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Abstract

In this paper we formulate and study a new scheduling
problem called Selfish Multi-User Task Scheduling. This
problem assumes that there are several users, each of them
having multiple tasks that need processing on a set of par-
allel identical machines. Each user is selfish and her goal
is to minimize the makespan of her own tasks. We model
this problem as a non-cooperative, extensive-form game.
We use the subgame perfect equilibrium solution concept to
analyze the game which provides insight into the problem’s
properties. We compute the price of anarchy to quantify the
costs due to lack of coordination among the users.

1. Introduction

Scheduling is one of the most studied topics in dis-
tributed systems. Inefficient scheduling results in under-
utilized resources and suboptimal performance. Schedul-
ing has traditionally been implemented in terms of a coor-
dinator that maximizes (or minimizes) the system’s objec-
tive function (e.g., minimize the system makespan). In this
model, tasks are submitted to the coordinator who decides
when and where they will be processed. One direction of
recent research considers abolishing the coordinator and in-
stead, have the schedule generation distributed among the
selfish participants. The objective of these selfish partici-
pants is to maximize their own welfare. Scheduling involv-
ing selfish participants is called selfish scheduling.

Scheduling involving selfish machines [5, 14, 18] is one
model of selfish scheduling. The machines (or more ap-
propriately the organizations that own the machines) drive
to maximize their own welfare. Another model of selfish
scheduling involves selfish tasks [2]. In this model each
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task is considered an agent whose objective is to minimize
its completion time.

In this paper we expand on selfish scheduling by propos-
ing the Selfish Multi-User Task Scheduling (SMTS) model.
In SMTS, each user (agent) has several tasks requiring pro-
cessing. The user’s objective is to minimize the completion
time of her task set. The users interact to create a schedule
that processes all their tasks. Since there is no a priori moti-
vation for cooperation, the users’ objectives are in conflict,
and the schedule may not efficiently share the machines.
We quantify the users’ welfare as a negative function of the
completion time of the user’s task set. We interpret this
as the more time it takes to complete a user’s task set, the
greater the cost incurred by the user. We formulate SMTS
as a non-cooperative, extensive-form game played among
the users. The game consists of turns that alternate between
the users. During her turn, the user assigns a job to one of
the machines of the distributed system. The extensive-form
game models the sequential structure of decision making
which is inherent in SMTS. SMTS can be viewed as a game
with perfect information. Perfect information arises when
all users are able to compute the welfare for all the others.
Some of the schedules will be subgame perfect equilibria,
which are steady states in that no user can unilaterally di-
verge and increase its welfare. A user will readily remain in
these states as all other actions reduce her welfare.

In this paper we examine the properties of SMTS. We
characterize the subgame perfect equilibria for these games.
In the special case of SMTS with tasks of identical process-
ing time requirements, we suggest a user strategy that yields
a schedule that is a subgame perfect equilibrium. Addition-
ally, we look at the price of anarchy for all schedules that
are subgame perfect. The price of anarchy [16] quantifies
the decrease in efficiency due to the lack of coordination
among the decision makers in a resource allocation game.

Related work. Scheduling algorithms in the context of par-
allel and distributed systems are well studied. A survey on



the subject is [4]. The standard scheduling problem notation
originates from Graham et al. [13]. We focus specifically
on the problem P ||Cmax, which is the minimization of the
system makespan. The problem of scheduling on a single
machine (1||Cmax) is trivial. For more than one machine,
the problem is solved in polynomial time when preemption
is considered (P |pmtn|Cmax) [17]. In the non-preemptive
case, the problem is NP-complete [10]. There exists sev-
eral approximation algorithms for solving this problem.
List Scheduling (LS) is a (2 − 1/m)-approximation al-
gorithm (where m is the number of machines) proposed
by Graham [11]. Later, Graham devised the improved
(4/3−1/3m)-approximation algorithm called Longest Pro-
cess Time (LPT) [12]. Shortest Process Time (SPT) [21]
algorithm reverses the order of LPT. It is characterized as
a (2 − 1/m)-approximation algorithm. The Rounding and
Dynamic Programming (RDP) [15] scheduling algorithm is
a (1 + ε)-approximation algorithm (for any fixed ε > 0).

Game theory has been applied to areas of computer sci-
ence where agents are competing to obtain a scarce re-
source. Scheduling with selfish machines (the agents)
was first analyzed by Nisan and Ronen [18], who devel-
oped the n-approximation MinWork mechanism. Archer
and Tardos [3] improved the result by developing a
3-approximation randomized mechanism that is truthful
(dominant strategy) in expectation only. Auletta et al. [5]
proposed a deterministic truthful mechanism that is a (4 +
ε)-approximation for fixed number of machines. Andelman
et al. [1] improved the result by proposing a truthful (4+ε)-
approximation mechanism for an arbitrary number of ma-
chines. Continuing with the theme of selfish machines, Car-
roll and Grosu [6] developed a distributed version of Min-
Work that protects the privacy of the bids. They have also
devised truthful mechanisms for Divisible Load Scheduling
[7, 8, 14]. Angel et al. [2] considered a different approach
by investigating selfish tasks and they devised a truthful
(2−1/m)-approximate mechanism. A closely related topic
is congestion games proposed by Rosenthal [20]. Koutsou-
pias and Papadimitriou [16] studied a congestion game in
the context of selfish routing. Selfish routing is the prob-
lem of routing n users on m parallel links. This led them to
propose the price of anarchy (also called the coordination
ratio) which quantifies the cost due to lack of coordination.
Gairing et al. [9] expanded on selfish routing by modeling
it as a game with incomplete information.

Our contributions. We propose a new scheduling problem
in which selfish users interact to create a schedule. We call
this problem Selfish Multi-User Task Scheduling (SMTS).
We model it as a non-cooperative, extensive-form game
played among the users. We analyze the game by finding
its subgame perfect equilibria which we then characterize.
Finally, we compute the price of anarchy to study the costs

associated with the lack of coordination among the users.

Organization. The paper is structured as follows. In Sec-
tion 2 we formulate the Selfish Multi-User Task Scheduling
(SMTS) problem using game theory and scheduling funda-
mentals. In Section 3 we present examples of SMTS. In
Section 4 we formalize the observations made in the previ-
ous section. In Section 5 we draw conclusions and present
future directions.

2. Problem Formulation

In this section we set forth to formally describe the Self-
ish Multi-User Scheduling (SMTS) problem. It assumes
that u users are sharing m parallel (identical) machines.
User Ui (i = 1, . . . , u) has a set Ti = {Ti,1, . . . , Ti,�i

} of �i

tasks that she wants processed. The task Ti,j requires pi,j

units of time in order to be processed on any one of the ma-
chines. The users interact in order to generate a schedule for
the system which processes all tasks. In SMTS, the users
are strategic (self-interested and welfare-maximizing): their
goal is to minimize their own makespan which may occur
at the expense of the others and the system. We denote by
S = {S1, . . . , Su} the schedule comprising the scheduling
strategy Si of user Ui. The (scheduling) strategy Si defines
what action Ui will choose for all possible scenarios that
she may encounter. The makespan of Ui induced by the
schedule S is denoted as

CUi
= max

j
Ci,j(S), (1)

where Ci,j(S) is the completion time of task Ti,j induced
by the schedule S. We denote by P ||Cuser the Selfish Multi-
User Task Scheduling problem. Cuser indicates the fact that
the objective of each user is to minimize her own makespan.

Definition 1 (P ||Cuser) The scheduling problem P ||Cuser is
defined as follows. Given a set of m parallel machines and a
set of u users, where each user has a set of tasks Ti requiring
processing, find a schedule S∗ = {S∗

1 , . . . , S∗
u} such that

for every user Ui (i = 1, . . . , u),

S∗
i ∈ arg min

Si

CUi
({S∗

1 , . . . , Si, . . . , S
∗
u}) . (2)

The problem P ||Cuser is related to P ||Cmax, which is the
problem of minimizing the system makespan.

Definition 2 (P ||Cmax) The scheduling problem P ||Cmax is
defined as follows. Given a set of m parallel machines and
a set of tasks T = T1 ∪ · · · ∪ Tu, find a schedule S∗ such
that

S∗ ∈ arg min
S

max
i

CUi
(S) . (3)
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Figure 1. A decision tree modeling a simple
SMTS game. The game comprises two ma-
chines and two users and each user has a
single task. Tasks T1,1 and T1,2 require p1,1

and p2,1 units of time to process, respectively.

We note from the above definition that the system makespan
is equal to the largest user’s makespan.

We formulate P ||Cuser as a non-cooperative, extensive-
form game played among the users. The game consists of
n =

∑
i �i turns, which alternate between the users. During

her turn, Ui assigns a task to a machine. The subsequent
users observe the choice and then make a decision to opti-
mize their assignments.

Definition 3 (SMTS Game) The SMTS game consists of
u selfish users and m parallel machines. Each user Ui has
a set Ti of tasks that requires processing. The game consists
of turns that alternate between users. A user assigns a task
to a machine during her turn. All users can observe the
machine state and thus, can optimize their assignments. The
game completes when all tasks are assigned.

An extensive-form game is a dynamic model that ex-
presses the sequential structure of decision making. The
sequential structure is inherent in the assignment made by
the users in SMTS. Figure 1 depicts a SMTS game for two
machines shared by two users and each user has a single
task Ti,1 requiring pi,1 units of time for processing. The
game has two turns: user U1 schedules T1,1 which is fol-
lowed by U2 assigning T2,1. User U2 does not haphazardly
assign her task, but first polls the machine loads and then de-
cides which machine to assign her task. A series of actions
is a sequence. The game in Figure 1 has six such sequences:
(M1), (M2), (M1M1), (M1M2), (M2M1), and (M2M2).
The sequence (M1M2) indicates that U1 assigns her job to
M1 and user U2 assigns her job to M2.

Definition 4 (Sequence) [19] Let A = (α1 . . . αn) be a se-
quence in which action αi was taken during turn i.

A sequence has histories. The sequence (M1M2) has
three subhistories: ∅, (M1), and (M1M2). The histories ∅
and (M1) are proper subhistories of (M1M2); subhistory
(M1M2) is a terminal history.

Definition 5 (Histories) [19] The sequence A =
(α1 . . . αn) has subhistories h0 = ∅ and all sequences
hi = (α1 . . . αm) (1 ≤ m ≤ n). The subhistory hj

(j = 0, . . . , n − 1) (where h0 = ∅) is a proper subhistory.
A sequence that is not a proper subhistory of another
sequence is a terminal history.

The terminal histories are annotated with preferences.
The i-th component of the preference tuple indicates the
cost incurred by Ui. A user’s cost is quantified by a negative
function of the completion time of her task set. The more
time a user awaits the completion of her tasks, the greater
her incurred cost. We specify the cost of schedule S in-
curred by Ui as −CUi

(S). The payoff function ui(h) gives
the preference of user Ui given terminal history h. User Ui

prefers terminal history h′ to h, if ui(h′) > ui(h) and is
indifferent between histories h′ and h if ui(h′) = ui(h).
In the game represented in Figure 1, user U2 prefers his-
tory (M1M2) to (M1M1) as u2(M1M2) > u2(M1M1)
(u2(M1M2) = −p2,1 and u2(M1M1) = −p1,1 − p2,1).

Definition 6 (Preference) The preference of terminal his-
tory h is a tuple of payoffs ui(h), one for each user Ui.

The SMTS game is a game with perfect information.
The users in a game with perfect information know one an-
other’s type, which they use to compute preferences. The
type of Ui is her task set Ti and the processing time require-
ments pi,1, . . . , pi,�i

.

Definition 7 (Extensive-Form Game with Perfect Informa-
tion) [19] An extensive-form game with perfect information
consists of the following:

(i) The set of players;

(ii) The set of terminal histories;

(iii) A function P (h) that assigns the player to the move
after subhistory h;

(iv) Preferences over the terminal histories.

We formally define the SMTS game from Figure 1 as
follows:

(i) {U1, U2} is the set of users;

(ii) {(M1M1), (M1M2), (M2M1), (M2M2)} is the set of
terminal histories;

(iii) The function P (h) such that P (∅) = U1 and
P (M1) = P (M2) = U2;

(iv) The preferences are u1(M1M1) = u1(M1M2) =
u1(M2M1) = u1(M2M2) = −p1,1, u2(M1M1) =
u2(M2M2) = −(p1,1 + p2,1), and u2(M1M2) =
u2(M2M1) = −p2,1.



As was mentioned earlier, the objective of user Ui is to
minimize her makespan CUi

(S). User Ui is not isolated;
the actions of Ui influence and are influenced by the actions
of the others. This is apparent as CUi

(S) is a function of the
schedule S and not just a function of her scheduling strat-
egy Si. The solution concept for extensive form games that
we consider in this paper is the subgame perfect equilib-
rium. This equilibrium is a steady state in which no user
can unilaterally increase her welfare.

Definition 8 (Outcome) The outcome O(S) is the termi-
nal history h that is induced by scheduling profile S. The
outcome Oq(S) is the terminal history h with subhistory q
induced by scheduling profile S.

Notation: In the rest of the paper we denote by S−i the
set of strategies not including the strategy of user Ui. The
scheduling strategy S is represented as {Si, S−i}.

Definition 9 (Subgame Perfect Equilibrium of Extensive-
Form Games with Perfect Information) [19] A schedule S
is a subgame perfect equilibrium if, for every user Ui and
every history h where P (h) = Ui,

ui(Oh(S)) ≥ ui(Oh({Ri, S−i})),
for every strategy Ri of Ui,

(4)

where {Ri, S−i} is the schedule in which Ui chooses strat-
egy Ri and Uj (j �= i) chooses Sj; outcome Oh(S) is the
terminal history q with subhistory h induced by schedule S;
and ui(q) is the payoff function of Ui at terminal history q.

By definition, for a given game, the set of subgame perfect
equilibria (SPE) is a subset of the Nash equilibria.

Definition 10 (Nash Equilibrium of Extensive-Form
Games with Perfect Information) [19] A schedule S is a
Nash equilibrium if, for every user Ui,

ui(O(S)) ≥ ui(O({Ri, S−i})),
for every strategy Ri of Ui,

(5)

where {Ri, S−i} is the schedule in which Ui chooses strat-
egy Ri and Uj (j �= i) chooses Sj; outcome O(S) is the
terminal history q induced by schedule S; and ui(q) is the
payoff function of Ui at terminal history q.

Unlike the Nash equilibrium, the SPEs are robust in that
they always generate the best response from any history h.

The SPEs are computed using backward induction. An
extensive form game comprises a subgame at each and ev-
ery subhistory of the terminal histories. The length of a sub-
game is the largest number of actions needed to complete a
game. By convention, a subgame at a terminal history has
length one. The backward induction procedure locates the

SPEs of the subgames of length i to compute the SPEs of
subgames of length i + 1. The actions that are subgame
perfect are identified by thick, solid lines in Figure 1. A
terminal history composed entirely of thick, solid lines in-
dicates the outcome for a game-wide SPE. Additionally, we
emphasize the preferences of these SPE. The game in Fig-
ure 1 has two schedules that are SPEs: {{M1} , {M2M1}}
and {{M2} , {M2M1}}. User Ui strategy indicates her
choices made from top to bottom, left to right. The sched-
ule {M1,M2M1} specifies that U1 will assign her job to
machine M1 and U2 will assign her job to M2. The sec-
ond action of M1 in strategy (M2M1) corresponds to the
condition in which U1 assigns her job to M2.

The SPE may not be the socially optimal solution to the
problem. The social welfare indicates how efficiently the
public good is shared. In the context of P ||Cuser, the so-
cial welfare is maximized when Cmax (the makespan of the
system) is minimized.

Definition 11 (Social Optimum) Schedule S∗ is the social
optimum if it yields the smallest system makespan, i.e.,
S∗ ∈ arg minS Cmax(S).

The price of anarchy [16] quantifies the costs arising
from the lack of coordination among the decision makers
in a resource allocation game.

Definition 12 (Price of Anarchy) [16] The price of anar-
chy A© is the worst-case ratio of the social welfare obtained
at equilibrium to the welfare obtained at social optimum.

SMTS is a non-preemptive scheduling problem. The re-
sults we present in this paper are based on the scheduling
algorithm LS [11].

Definition 13 (List Scheduling (LS)) [11] The LS non-
preemptive scheduling algorithm assigns each task to the
least load machine.

In the next section we discuss the solutions of the SMTS
problem and characterize their properties.

3. Selfish Multi-User Scheduling

We employ extensive-form games with perfect informa-
tion for modeling SMTS. Perfect information is satisfied
when all users know each others type. The type of user Ui

consists of her job set Ti and processing times pi,k ∀ k. A
user determines her next move by deducing for each of her
actions what subsequent moves the users, including herself,
will take and then choosing the action that leads to the most
preferred terminal history. Using backward induction, we
find the set of schedules that are subgame perfect equilibria
(SPEs).



We can characterize the number of SPE associated with a
specific instance of a game. The number of SPE are associ-
ated with the number of histories where the user whose turn
to play is indifferent between actions. A user is indifferent
between actions when the actions lead to terminal histories
of equal payoff. The minimum number of SPE of a SMTS
game is m as user U1 chooses one of m machines to as-
sign her first task (U1 is indifferent since all the machines
have identical processing capacity). Games that have a great
number of histories leading to states in which the machines
are equally loaded have vastly more SPE than similar sized
games without this attribute. This is especially observable
when all the tasks to be scheduled require identical process-
ing time. The maximum number of SPE will be less than the
product of the number of actions available at each subgame.

We now give three examples of SMTS games. In the
next section, we draw results from these examples.

Example 1 We examine the simplest game in which
all tasks have identical processing requirements, i.e.,
pi,k = p ∀i, k. Figure 2 depicts one such game. The game
involves two machines, two users, and two tasks per user.
We solve for the SPEs by invoking backward induction.
First, we find the SPEs associated with the subgames at
the bottom most level of the decision tree. An action is a
component of a SPE if the user whose turn it is to move
prefers it to the other actions. User Ui prefers α1 = M1

to α2 = M2 if assigning her task to M1 minimizes her
makespan CUi

; she is indifferent if both actions result
in the same payoff. The results found in the level j are
used to discover the SPEs in level j − 1. The process
completes when we find the SPEs for the root node of
the decision tree. The game depicted in Figure 2 has
twentyfour SPEs. One of the SPE is the schedule S =
{{M1M2M1M1M1} , {M1M1M2M2M2M1M2M1M1M1}},
where the i-th component is strategy Si of Ui. The strategy
Si consists of all actions for all subgames from top to
bottom, left to right that Ui plays. Studying the twentyfour
schedules, we note that user Ui may not assign her task to
the least loaded machine. This may be surprising, but it is a
consequence of subgame perfection: every user has beliefs
about every other user and these beliefs are always correct
(A chain of knowledge is created such that “Ui knows that
Uj knows” ∀i, j). Schedule S is an example where U2 does
not assign her first task to the least loaded machine. She
employs a strategy in which she assigns task T2,1 to the
machine that will process T1,1. Another observation of the
game is that all SPEs yield the optimal Cmax and therefore,
the price of anarchy is A© = 1. This property is specific
to games of identical tasks as later examples will show.
Due to the structure of SMTS games with identical tasks,
the system makespan and the makespan of the user who
assigned the last task are equal, i.e., Cmax = CUi

= Ci,k,
where Ti,k is the last task assigned in the game.

The next two examples illustrate the general case of tasks
with varying processing time requirements.

Example 2 The general games in which the tasks have dif-
ferent processing time requirements are usually character-
ized by a fewer number of SPEs. This is due to the smaller
number of instances in which the machines are equally
loaded. We consider the game depicted in Figure 3 consist-
ing of two machines, two users, and two tasks per user. The
tasks have processing times p1,1 = 2, p1,2 = 1, p2,1 = 5,
and p2,2 = 4. The game has eight SPEs, all of them yield-
ing a system makespan Cmax = 7. The optimal makespan
for this game is Cmax = 6 (Machine M1 processes tasks
T1,1 and T2,2; machine M2 processes T1,2 and T2,1); thus,
the price of anarchy is A© = 7/6.

Example 3 The final example is a game consisting of two
machines, two users, and three tasks per user. The process-
ing times are p1,1 = 11, p1,2 = 9, p1,3 = 7, p2,1 = 5,
p2,2 = 3, and p2,3 = 1. This game is large: it consists
of 511 decision nodes and 512 outcomes. This game has
only two SPEs. If task T2,1 is assigned to the least loaded
machine, U1 assigns her task T1,2 to the machine which is
processing T1,1. This machine at this point in time has six
more units of load when compared against the least loaded
machine. The SPEs result in a makespan of Cmax = 20;
the optimum is C∗

max = 18 (M1 processes tasks T1,1 and
T1,3; the remaining tasks are processed on M2). The price
of anarchy is A© = 10/9.

4. Results

In this section we formalize the properties of SMTS. We
first consider SMTS with tasks having identical process-
ing requirements, i.e., pi,k = p ∀i, k. In these games, all
users assigning their tasks to the least loaded machines yield
schedules that are SPEs. We call this strategy SMTS-LS
(Selfish Multi-User Task Scheduling - List Scheduling).

Definition 14 (SMTS-LS) User Ui employs the SMTS-
LS scheduling strategy if she assigns every task Ti,k ∈ Ti

to the least loaded machine.

The load structure of the machines is well defined when
all users employ SMTS-LS: users assign their tasks to ma-
chines with available start times of s before assigning them
to machines with start times s + p.

Theorem 1 (SMTS-LS Strategy Yields SPE) The schedule
S is a SPE when all users employ the SMTS-LS strategy.

Proof: Let schedule S = {S1, . . . , Su} be composed
of SMTS-LS strategies Si. The start time of task Ti,k is
si,k in schedule S. Denote by R = {Ri, S−i} the schedule
with user Ui employing strategy Ri and user Uj employing
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Figure 2. SMTS game with two machines and two users, each user has two tasks. The tasks pro-
cessing time requirements are p1,1 = p1,2 = p2,1 = p2,2 = p.
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Figure 3. SMTS game with two machines and two users, each user has two tasks. The processing
time requirements are p1,1 = 2, p1,2 = 1, p2,1 = 5, and p2,2 = 4.

the SMTS-LS strategy Sj . If task Ti,k is not assigned to
the least loaded machine, its start time must increase by at
least p, i.e., ri,k ≥ si,k + p. For a task Ti,u that started
before ri,k in schedule S, its start time can be earlier due
to the time slot that Ti,k vacated, i.e., ri,u ≤ si,u. For
tasks Ti,v that started on or after ri,k in schedule S, its start
can be delayed due to the slot now occupied by Ti,k, i.e.,
ri,v ≥ si,v . To show that S is a subgame perfect equilib-
rium, we must show, for every user Ui and every history
h where P (h) = Ui, ui(Oh(S)) ≥ ui(Oh(R)) for every
strategy Ri of Ui. Let tasks Ti,u, Ti,k, and Ti,v be assigned
after history h. If CUi

(R) �= Ci,u(R), CUi
(R) �= Ci,k(R),

and CUi
(R) �= Ci,v , then there exists a task Ti,w in h such

that CUi
(R) = Ci,w(R) and thus, CUi

(R) = CUi
(S).

By definition, the case CUi
(R) = Ci,u cannot occur. If

CUi
(R) = Ci,v(R), then CUi

(R) ≥ CUi
(S) as the start

of task Ti,v may be delayed. If CUi
(R) = Ci,k(R), then

CUi
(R) ≥ CUi

(S) as ri,k ≥ si,k + p. It is CUi
(R) ≥

CUi
(S) and not Ui(R) > CUi

(S), returning Ti,k to the least
loaded machines may increase the start time of tasks Ti,u.

The next property we investigate is the social welfare.
All SPEs, even those that do not originate from SMTS-

LS, will yield a system makespan equal to the optimal
makespan, i.e., C∗

max = Cmax(S∗) ∀S∗ that are SPE.

Theorem 2 (SPE Outcomes are Optimal) All SPEs of
games with tasks requiring equal processing times yield op-
timal Cmax.

Proof: We base our proof on the fact that in optimally
loaded systems, Cmax and the makespans of the least loaded
machines differ by at most p units of time. We prove this
theorem by contradiction. We assume that schedule S is a
SPE that it does not yield an optimal Cmax(S). In optimally
loaded systems, Cmax and the makespans of the least loaded
machines differ by at most p units of time. Thus, from our
assumption, Cmax(S) and the makespan of the least loaded
machine differ by more than p. Let task Ti,k be such that
Ci,k(S) = Cmax(S). User Ui can unilaterally increase her
welfare by transferring the task to the least loaded machine.
Thus, S is not a SPE. Since all SPEs have an optimal load
structure, they are optima.

With the knowledge of the system makespan, we com-
pute the price of anarchy.

Theorem 3 (Price of Anarchy) All SPEs of SMTS games



with tasks requiring identical processing times yield a price
of anarchy of 1 ( A© = 1).

Proof: This property follows directly from Theorem 2.
All SPEs yield an optimal system makespan C∗

max. There-
fore, A© = C∗

max/C∗
max = 1.

We now consider the general problem of users assign-
ing tasks that have non-identical processing time require-
ments (This is referred to as non-identical size tasks). This
problem is much more complex and difficult to analyze. A
universal strategy such as SMTS-LS can fail to produce a
schedule that is a SPE for these types of games.

Theorem 4 (SMTS-LS and Non-Identical Size Tasks) The
SMTS-LS strategy does not guarantee a schedule that is a
SPE for the SMTS problem with non-identical sized tasks.

Proof: SMTS-LS fails to produce a SPE in the game
of Example 3. In each of the SPEs, user U1 assigns T1,2 to
the machine executing T1,1, which is not the least loaded
machine.

Games with non-identical tasks have greater freedom of
task assignments. Users have opportunities to decrease their
makespan which is not possible when employing a univer-
sal strategy such as SMTS-LS. These opportunities arise as
the users are essentially exploring the solution space using
backward induction which requires exponential time to run.

Even though a universal strategy does not exist for these
games, we can still give an upper bound on the price of
anarchy.

Theorem 5 (Price of Anarchy for Non-Identical Size
Tasks) The upper bound on the price of anarchy for SMTS
games with non-identical size tasks is 2.

Proof: Let C∗
max be the optimal makespan of a spe-

cific game. Let S be a SPE for the game with the prop-
erty Ci,k(S) = Cmax(S). The schedule S cannot yield
a makespan twice the optimum, i.e., Cmax(S) ≤ 2C∗

max.
The most time all machines can be busy is Cpmtn =
1
m

∑
pj,l∀j, l, which is the makespan obtained when us-

ing preemptive (pmtn) scheduling. Additionally, it is
known that Cpmtn ≤ C∗

max(S) and pi,k ≤ C∗
max. If

Ci,k(S) > 2C∗
max, there must be a least loaded machine

with its makespan less than C∗
max. Assigning Ti,k to this

machine will increase the welfare of user Ui and thus, S is
not a SPE. Therefore, Cmax(S) ≤ 2C∗

max and the price of
anarchy is A© ≤ 2C∗

max/C∗
max = 2.

5. Conclusions

In this paper we proposed and formulated the Selfish
Multi-User Task Scheduling (SMTS) problem. SMTS con-
sists of u selfish users sharing a distributed system of m par-
allel machines. The objective of a user is to minimize the

completion time of her task set. We formulate this problem
as a non-cooperative, extensive form game played among
the users. The game is divided into turns; during a turn a
user assigns one of her tasks to a machine. We examined
the subgame perfect equilibria and then formalized their
properties. For the special case of games with tasks having
identical processing time requirements, we defined a strat-
egy called SMTS-LS in which users always make assign-
ments to the least loaded machine. When all users employ
the SMTS-LS strategy, the resulting schedule is a subgame
perfect equilibrium.

We have noticed that the payoffs of SMTS-LS sched-
ules in general games are similar to the payoffs of the SPEs.
For future work we are planning to investigate the perfect
ε-Nash equilibrium solution for SMTS games. A schedule
is a perfect ε-Nash equilibria if, for every user Ui and for
every history h where P (h) = Ui, ui(Oh({S})) + ε ≥
ui(Oh({Ri, S−i})), for every strategy Ri of Ui, for a given
ε, where {Ri, S−i} is a schedule with user Ui employing
strategy Ri and Uj employing strategy Sj ; Oh(S) is the
terminal history with subhistory h induced by the sched-
ule S; and ui(q) is the payoff of Ui at the terminal history
q. We believe that this concept will allow us to find deter-
ministic scheduling strategies for solving the general SMTS
problem.
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