 1)ℓ small tasks and a single large task: the
def
small tasks τi ∈ {τ1 , . . . τ(m−1)ℓ } have specification τi =
def
(ei , di , pi ) = (1, ℓ, ℓ); the large task τ(m−1)ℓ+1 = (ℓ, ℓ, ℓ).
This task system may be scheduled on a platform with m
unit-capacity processors. It is easy to see that the (m − 1)ℓ
small tasks may be scheduled upon the first (m−1) processors (ℓ fit on each processor), and the large task is schedulable on the last processor.
We now determine the smallest constant α > 1 such
that τ(m−1)ℓ+1 is schedulable according to Conditions 13
and 14 of Theorem 3. For τi ∈ {τ1 , . . . τ(m−1)ℓ },
1/α
βi =
ℓ

µ

ℓ − (1/α)
1+
ℓ

¶

2
1
) ≥ (m − 1)
α
α
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