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Abstract—Web caching and replication techniques increase
accessibility of Web contents and reduce Internet bandwidth
requirements. In this paper, we are considering the replica place-
ment problem in a distributed replication group. The replication
group consists of servers dedicating certain amount of memory
for replicating objects. The replica placement problem is to place
the replica at the servers within the replication group such
that the access time over all objects and servers is minimized.
We design a distributed 2-approximation algorithm that solves
this optimization problem. We show that the communication
and computational complexity of the algorithm is polynomial
in the number of servers and objects. We perform simulation
experiments to investigate the performance of our algorithm.

I. INTRODUCTION

In Internet content distribution, a distributed replication
group stores object replicas to better serve users by guaran-
teeing lower access costs. The servers in the replication group
provide storage to replicate popular Internet content for their
users with the goal of minimizing the overall access cost.
A request for a particular object by a user is served with
minimum access cost if it is stored at the user’s local server. If
that object is not replicated at the local server but it is stored
in a remote server instead, the access cost is higher. The users
incur maximum access cost when no peer replicators store a
replica of the requested object, in which case, the local server
has to fetch it from the origin server.

There are several approaches to solve the replica placement
problem and hence different solutions exist in the literature.
In the context of Internet, a distributed solution is more
acceptable than a centralized one. We desire an optimal
solution obtainable by a polynomial time algorithm which
has reasonable running time and communication overhead.
When optimal solutions cannot be achieved in polynomial time
we consider approximation algorithms. The replica placement
problem we are considering here is a generalized version of
the multiple knapsack problem in that it allows multiple copies
of the objects to be placed in the bins, and object profits
that vary with the bin and the items already inserted in the
bins. Since the multiple knapsack problem is NP-hard [1] it
follows that the replica placement problem is NP-hard. In this
paper, we design an approximation algorithm that guarantees
that the total access time is within a factor of two from
the optimal. The algorithm runs in polynomial time and has
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a communication cost that is polynomial in the number of
servers, objects and total server capacities.

Related work. The web replication problem we are considering
has some similarities with several other optimization problems
such as, the generalized assignment problem [2], the multi-
ple knapsack problem [1], the facility location problem [3],
and the transportation problem [4]. Moscibroda and Watten-
hofer [3] developed a distributed approximation algorithm for
the facility location problem. Leff and Wolf [5] provided an
optimal solution for their model of Remote Caching Archi-
tecture, reducing it to a capacitated transportation problem.
Complexity results for problems ranging from the knapsack to
the generalized assignment problem (GAP) are given in [1].
Baev et al. [6] proposed approximation algorithms for data
placement problems that take into account the storage costs.
Recently, several researchers considered the replica placement
problem in systems with selfish replicators [7], [8].

Our contribution. We design a distributed 2-approximation
algorithm for the replica placement problem in distributed
systems. We characterize its computational and communica-
tion complexity. We show that it provides a 2-approximation
to the optimal replica placement problem. We investigate by
simulation the performance of the algorithm.

II. REPLICA PLACEMENT PROBLEM

In this section, we define the replica placement problem we
are solving. We use the system model described in [8], with
different notation. We consider that the replication group is
composed of m servers si, ..., S, with capacities ci, ..., Cp.
There are n unit-sized objects o4, ..., o0, that will be placed
in the server caches in order to achieve minimum possible
access cost over all objects. The access costs are determined
by the location of the object and by the request rates of the
objects. We assume that a server can access an object with a
cost of t;, if it is stored in its own cache. The cost becomes
t,, when it has to access another replicator’s cache to fulfill its
client’s request. The highest access cost is i, if that particular
object is not stored in any server in the group and it is to be
accessed from the origin or source of that object. Obviously,
t; < t, < ts. A server s; knows the request rates r;;, j =
1,...,n, of its local users for all objects. We denote by r; =



(ri1,7i2, - - -, Tin), the vector of request rates of the users at
server s;, and by r = (r1,79,...,7y), the m X n matrix of
request rates of all the objects at all servers. We denote by
X the placement matrix, an m X n matrix whose entries are
given by:

X — { 1, if object o; is replicated at server s;
A 0, otherwise
fore=1,...,mand j=1,...,n.

The system goal is to minimize the access time at each
server over all objects. We define the system goal using the
following arguments. If no objects are replicated, the total
access time at server s; for object o; is 7;;t,. The access time
reduces to r;;t, if object o; is replicated somewhere in the
replication group but not at server s;. In this case, the gain
in access time is 7;;(ts — t,). When object o; is replicated
at server s;, the access time is 7;;¢;. In this case, the gain is
ri;(ts —t;) or equivalently, 7;; (s —t,)+r;; (t» —t;). Based on
these arguments we formally define the optimization problem
as:

maxz Z Tij(ts — tr) —+ Z rij(tr — tl) (1)

i=1 \jire; >0 Ji X =1
subject to:

Xi;€{0,1}, i=1,....m;j=1,...,n )

Y Xij<e, i=1,...,m (3)

where 7c; = >0 7, is the ‘replica count’ of object o;.

The first term of the objective function represents the gain
obtained by replicating objects within the replication group,
while the second term represents the additional gain obtained
by replicating objects locally at server s;. The first constraint
says that an object j is either allocated or not allocated
to server s;. The second constraint, which is the capacity
constraint, says that the number of objects allocated to server
s; should not exceed the capacity c¢; of server s;.

III. DISTRIBUTED REPLICA PLACEMENT ALGORITHM

A. Preliminaries

We propose a distributed approximation algorithm, called
DGR (Distributed Greedy Replication), that solves the replica
placement problem. The algorithm has as input five param-
eters, r, ¢, ts, t,, and ¢;. The first parameter, r, is the
matrix of request rates as defined in the previous section.
The second parameter, ¢ = (cq,...,¢y) is the m-vector of
server’s capacities. The last three parameters, are the access
costs of the objects from source, remote and local replicas,
respectively. In order to describe the algorithm we define two
additional parameters, ‘insertion gain’ and ‘eviction cost’. The
insertion gain for object o; and server s; is defined as follows:

pj(ts *tr)+7'ij(tr7tl), if rcy =0
igi; = < Tij(tr — 1), if X;5=0,7¢; >0 (4)
0, if X;;=1

where p; = Y. | r;; is the ‘popularity’ of object o;.
As can be seen from the definition of ig;;, it represents
the increase in overall gain the system would experience if it

replicates object o; in server s;’s cache. The highest insertion
gain is for an object which does not have a replica in the
group. It reduces to only the local gain of a server when that

object is already replicated elsewhere. Otherwise, it is zero.
The eviction cost of object o; at server s; is defined as:

0, if X;3=0
rij(tr — 1), if X;j=1,re; >1 (5
pj(ts - t'r) +Tij(tr - tl), if X5 =1,r¢; =1

€Cij =

The eviction cost, ec;; is the decrease in the system gain that
would happen if object o; is evicted from server s;’s space.
The eviction cost has the highest value for an object that has
only one replica in the group, since evicting this object will
cause all servers to access it from the origin.

The insertion gain and the eviction cost are used to char-
acterize each ‘local’ decision of replicating or evicting an
object from a server. In making these decisions the algorithm
considers the effect of replicating the objects on the overall
system gain.

B. The Proposed Algorithm

The proposed distributed approximation algorithm for
replica placement is given in Algorithm 1. The algorithm is
executed by each server within the replication group. It starts
with an initialization phase (lines 2 to 7) in which the servers
initialize their local variables and compute the popularity of
each object. In order to compute the popularity, p;, of each
object o5, all servers participate in a collective communication
operation called all-reduce-sum [9]. This collective communi-
cation operation is defined by the communication primitive all-
reduce-sum(r;, p) which works as follows. Before executing
the primitive each server has a vector r; = (ri1,...7)
of size n, and as the final result of the primitive execution
each server will contain a vector p = (pi,...,pn) whose
entries are given by p; = >, r;;. Thus, all-reduce-sum
computes the popularity of each object, and the result (the
popularity vector) is made available at each server. In line 4,
the algorithm initializes row ¢ of the allocation matrix X to
zero, that means no objects are allocated. It also initializes
the available capacity e; to c;, the capacity of server s;. The
insertion gain for each object is initialized to the maximum
value which corresponds to the case in which no replica exists
in the replication group. The eviction cost and the replica count
for each object are initialized to O.

The second phase of the algorithm is the iterative phase,
consisting of the while loop in lines 13 to 51. Before en-
tering the loop, the global maximum insertion gain, ¢gm,qz, 18
computed through another collective communication operation
called all-reduce-max (send_msg, recv_msg) (lines 8 to 11).
The parameters are the send buffer and the receive buffer,
respectively. Both are ordered lists of four variables (¢g.qz5
i, J, J"), where ig,q, is the maximum insertion gain, ¢ and j
are the indices of the corresponding server and object that
gives the maximum insertion gain, and j’ is the object to
be evicted, if necessary. To participate in this operation each
server s; determines its highest insertion gain ig,,q, and the



Algorithm 1 DGR(r;, ¢;, ts, tr, ;)

1: {Server s;:}
{Initialization}
all-reduce-sum(r;, p)
X; —0; e «—c¢
for j :=1ton do
igij — rij(tr —t1) +p;j(ts —tr); ecij «— 05 rcj 0
end for
1gmaz < MaXg iGik; J < argmaxy igik
send_msg — (igmaz,1,J,0)
all-reduce-max(send_msg, recv_msg)
(i9maz, ', J,5') < recv_msg
{#’ is the server that has ig,,q. for object j;
j' is the object to be evicted from server i’ (0 if none)}
13: while ig,,,, > 0 do
14: if ¢/ =i then

R A

_ ==
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15: {this server has the maximum insertion gain}
16: Xl‘j — 1

17: ecij «— igij; igij —0;e ¢, —1; rej «— e + 1
18: if 7/ # 0 then

19: Xy 0

20: igijr < ecijr; ecijr +— 0;

21: e e+ 1, rcy —rey —1

22 end if

23:  else

24: {another server has the maximum insertion gain}
25: rcj «—rej +1

26: if Xij = 0 then

27: igij < 1ij(tr —t1)

28: else

29: €Cij < T'ij (tr — 1)

30: end if

31: if 7/ # 0 then

32: rcj —rey — 1

33: if Xij/ =1 and rCj = 1 then

34: €Cijr Tij/(tr — tl) + pjr (ts - tr)

35: end if

36: end if

37:  end if

38:  {prepare the next iteration}
390 iGmae < MaXg 1Gik; J < arg maxg igik

40:  eCmin — ming(ecik : ecir > 0); j «— argming(ecy :

ecik, > 0)
41: ife; =0or ¢; —e; > n then
42: if 19mar < €Cpin then
43 iGmaz < 0; j' <0
44: end if
45:  else
46: j 0
47:  end if

48:  send_msg — (igmaxs % J,J")

49:  all-reduce-max(send_msg, recv_msg)
50:  (i9maa,t',J,7") < recv_msg

51: end while

object o; that gives this highest gain (lines 8-9). There is no
object for eviction at this point, so j/ = 0. We shall discuss
more about j’ later in this subsection. In line 9, each server
s; prepares the buffer send_msg with ig,,,, and the indices
i, J, and O for j’. The primitive all-reduce-max will return
the send_msg with highest ig,,,, to each server through
the output buffer recv_msg (line 10). After all-reduce-max
execution each server s; knows the global maximum insertion
gain 1,4, and the server and the object that has this ¢g,,q,. It
also knows the index j' of the object to be evicted if needed.
At this point the servers are ready to enter the main loop
(line 13) of the algorithm.

During each iteration, if server s; has the maximum global
gain for an object, it performs allocation and, if necessary,
deallocation of objects (lines 14 to 22). If s; does not have
the maximum global gain, it only updates some local val-
ues to keep track of the changes that resulted from alloca-
tion/deallocation of objects at other servers (lines 24 to 37).
These updates are performed according to equations 4 and 5.
Allocation (deallocation) of object o; at server s; is performed
by setting the X;; entry of the allocation matrix to 1 (0).
Replica count, rc;, and available capacity, e;, are incremented,
respectively decremented, in case of allocation. The reverse is
done for deallocation. In case of allocating an object, the ig
value before the allocation becomes the new ec value for that
object (this is according to equations 4 and 5). For example, if
before the allocation, object o; does not have any replica in the
group (i.e., rc; = 0), the value of ig;; is equal to the first entry
in equation 4. After the allocation, X;; = 1 and 7¢c; = 1, so
the value of ec;; is equal to the third entry in equation 5. This
holds true for all other cases and, therefore, we can assign ig;;
to ec;; when we allocate o; to s; and do the reverse when we
evict o; from s;. Obviously, the insertion gain becomes zero
after an insertion and the eviction cost becomes zero after an
eviction. The eviction happens if j/ % 0, when object o; is
evicted from the server s;’s cache (lines 18-22).

Lines 24 to 37 simply update rc, ig and ec, since another
server s;; (i' # 1) performed the allocation and s; needs
to keep track of it. rc is incremented or decremented and
equations 4 and 5 are used to update ¢g and ec. If another
server replicates o;, server s; updates the values of its insertion
gain and eviction cost for o; (lines 26-30). If object o;; was
evicted from another server (i.e., 7/ # 0), the replica count
is decremented and the insertion gain and the eviction cost
corresponding to o;, are updated. If object o;/ is replicated
only at s;, then server s; updates only the eviction cost, €;;/.
If the object is not replicated at any server in the group,
then s; updates only the insertion gain, ¢g;;. Then, each
server participates in another all-reduce-max operation that
determines the next candidate server and object(s). Each server
prepares the send_msg as follows. The maximum insertion
gain tgmq, and j are determined as before. Server s; also
determines a candidate object o;, for eviction. This is the
object that has the minimum eviction cost at s;. A server
is eligible to be considered for an allocation only if one of
the following holds: it has available capacity to store more



objects, or it is full but some inserted object o, has its eviction
cost less than the insertion gain of some uninserted object o;.
Otherwise, it reports its ineligibility by setting g4, to 0. In
line 40, ecpin and j' are determined, and ecp,;, is compared
with 79,4, only when the available capacity, e; = 0. If both
eligibility conditions fail, 2,4, 1S set to zero. If e; > 0 then
server s; has space for new objects and, hence, no eviction
is necessary (j° = 0). The algorithm terminates when each
Server reports igmqz = 0.

IV. ANALYSIS OF DGR

In this section, we analyze the complexity of the DGR
algorithm and determine its approximation ratio. Due to the
space limitation, we present only the results without proofs.
The proofs will be provided in an extended version of this
paper. We first present the complexity results. One can easily
show that the running time of DGR is O(n + C'logn) and
that its communication complexity is O((n+C') log m), where
C = Y, ¢ is the total capacity of the replication group.
The approximation guarantee provided by DGR is given by
the following theorem.

Theorem 1. DGR is a 2-approximation algorithm for the
replica placement problem.

The following is a sketch of the proof of this theorem. We
show that OPT /DGR < 2, where OPT and DGR denote the
total gain by the optimal and DGR allocations, respectively.
An equivalent expression is (OPT — DGR)/DGR < 1 or,
OPT — DGR < DGR. To determine OPT — DGR we
characterize the difference in allocation by simple ‘operations’
like allocating or deallocating objects, etc. We show that any
DGR allocation can be converted into an optimal one by a
finite set of such operations. An operation increases, decreases,
or does not affect the total system gain. We term their effect
on the system gain as the ‘gain’ of the operations. Let OP be
the set of operations that converts a particular DGR allocation
into the optimal one. Therefore,

> Gop=OPT - DGR

opeOP

where G, is the gain of the operations that change DG R into
OPT. 1t is sufficient to show that

Z Gop < DGR (6)

opeOP

to prove that DGR is a 2-approximation algorithm. The details
of the proof will be given in an extended version of this paper.

V. EXPERIMENTAL RESULTS

In this section, we study the proposed algorithm by simula-
tion. We wrote a simulation program in Java that implements
the DGR algorithm, and an exhaustive search algorithm that
finds the optimal solution for the replica placement problem.
An instance of this problem is defined by the number of servers
m, the number of objects n, the object access costs ts, ., t,
the upper and lower limits of server capacities ¢™*, ¢, and

TABLE I
COMPARISON OF RESULTS: VARYING SERVERS AND OBJECTS

m n_ ¢me* | DGR OPT | OPT/DGR
§ 6 2 | 69566 69714 | 1.002127476
8 5 3 | 53538 53538 |1

4 12 4 | 32808 32908 | 1.003048037
4 15 3 | 52450 53100 | 1012392755
4 25 2 | 38532 38590 | 1.001505242
8 6 4 | 62502 62648 | 1.002335925

the upper and lower limits of the request rates ™%, ™" We
generate the request rates and server capacities randomly in
our experiments. We examined the effects of these parameters
by varying m, n and c™** while we keep ts = 7, t, = 3,
t; = 1 fixed. Table I shows the gain in access time obtained
by DGR and the optimal algorithm in these experiments. We
see that the values are pretty close to each other and that
in one case the DGR algorithm yielded the optimal outcome.
Unfortunately, we could not test with more combinations of the
values since the search space explodes even for small values

of the parameters. The expected size of the search space is

cv9 s where c*Y9 = (CTTL(L.L _ szn)/z

From these results, we observe that our approximation ratio
is far below 2, and we expect this to happen for the majority
of cases. Thus, we expect our algorithm to perform very well
in practice providing solutions close to the optimum. As future
work, we plan to implement the proposed algorithm on a real
system and perform extensive evaluation of its performance.
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