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Abstract

We consider the problem of computing all Nash equilib-
ria in bimatrix games (i.e., nonzero-sum two-player non-
cooperative games). Computing all Nash equilibria for
large bimatrix games using single-processor computers is
not feasible due to the exponential time required by the
existing algorithms. We consider the use of parallel com-
puting which allows us to solve larger games. We design
and implement a parallel algorithm for computing all Nash
Equilibria in bimatrix games. The algorithm computes all
Nash equilibria by searching all possible supports of mixed
strategies. We perform experiments on a cluster comput-
ing system to evaluate the performance of the parallel algo-
rithm.

1. Introduction

Game theory studies mathematical models of interaction
between rational decision-makers. It represents the stan-
dard tool for modeling and analysis in economics and multi-
agent systems. The advent of the Internet expanded its use
to new areas such as e-commerce systems, network routing,
resource allocation in distributed systems, sponsored search
auctions and grid computing. This led to the development
of Algorithmic Game Theory, which combines algorithmic
thinking with game-theoretic concepts [10].

The central solution concept for noncooperative games
is that of Nash equilibrium [8, 9]. Nash equilibrium is the
solution of a game from which no player can improve her
welfare by deviating. It represents a prediction of the strate-
gic behavior of the players in the game. Computing such
equilibria is one of the fundamental problems in Algorith-
mic Game Theory. Its complexity is considered to be the
“most important concrete open question at the boundary of

∗This research was supported in part by NSF grant DGE-0654014.
†Corresponding author.

P today” [12].
In this paper we consider the computation of Nash

equilibria in bimatrix games, which are noncooperative
nonzero-sum two-player games. The existing methods and
algorithms for solving bimatrix games can be divided into
two categories: (i) algorithms for finding all Nash equilib-
ria; and (ii) algorithms for finding a sample Nash equilib-
rium.

The simplest algorithm for finding all Nash equilibria
is the support enumeration algorithm. This algorithm is
searching all the possible pairs of supports of mixed strate-
gies and checks if they satisfy the Nash equilibrium con-
ditions. It takes exponential time since the total number of
pairs that need to be explored is exponential. This method is
described in [7, 20]. A Mathematica implementation of the
support enumeration algorithm is described in [2]. Gam-
bit [6] which is a software tool for solving games also im-
plements this algorithm. Computing all Nash equilibria can
also be based on enumerating the vertices of the best re-
sponse polytopes of the two players. This method is de-
scribed in [5] and implemented in Gambit [6]. All these
implementations are for single processor computers.

Several algorithms for finding a sample Nash equilib-
rium have been proposed in the past. The most notable
is the Lemke-Howson algorithm [4] which has been the
standard algorithm used in the last forty years for finding
a sample Nash equilibrium in bimatrix games. The algo-
rithm is a complementary pivoting algorithm that solves the
linear complementarity problem corresponding to the bima-
trix game. For some classes of games the run time of this
algorithm is exponential even in the best case [17]. Mixed-
integer programming [16] methods have been used to find a
sample Nash equilibrium, and found to do well when com-
pared to Lemke-Howson for some games, and worse for
others. Simple search algorithms for finding a sample Nash
equilibrium have been proposed in [14]. These algorithms
are based on support enumeration in which the search is bi-
ased towards small supports. Two comprehensive surveys
of algorithms for finding equilibria in two player games
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are [19] and [20]. Several algorithms for finding a sam-
ple Nash equilibrium in n-player games have been proposed
in [3, 14, 18].

NP-completeness is not a suitable concept to character-
ize the complexity of finding a Nash equilibrium since ev-
ery game has a Nash equilibrium. It has been proven that
finding Nash equilibria even for two-player games is PPAD-
complete, where PPAD stands for Polynomial Parity Ar-
guments on Directed graphs [13]. Also it is not known
whether a Nash equilibrium can be found in polynomial
time in the worst case [13]. On the other hand, it is pos-
sible to create bimatrix games in such a way that in the best
case it takes exponential time to find a Nash equilibrium
using the Lemke-Howson algorithm [17].

The standard software package for generating games to
support the performance analysis of game solving algo-
rithms is GAMUT [11]. Gambit [6] is a collection of soft-
ware tools created to analyze games. Gambit implements
almost all the algorithms described above. However, the
implementation of these algorithms is sequential.

Our contributions.To the best of our knowledge there are
no parallel implementations of algorithms for computing
Nash equilibria available to the research community or re-
ported in the literature. The main contribution of this paper
is the design and implementation of a parallel algorithm for
computing all Nash equilibria in bimatrix games. We im-
plement our algorithm using MPI. We run tests on a grid
computing system to study the performance of our imple-
mentation in terms of scalability and execution time.

Organization. The paper is structured as follows. In Sec-
tion 2 we present the basic concepts used in describing our
algorithm. In Section 3 we present the sequential algorithm
and an example of bimatrix game. In Section 4 we present
the parallel algorithm. In Section 5 we investigate the per-
formance of our implementation. In Section 6 we draw con-
clusions and present future directions.

2. Bimatrix games and equilibria

A bimatrix game is a finite, two-person, non-zero-sum
noncooperative game defined as follows.

Definition 1. A bimatrix gameΓ(A,B) consists of:

(i) a set of two-players, player 1 called the row-player and
player 2 called the column player;

(ii) a finite set of actions or pure strategies for each player:
M = (s1, s2, . . . , sm), the set ofm pure strategies of
player 1, andN = (t1, t2, . . . , tn), the set ofn pure
strategies of player 2;

(iii) the payoff matricesA ∈ R
M×N andB ∈ R

M×N cor-
responding to player 1 and player 2.

A mixed strategy for player 1 is anm-vector x =
(x1, x2, . . . , xm), where xi represents the probability of
choosing pure strategysi. Similarly, a mixed strategy for
player 2 is ann-vectory = (y1, y2, . . . , yn), whereyj rep-
resents the probability of choosing pure strategytj . Thus a
mixed strategy for a player is a probability distribution on
the set of player’s actions. The support of mixed strategyx,
denoted byMx, whereMx ⊂ M , is the set of all actions
si of player 1 that have positive probability, i.e.,xi > 0.
Similarly, the support of mixed strategyy, denoted byNy,
whereNy ⊂ N , is the set of all actionstj of player 2 that
have positive probability, i.e.,yj > 0.

If x andy are the mixed strategies of player 1 and 2 re-
spectively, then their expected payoffs are given byxT Ay
andxT By, respectively. A best response of player 1 to the
mixed strategyy of player 2 is a mixed strategyx that max-
imizes player 1’s payoff, i.e.,xT Ay. Similarly, the mixed
strategyy of player 2 is a best response to the mixed strategy
x of player 1 if it maximizes her payoffxT By.

The solution concept for normal form noncooperative
games is that of Nash Equilibrium. The Nash equilibrium in
mixed strategies of a bimatrix game is a pair of mixed strate-
gies(x, y) that are best responses to each other. Formally,
a Nash equilibrium for two-player games can be defined as
follows:

Theorem 1. The mixed strategy(x, y) is a Nash equilib-
rium ofΓ(A,B) if and only if

for all si ∈ Mx, (Ay)i = u = max
q∈M

{(Ay)q} (1)

and

for all tj ∈ Ny, (xT B)j = v = max
r∈N

{(xT B)r} (2)

The first condition of this theorem states that a mixed
strategyx of player 1 is a best response to mixed strategyy
of player 2 if and only if all pure strategiessi in the support
of x are best responses to mixed strategyy. The second con-
dition represents the best response condition corresponding
to player 2.

Nash [9] proved that any game with a finite set of players
and a finite set of strategies has a Nash equilibrium in mixed
strategies. Nash equilibria of a finite bimatrix game are not
necessarily unique.

The algorithms that will be presented in this paper com-
pute the Nash equilibria only for non-degenerate games. A
non-degenerate bimatrix game is a game in which no mixed
strategy of support sizek has more thank pure best re-
sponses. For such games the Nash equilibrium in mixed
strategies is given by strategies that have equal size sup-
ports [20].



3. Sequential algorithm for computing equilib-
ria

Nash equilibria of non-degenerate bimatrix games can
be computed by enumerating all possible pairs of supports
(Mx, Ny) of mixed strategies and checking if a Nash equi-
librium exists. Since for a non-degenerate game the mixed
strategies of the two players that are candidates for Nash
equilibria must have the same support size, the support enu-
meration algorithm limits the search to only such pairs. The
algorithm generates all possible pairs of supports having the
same sizek, k = 1, . . . ,min{m,n}. For each such pair of
supports it determines the candidate mixed strategy(x, y).
A candidate mixed strategy pair is determined by solving
the equations:

∑

i∈Mx

xibij = v, for j ∈ Ny (3)

∑

i∈Mx

xi = 1 (4)

and

∑

j∈Ny

yjaij = u for i ∈ Mx (5)

∑

j∈Ny

yj = 1 (6)

The first set of equations determines the mixed strategyx
with supportMx of player 1 that makes player 2 indifferent
among playing the pure strategies inNy. That means player
2 obtains the same payoff,v, by playing the pure strategies
in Ny if player 1 playsx. The second set of equations is
similar but determines the mixed strategyy of player 2.

The above linear equations may have non-unique solu-
tions. This happens for degenerate games because of linear
dependencies present in the game’s payoff matrices. The al-
gorithm does not provide solutions in the case of degenerate
games. If the linear equations do not have a solution then
there is no Nash equilibrium for that support pair. The sys-
tems of equations can be solved using LU decomposition
and back-substitution [15].

If the above equations have(x, y) as the unique solution,
then the algorithm checks if the components ofx andy are
non-negative. They need to satisfy this since they are vec-
tors of probabilities. Finally the algorithm checks if the two
mixed strategies satisfy the best response conditions i.e.,
all pure strategies in the supportsMx andNy must yield
maximum and equal expected payoff for the corresponding
player. The mixed strategy pair that satisfies this final con-
dition is a mixed strategy Nash equilibrium for the game.
The sequential support enumeration algorithm [20] is given
in the following.

Algorithm 3.1. (SUPPORT ENUMERATION)

Input: A bimatrix game:Γ(A,B);
Output: All Nash equilibria:(x, y);

1. for k = 1, . . . ,min{m,n} do
2. for each(Mx, Ny), Mx ⊆ M , Ny ⊆ N ,
3. |Mx| = |Ny| = k do
4. Solve:
5.

∑

i∈Mx
xibij = v for j ∈ Ny, and

6.
∑

i∈Mx
xi = 1

7.
∑

j∈Ny
yjaij = u for i ∈ Mx, and

8.
∑

j∈Ny
yj = 1

9. if ( x ≥ 0 and y ≥ 0 and conditions (1) and (2)
10. hold forx andy) then
11. output Nash equilibrium(x, y).

The complexity of the sequential support enumeration
algorithm isO((n + m)3

(

m+n
n

)

). This results from the fact
that for a game withm > n there are

(

m+n
n

)

− 1 possi-
ble pairs(Mx, Ny) that need to be searched. The system
of linear equations can be solved inO((n + m)3) using
standard algorithms such as Gaussian elimination or LU
decomposition [15]. In the case of square bimatrix games
(m = n) there are

(

2n
n

)

−1 possible pairs(Mx, Ny). By us-
ing Stirling’s formula this is approximately4

n

√
πn

. Thus the
complexity of the support enumeration algorithm for square
games isO(4nn3).

Example. As an example we show how the support enu-
meration algorithm works for the following 3x2 bimatrix
game.

A =





4 4
3 6
0 7



 , B =





4 3
3 7
4 2



 .

Sincem = 3 andn = 2, we need to explore mixed strate-
gies of support sizek = 1 andk = 2. We first consider
the supports of size 1, which give us the pure strategy Nash
equilibria. The game has only one pure strategy Nash equi-
librium given by((1, 0, 0), (1, 0)).

Next, we examine the mixed strategies with sup-
port size 2. We have three possible pairs of mixed
strategies((x1, x2, 0), (y1, y2)), ((x1, 0, x3), (y1, y2)) and
((0, x2, x3), (y1, y2)).

For the first pair of mixed strategies we have to solve:
4x1 + 3x2 = 3x1 + 7x2; x1 + x2 = 1 and4y1 + 4y2 =
3y1 + 6y2; y1 + y2 = 1. The solution to these equations is
x1 = 4/5, x2 = 1/5 andy1 = 2/3, y2 = 1/3. The vector
of expected payoffs to player 1 isAy = (4, 4, 7/3). The
best response condition (1) is satisfied and thus the mixed
strategy((4/5, 1/5, 0), (2/3, 1/3)) is a Nash equilibrium.

For the second pair of mixed strategies we have to solve:
4x1 +4x3 = 3x1 +2x3; x1 +x3 = 1 and4y1 +4y2 = 7y2;
y1 + y2 = 1. The solution to these equations isx1 = 4/3,
x3 = −1/3 andy1 = 3/7, y2 = 4/7. The vectorx is not a



vector of probabilities and thus there is no Nash equilibrium
for this pair of supports.

For the third pair of mixed strategies we have to solve:
3x2 + 4x3 = 7x2 + 2x3; x2 + x3 = 1 and3y1 + 6y2 =
7y2; y1 + y2 = 1. The solution to these equations isx2 =
1/3, x3 = 2/3 andy1 = 1/4, y2 = 3/4. The vector of
expected payoffs to player 1 isAy = (4, 21/4, 21/4). The
best response condition (1) is satisfied and thus the mixed
strategy((0, 1/3, 2/3), (1/4, 3/4)) is a Nash equilibrium.

4. Parallel algorithm

The support enumeration method has great potential for
parallelism since the tasks of checking the Nash equilib-
rium conditions for different support pairs are independent.
Once a pair of strategies is generated the computation can
proceed independently from the ones corresponding to the
other pairs of strategies.

We consider a message-passing system consisting ofP
processors. To avoid communication overheads we repli-
cate the two game matricesA andB on each processor in
the initialization phase of the algorithm. Each processorp
generates all the possible pairs of supports, but checks the
conditions for Nash equilibrium for only a fraction of them.
This way each processor is assigned almost the same num-
ber of supports to search and thus we achieve a load bal-
anced execution.

The parallel support enumeration algorithm is given be-
low.

Algorithm 4.1. (PARALLEL SUPPORT ENUMERATION)

Input: A bimatrix game:Γ(A, B);
Output: All Nash equilibria:(x, y);

1. for p = 0, . . . , P − 1 do in parallel
2. Processorp:
3. counter = 0
4. for k = 1, . . . , min{m, n} do
5. for each(Mx, Ny), Mx ⊆ M , Ny ⊆ N ,
6. |Mx| = |Ny| = k do
7. if (counter mod P = p) then
8. Solve:
9.

P

i∈Mx
xibij = v for j ∈ Ny, and

10.
P

i∈Mx
xi = 1

11.
P

j∈Ny
yjaij = u for i ∈ Mx, and

12.
P

j∈Ny
yj = 1

13. if ( x ≥ 0 and y ≥ 0 and conditions (1) and (2)
14. hold forx andy) then
15. output Nash equilibrium(x, y).
16. counter = counter + 1

Since each processor executes its task independently of
the other processors we expect the algorithm to achieve a
speedup close to the ideal speedup ofP .

Figure 1. Average execution time vs. number
of actions

10-1

100

101

102

103

104

105

106

 10  12  14  16  18

T
im

e 
(in

 s
ec

on
ds

)

Number of Actions (n)

1 CPU
2 CPU
4 CPU
8 CPU

16 CPU

5. Experimental results

We used a cluster within the Wayne State University
grid system to conduct the performance analysis of both se-
quential and parallel algorithms. For our experiments we
used sixteen compute nodes with two 2.66GHz Pentium 4
Xeon processors per node. Each of these nodes has 2.5GB
of RAM and has access to network storage devices. The
nodes are interconnected using a 2Gbit Myrinet network
as well as 1Gbit Ethernet. As a programming platform we
used MPICH [1] a portable implementation of the Message-
Passing Interface standard.

The test games were randomly generated using
GAMUT [11]. For our tests we choose the Minimum Ef-
fort Game, a classical type of game where the payoff for
an action is dependent on the effort associated with the ac-
tion minus the minimum effort of any player. In this type of
game the payoff to one player is given bya+bM−cE where
M is the minimum effort of any player in the game,E is the
effort of the player, anda, b, c with b > c are constants. The
players in the game have the same number of actions. It was
chosen as a test game due to its ability to scale in the number
of actions. The arguments used to generate the games are:
-int payoffs -output TwoPlayerOutput -players 2 -actionsn
-g MinimumEffortGame -randomparams. The value ofn
determines the number of players’ actions and thus the size
of the test game.

We selected games of five sizes, given by the number
of players’ actions: 10, 12, 14, 16, and 18 actions, where
each player has the same number of actions. Five configu-
rations of parallel machines were created: 1, 2, 4, 8, and 16
processors. For each of the five game sizes, we randomly
generated three games that were used as test games in our
experiments. To measure the time taken by the sequential
and parallel algorithms we used the command linetime.



Figure 2. Average speedup vs. number of ac-
tions
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We first investigate the execution time of the sequential
and parallel algorithms for different game sizes. Figure 1
gives the average execution time (using a logarithmic scale)
versus the number of actions per game. It can be observed
that the execution time for a given number of processors
grows exponentially with the number of actions and is deter-
mined by the total number of support pairs that are searched.
As an example for a 10-action game the total number of
possible support pairs that are searched by the algorithms is
184,756. When the number of actions increases to 12 the
total number of possible support pairs searched by the al-
gorithm increases to 2,704,156. We do not consider games
with less than 10 actions because they are small and the
amount of necessary computation is dominated by the over-
heads of parallelization. The speedup that can be achieved
for small games is not significant.

The execution time of the sequential algorithm for a 10-
action game is about 1.5 seconds, while the execution time
for the parallel algorithm with 16 processors is about 1.0
second, a very small improvement. For the 18-action game,
the sequential algorithm takes about two days to complete,
whereas the parallel algorithm using 16 processors takes
about three hours, which represents a significant improve-
ment in the execution time. The data shows that for small
games when more processors are used, the overhead of par-
allelization impacts the overall execution time. For example
in the 10-action game the communication overhead is sig-
nificant enough that the execution time increases when we
scale the system to eight and sixteen processors.

In Figure 2 we compare the speedup obtained by the par-
allel algorithm for games of different sizes. The speedup is
defined as the ratio of the serial execution time and the par-
allel execution time,S =

Tsequential

Tparallel
. The ideal speedup

that can be obtained when parallelizing an algorithm is
equal to the number of processors used to execute the par-

Figure 3. Average speedup vs. number of
processors
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allel algorithm. Compared to the sequential algorithm, the
parallel algorithm does well as long as the games are big
enough. For the largest game considered in these experi-
ments, the average speedup for the execution on two proces-
sors is 1.9899, while the average speedup for execution on
sixteen processors is 15.3. This is close to the ideal speedup
and is due to the highly parallel nature of the problem. For
larger games and a fixed number of processors, it is ex-
pected that the speedup obtained by the parallel algorithm
asymptotically approaches the number of processors used.
The degree at which the speedup is affected is contingent
upon the ratio of time spent setting up the communications
between nodes and the amount of time required for process-
ing the mixed strategy support pairs at each processor. The
ratio is larger for more processors due to the increase in the
amount of time spent on initializing the MPI implementa-
tion and the decrease in the total amount of work performed
by the processors. The problem size has to increase to ac-
commodate a larger set of processors in order to keep the
same speedup.

Figure 3, shows the speedup obtained by the parallel
algorithm versus the number of processors utilized. The
games with the largest number of actions, 14, 16, and 18
lead to a linear dependence between the speedup and the
number of processors. Games with fewer actions start to
trail off in efficiency when more processors are used. For
example in the case of the 10-action game the speedup for 4
processors is 2.47 which is the maximum speedup obtained
for this game size. Increasing the number of processors for
solving the 10-action game leads to a decreased speedup
and thus to performance degradation.

Figure 4 represents the efficiency of the parallel algo-
rithm for games of increasing size. Efficiency is the ratio
of the speedup and the number of processors used,E = S

p
,

characterizing how efficiently the parallel implementation



Figure 4. Average efficiency vs. number of
actions
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is using the processors. The ideal efficiency is equal to 1.
The efficiency of our parallel algorithm increases dramati-
cally for games having more than 12 actions, approaching
the ideal efficiency for games with 18 actions. For the 18-
action game we considered, the efficiency for all parallel
system sizes is greater than 0.95. This tells us that there is
very little overhead compared to the amount of computation
performed at each processor by our parallel algorithm when
the number of actions in the game is more than 12.

Figure 5 shows the efficiency versus the number of pro-
cessors used. For games with a high number of actions, the
efficiency stays fairly constant and near 1 for any number of
processors used by the parallel algorithm. A linear decrease
in efficiency can be seen for the 12-action game, and a huge
decrease for the 10-action game. Again, this is due to the
significant amount of overhead induced by the initialization
and starting up the parallel implementation. We expect that
the efficiency for larger games to be close to 1 for a fixed
number of processors.

6. Conclusion

We designed and implemented a parallel algorithm for
computing all Nash equilibria in bimatrix games by sup-
port enumeration. We analyzed its performance for differ-
ent game sizes and different number of processors. The
analysis shows that the algorithm scales very well with the
number of processors used in the implementation. Solv-
ing games having hundreds or more actions in a reasonable
amount of time would require using hundreds of processors.
We are planning to perform experiments using more than
one hundred processors. For future work we plan to pro-
vide parallel versions of other types of methods for finding
Nash equilibria. For this new parallel versions we plan to
develop and investigate load allocation schemes which will

Figure 5. Average efficiency vs. number of
processors
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lead to efficient execution on large scale parallel systems.
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