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Abstract—We propose a parallel algorithm for finding Nash
equilibria in n-player noncooperative games. The algorithm is
based on enumerating the supports of mixed strategies in par-
allel and solving for each support the corresponding multilinear
equations giving the candidate equilibria. We implemented the
proposed algorithm using MPI on a cluster of computers. We
performed extensive experiments on random games to show
the performance of the parallel algorithm.
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I. INTRODUCTION

Game theory is widely used to model the interactions
between rational agents and has profound importance in
economics. It has also impacted other fields such as biology,
political sciences, philosophy, and more recently, computer
science. Applications of game theory to computer science
can be found in networking, electronic commerce, multia-
gent systems, sponsored search advertisements, and resource
allocation [1].

The strategic behavior of rational, profit maximizing,
agents in a noncooperative game is predicted to be a Nash
equilibrium, a situation where no player can do any better
by unilaterally changing her strategy. Nash proved that this
equilibrium concept exists for any game with a finite number
of players each having a finite number of strategies [2]. In
practice, it is very important to be able to compute Nash
equilibria since they represent predictions of the outcome
of the interactions among the strategic agents. The problem
of computing the Nash equilibria has deep implications in
theoretical computer science as it is considered to be the
“most important concrete open question at the boundary of
P today” [3].

Computing Nash equilibria in small games using sequen-
tial algorithms is trivial due to the small problem size. Typi-
cally these games consists of two players and only a handful
of actions for each player. Real-life situations can rarely be
modeled using small size games. These real-life situations
require the use of games with many players and many
actions, making finding the Nash equilibria quite difficult.
In the worst case, current algorithms cannot guarantee better
than exponential time to find even one Nash equilibrium [1].
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Most algorithms for finding Nash equilibria focus on two-
player games, or only on finding one equilibrium point, and
have been studied extensively [4], [5], [6]. Our previous
work has shown that some of the algorithms for finding equi-
libria in two-player games have good parallel solutions [7].
In this paper, however, we focus on finding all Nash equilib-
ria of a game with an arbitrary number of players. The most
notable algorithm for computing a sample Nash equilibrium
in games with more than two players is the Govindan-Wilson
algorithm [8]. It works by perturbing the input game into one
that has a known equilibrium, and then it works backwards
from the perturbed game to the original by reversing the
perturbations. Another algorithm for finding a sample Nash
equilibrium is based on simplicial subdivision [9], which
approximates a fixed point of the best response function
defined on a product of simplices. Simple search algorithms
for finding a sample Nash equilibrium have been proposed
in [4]. Datta [10] investigated different methods used to solve
the polynomial equations characterizing the Nash equilibria
in nm-player games, showing that polyhedral continuation
method is the most promising candidate.

The de facto standard software tool for finding Nash
equilibria and analyzing games is Gambit [11]. Gam-
bit implements a number of algorithms, including the
Govindan-Wilson algorithm. Another software package, Ga-
meTracer [12], implements the Govindan-Wilson algorithm
for solving n-player games. Due to the complexity of real-
life games, they cannot be solved using either of these
tools in a reasonable amount time. Short of designing new
algorithms to compute Nash equilibria, a way of solving
large scale games in a reasonable amount of time is to exploit
the inherent parallelism in equilibria computation. No known
software tools take advantage of this parallelism in finding
Nash equilibria.

A. Our contributions

In this paper, we propose a parallel totally mixed Nash
equilibria enumeration algorithm for n-player games. In
order to solve the system of multilinear equations charac-
terizing each potential totally mixed Nash equilibrium we
use PHCpack [13], a solver for polynomial systems. The



parallel algorithm is implemented using MPI [14]. We test
our implementation with a series of experiments on a grid
system and analyze the performance of our algorithm.

B. Organization

The paper is structured as follows. In Section II, we
present the basic concepts of n-player games and equilibria.
In Section III, we describe the sequential totally mixed
enumeration algorithm for computing Nash equilibria in
n-player games. In Section IV, we present the design of
our parallel algorithm. In Section V, we investigate the
performance of our parallel algorithm. In Section VI, we
draw conclusions and present some ideas for future work.

II. N-PLAYER GAMES AND EQUILIBRIA

A strategic noncooperative game models the interactions
among multiple decision-makers. This type of game is
defined as follows.

Definition 1. A noncooperative game 1" consists of:
(i) a set of n players, N = {1,...,n}.
(1) for each player i, a finite set of actions, or pure
strategies, S; = {si1, Si2s - - ., Sik, }, where k; = |S;|.
(iii) for each player i, a payoff function U; : S — R,
where S = 51 X Sy X ... xS,

In a strategic game of complete information the players
know the structure of the game and choose their strategies
simultaneously. Player ¢’s payoff function characterizes her
preferences over the set of strategy profiles s € S. In several
games the payoff function is given in the form of a matrix
of real values. One type of payoff matrix representation is
shown in the following example.

Example 1. As an example we consider a normal form game
with three players and two actions per player. The payoffs
are given by the following matrix.

9 4 6 3 1 7 2 8
X=1|15 2 4 3 8 2 9
71 7 2 6 3 5 1

In this game representation each player’s payoff values are
given in a particular row, that is player 1’s payoffs are
given in the first row, player 2’s payoffs in the second row,
and so on. Each column of this matrix corresponds to a
strategy profile. The first column corresponds to the strategy
profile (s11, s21, s31), composed of the first strategies of the
three players. The second column corresponds to strategy
profile (s11, 821, 832), which is player 1 choosing her first
strategy, player 2 choosing her first strategy, and player
three choosing her second strategy. The last column corre-
sponds to strategy profile (s12, S22, S32), which is all players
choosing their second strategies. In the case of strategy
profile (s11,S21,S32), the payoffs to the three players are
X(l, (511, 591, 832)) = 4, X(Q, (811, S921, 832)) = 5, and
X (3,(s11,821,832)) = 1. In this notation, the first index

represents the player number, while the second represents
the strategy profile.

In order to simplify the description, in the rest of the paper
we use the following notation. For a strategy profile s € S
we denote by s; € S; the strategy played by player ¢, and
by s_; the strategies played by the other players. We denote
the payoff of player i obtained at strategy profile s € .S by
Ul(S)

The Nash equilibrium is the most widely used solution
concept for noncooperative games. It is defined as follows.

Definition 2. A Nash equilibrium for a game T is a strategy
profile s = (s1,...,8,), with the property that for every
player i, and for all s} € S;, we have,

Ui(si,s—i) > Ui(s;,5-4)

In other words, at the Nash equilibrium no player can
improve upon her payoff by changing her own strategy given
that all other players play their equilibrium strategies.

A mixed strategy of player ¢, denoted by o;, is a probabil-
ity distribution over player ¢’s pure strategies S;, i.e., o; =
(0i1, ..., 0, ) Where o;; is the probability of choosing pure
strategy s;;. For each player i, o;; must satisfy 0 < 05 < 1
for each pure strategy s;; € Sj, and 3.y g0 =1 A
mixed strategy profile for the game is then o = (071, ...,0p,).
The mixed strategy profile of the players other than ¢
is denoted by o_; = (0'17 ey 05-1,0441, .- ,O’iki). We
denote by 3; the set of mixed strategies of player ¢ and
by X the set of mixed strategy profiles. Since now we are
dealing with mixed strategies, the preference of the players
is characterized by expected payoffs. We denote the expected
payoff of player i by U; (o).

Definition 3. A mixed strategy Nash equilibrium for a game
T is a mixed strategy profile o = (o1,...,0,), with the
property that for every player i, and for all o) € ¥;, we
have,

Ui(O'Z‘, O',i) 2 Ui(J£7J,i)

Similar to the definition of Nash equilibrium in pure
strategies, this states that keeping all other player’s mixed
strategies fixed, a player does not have incentives to deviate
from his or her own mixed strategy. Nash [15] proved that
any game with a finite set of players each having a finite
set of pure strategies has a mixed Nash equilibrium. Finding
mixed strategies that are best responses to each other reduces
to solving a linear complementarity problem [16].

Definition 4. A Nash equilibrium o = (01,...,0y,) is called
totally mixed if for each player i, every pure strategy s;;,
Jj€{1,...,k;} occurs with positive probability in o;.

A totally mixed Nash equilibrium occurs when for each
player i, keeping the mixed strategy profiles for all other
players, o_;, fixed, the payoffs from player ’s pure strate-
gies are equal. This satisfies Definition 3, that is, player 7



cannot improve upon his or her own payoff by any unilateral
change in strategy. If the payoffs of one or more pure
strategies are higher than others, the player may choose
to set the probability of playing pure strategies with lesser
payoffs to zero in order to maximize her expected payoff
for the game, thus, conflicting with the Nash equilibrium
conditions. This suggests a procedure for computing Nash
equilibria which is presented in the next section.

III. SEQUENTIAL ALGORITHM

The Nash equilibria of an n-player game can be com-
puted by enumerating all possible totally mixed strategy
profiles and checking if a Nash equilibrium exists. Thus,
the algorithm must generate all possible combinations of
pure strategies for each player and generate all possible
combinations of these combinations to represent totally
mixed strategy profiles. We denote by p;; the expected
payoff of player ¢ when she plays strategy s;; € S; and the
other players play according to the mixed strategy profile
o_;. This payoff can then be calculated from the following
multilinear form:

7.+1

= Uisig 0 Z ZZ Z

j1=1 Ji—1=1Ji41=1 Jn=1

Ui(Sljl,... Snjn) (l)

»S(i—1)j—1y2 514> S(+1) GGy -

Olj1 + -+ O(i—=1)ji—1) 9 (i+ 1)y * ** Iniin

A candidate solution for a Nash equilibrium is determined
by checking if the equilibrium conditions can be satisfied.
That is, for each player ¢, one could not improve upon his
or her own expected payoff by keeping the strategies of
the other players constant and deviating with his or her
own. For each player i one has to construct and solve
the following equations for each pure strategy s;; that has
positive probability in o;:

Pi1l = W;
Pi2 = W;
piz = w; ()
Pij = Wy

where w; is the expected payoff obtained by ¢. The above
system of multilinear equations says that the expected payoff
for player 7’s first pure strategy represented in o; must be
equal to the expected payoff of all her other pure strategies
represented in o;. By transitivity, this says that all of the
expected payoffs for pure strategies in o; are equal. If they
were not equal, player ¢ could drop the pure strategy that
broke the equality and improve upon his or her total expected
payoff.

For each player i we denote by support(c;) the support
of mixed strategy o; and by 3J; the set of completely mixed

strategies. Due to being multilinear, the set of equations may
have more than one solution. Each of these must be checked
for three conditions in order to determine if it represents a
Nash equilibrium. First, to satisfy the definition of a totally
mixed equilibrium, the probabilities in each solution must
sum to 1 and must be strictly positive. That is:

ki
> oy=1 3)
j=1

and
forall s;; € support(c;), o;; >0 4)

Next, the solutions of the system of multilinear equations
may be complex numbers. Because we limit ourselves to
real solutions we must determine whether the imaginary
coefficient ¢;; is non-zero for each player ¢ and each pure
strategy s;; represented in o, that is we check the following
condition:

forall s;; € support(c;), ti; =0 (5)

Finally, we must verify that the expected payoff for each
pure strategy represented in the totally mixed equilibrium
is maximal and equal to each other. For each player ¢ and
each pure strategy s;; represented in o; and pure strategies
s;; not represented in o; we check the following conditions:

forall s;; € support(o;), pi1 = pij (6)

forall s; € S;, and, s; ¢ support(o;), pix > pu (7)

Example 2. We consider the same three-player game with
two actions for each player presented in Example 1. There
is only one mixed strategy profile to test in this case. In
order to conform with the definition of mixed strategy Nash
equilibria we have to show that by keeping two player’s
strategies fixed, the third player does not have incentives to
change her own strategy. In other words, if the third player
can neither improve nor reduce her expected payoffs, the
Nash equilibrium conditions hold for that player’s mixed
strategy. Therefore, we need to show that the strategies a
player has, have indifferent, thus equal, expected payoff
values. For player 1, this can be accomplished by solving

01(811702903) = 01(812,02,03)
which is
P11 = P12

This reduces to solving,
2 2

Writing these equations for each player and replacing the
payoff values with the ones given by payoff matrix X we

1, (s11, 825, 538)) — X (1, (512, 825, S3x))) 0203 = 0



obtain the following system of equations.

9021031 + 6022031 + 1021032 + 2022032
— (4021031 + 3022031 + To21032 + 8022032) = 0
0111031 + 0125031 + 0113032 + 0128032
— (0112031 + 0124031 + 0112032 + 0129032) = 0
0110217 + 0120211 + 0110227 + 0120222
—(0'110'216 + 0'120'213 + 0110225 + 0'120'221) = O
Since 012 = 1 — 011,022 = 1 — 021, and 032 — 1—0’31, we

can reduce the number of unknowns to three, o1, o021 and
o031, and solve the system. We find two solutions,

1 3 4
01115, 02111, 031:?
and,
7 3 1
011=§7 021257 03125

Since each of the probabilities in the first solution are posi-
tive and less than 1, this strategy profile constitutes a totally
mixed Nash equilibrium. The second solution to the set of
multilinear equations does not satisfy the definition of a
mixed strategy, and therefore cannot be a Nash equilibrium.
Since there is only one solution we do not need to check
whether it offers the maximal payoff over each player’s pure
strategies.

The sequential algorithm for finding all Nash equilibria by
enumerating totally mixed equilibria is given in Algorithm 1.
Before the algorithm is executed, the data is loaded in the
payoff matrix X. Based on the game data, the values for
the number of players and number of actions for each player
are determined. The algorithm enumerates the possible com-
binations of pure strategies of any size for each mixed
strategy for all players. In line 2 we solve the system of
multilinear equations given in equation (2), for all players,
using PHCpack [13]. The Nash equilibrium conditions for
each player are checked in lines 3 to 27. The expected payoff
pij is calculated considering the solutions of the multilinear
system obtained in line 2. Line 10 checks if equations (4),
(5), and (6) are satisfied. In other words, for each support
of the mixed strategy it checks that the probability in the
support is non-zero and less than one, the probability’s
imaginary coefficient is zero, and the expected payoffs
for the pure strategies in the support are equal. Lines 13
through 16 determine whether the condition in equation (7)
holds; the expected payoffs for the pure strategies in the
support are equal to or greater than the expected payoffs
for all pure strategies not in the support for that player.
Lines 18 through 21 check if equation (3) holds, that is the
probabilities defining the mixed strategy sum to 1. Finally,
lines 24 through 26 say that if the Nash conditions have been
satisfied then print the details of the mixed Nash equilibrium
found.

Algorithm 1 Sequential Totally Mixed Enumeration
O—n)? g1 S Ei70-2 S

1: for all supports of 0 = (oq,...,
EQ,...,O’nEZn do

2. o+« PHC(X,o0) > solve the system in eq. (2)
3 forallie{l,...,n} do

4 forall j € {1,... %} do

5 compute p;; using eq. (1)

6: end for

7 psum «— 0

8 nash «— true

9: for all s;; € support(o;) do

10: if (Uij > 1) or (O’jj < O) or (Lij §£ 0) then
11: nash «— false

12: end if

13: for all s;; € S; — support(c;) do
14: if pil = Pij then

15: nash « false

16: end if

17: end for

18: PSUM «— psSum + o0y

19: end for

20: if psum # 1 then

21: nash < false

22: end if

23:  end for
24:  if nash is true then

25: print(o)
26:  end if
27: end for

The complexity of generating all the supports in the
sequential totally mixed enumeration algorithm for each
m-sized subset of pure strategies for each player is
O(m,(,fl_"im)!). Using Stirling’s approximation we can es-
timate this to O(k). If all of the players have the same
number of pure strategies, k, then the overall growth can be

estimated at O(nk**1).

Each combination of pure strategies generates a system of
multilinear equations which we solve using PHCpack [13].
PHCpack employs homotopy continuation to approximate
all solutions of a system of n equations with n unknowns.
It accomplishes this as follows. First, it exploits the algebraic
structure of the input system to count the number of roots
and to make a start system whose solution is very easy to
compute or already known. The number of roots is central to
homotopy continuation as it determines the number of paths
that must be explored to find unique solutions. It is also used
in validating numerical results. Then, the continuation meth-
ods use the start system as a model for finding the desired
solutions for the input system by iteratively perturbing the
system slightly towards the coefficients of the input.

Computing one solution to a multilinear system of equa-



tions is NP-Hard. An oracle can tell us which roots solve the
system and in polynomial time we can verify those results.
Harder is computing all solutions to a given input system.
There does not exist a polynomial algorithm to verify that
a set of solutions corresponds to correct results. As such,
complexity must be measured in terms of the number of
solutions of a given system, however this is only known
when the system is solved [17]. Thus, solving the system of
equations is #P-Hard [18].

IV. PARALLEL ALGORITHM

The sequential totally mixed enumeration algorithm ex-
hibits very good potential for parallelism because each to-
tally mixed strategy profiles can be processed independently.
Once a unique totally mixed strategy profile is enumerated,
the computation can be performed on an independent node
of a parallel machine. The cost of enumerating the mixed
equilibria is dwarfed by the cost of calling PHCpack and
performing the verification process to see if the Nash equi-
libria conditions are satisfied.

We consider a message-passing system consisting of P
processors. At the start of execution, each processor is
assigned a unique processor identification number, p;q €
{0...P}. To avoid any costly communication each pro-
cessor loads the payoff matrix into its own memory. Then,
each processor begins enumerating candidate totally mixed
profiles, but only processes a fraction of them based on
P. Using an internal counter that increments after each
enumeration, count, a processor only performs computations
on enumerations where count mod P = p;q. This way,
using a round robin distribution, each processor is assigned
a relatively equal number of totally mixed strategy profiles
to verify.

The parallel totally mixed enumeration algorithm is given
in Algorithm 2. The majority of the parallel algorithm is the
same as the sequential algorithm. The only differences can
be seen on line 1, where the counter is initialized, and lines
3 and 4, where the round robin check is made. All of the
Nash equilibrium criteria checks are the same, as well as
calling PHCpack to solve the system of equations.

Due to the complete lack of dependencies between tasks
or communication between processors we expect the algo-
rithm to achieve a speedup close to . Any communication,
waiting for an order of execution, or non-parallelizable
sections reduce a parallel algorithm’s overall parallel per-
formance. Of these items, the portion of the algorithm that
performs the enumeration remains sequential. However, it is
not expected that this will greatly impact the overall perfor-
mance. Our experimental results reflect these expectations.

V. EXPERIMENTAL RESULTS

We ran our experiments on two symmetric multiprocessor
machines each running 8 Intel Xeon cores at 2.5 GHz
and 8GB of DDR2 memory and a 1Gb/s Ethernet network

Algorithm 2 Parallel Totally Mixed Enumeration
1: count +— 0
2: for all supports of o = (o4, ...
Yoy, 0n €2y, do

,0n),01 € Yj,09 €

3 count < count + 1

4 if count mod P = p;; then

5 o — PHC(X,0) > solve the system in eq. (2)
6: for all i € {1,...,n} do

7: for all j € {1,...,k;} do

8 compute p;; using eq. (1)

9 end for

10: psum < 0

11: nash < true

12: for all s;; € support(o;) do

13: if (O’T;j > 1) or (O’ij < 0) or (Lij 7é O) then
14: nash < false

15: end if

16: for all s;; € S; — support(o;) do
17: if p;; > Pij then

18: nash «— false

19: end if
20: end for
21: psum «— psum + 0;;
22: end for
23: if psum # 1 then
24: nash < false
25: end if
26: end for
27: if nash is true then
28: print(o)
29: end if
30.  end if
31: end for

link between them. As a programming platform we used
MPICH [14], a portable implementation of the Message-
Passing Interface standard.

The test games were generated using GAMUT [19], a de
facto standard utility for generating games. GAMUT does
not provide many types of games that support more than two
players. We chose to test with randomly generated games
due to their flexibility. In our tests each player has the same
number of pure strategies as every other player, however
the algorithm does support an arbitrary number of pure
strategies for each player. For simplicity we chose games
with integer payoff values. The GAMUT command line
arguments used to create the games were: -g RandomGame
-int_payoffs -players n -actions k, where n = 2,...,7 is the
number of players, and £ = 2,...,7 is the number of pure
strategies for each player. The combinations of players and
pure strategies were constrained by the maximum number of
totally mixed equilibria supported by an n-k game [20]. Due
to this constraint we were unable to test games with seven
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Figure 1. Execution time vs. number of players and actions

players and more than two pure strategies; the figures show
results from these games as only a set of points without
lines. Three games were generated for each combination of
players and pure strategies and the results were averaged.

The execution time for each game grows exponentially
with both the number of players and the number of strate-
gies, as previously predicted. Figure 1 shows that the execu-
tion time when using only one processor increases sharply
for small games taking seconds to solve to games that take
hours to solve. As an example, we can observe the growth
from a game with 4 players and 4 actions which took
on average 898.022 seconds to complete, to a game with
4 players and 5 actions requiring 33651.328 seconds. We
can see similar growth by keeping the number of actions
constant and increasing the number of players. A game
with 5 players and 4 actions took on average 25744.177
seconds to complete on a system with only one processor.
The growth in the execution time is also due to the process
used to solve the multilinear system of equations. The game
with 6 players and 2 pure strategies took 395.371 seconds
to complete, however the game with 7 players and 2 pure
strategies took 2368.777 seconds. Both of these games have
only one system to solve.

Utilizing multiple processors we saw a dramatic decrease
in the amount of time it took to solve a game in almost
all cases. Games that took hours to complete using the
sequential algorithm may only take minutes using the par-
allel algorithm due to the ease of parallelization, a minimal
amount of non-parallelizable regions, and no task depen-
dencies between processors. The exception to this finding is
when a game has two pure strategies for each player. In that
case there is only one combination of mixed strategies in the
game, and therefore only one processor does the work. In
that case the sequential algorithm is faster than the parallel
algorithm due to the small overhead incurred in setting up

H
Speedup (Tg/ Tp) 8
8

6

[SEN SYAENG J- 3N

Actions (k)

Players (n)

Figure 2. Speedup vs. number of players and actions

the message passing communication links. In all other cases,
the parallel algorithm is much faster.

In Figure 2, we compute the speedup of the parallel algo-
rithm versus the sequential algorithm for games of varying
size. Speedup S is defined as the ratio of the serial execution
time 7 and the parallel execution time 7}, S = % An
ideal speedup is obtained when this ratio is equal to the
number of processors used to execute the parallel algorithm.
We can see that the speedup quickly rises to the number
of processors used in the parallel execution tests. Again the
exception is when there are only two pure strategies for each
player and only one processor is being used throughout the
entire execution of those particular games. In a more typical
case, such as 3 players and 6 pure strategies, we can see the
average speedup to be 1.936 when using 2 processors, which
is very close to 2. We can see that when using 16 processors
on the same game we have an average speedup of 15.381.
For nearly any game we can expect that the speedup is going
to be close to the number of processors used in the parallel
machine when using this algorithm.

Figure 3 shows how efficiently the processors are used.
Efficiency, F, is the ratio of the speedup and the number
of processors used, £ = % An ideal efficiency is 1, saying
that the sequential algorithm was parallelized efficiently over
all the processors. Since some portions of any algorithm are
inherently sequential the objective is to obtain an efficiency
as close to 1 as possible. We see in Figure 3 that except for
the case of two pure strategies for each player the efficiency
is close to 1. For all games that we tested the efficiency was
over 95% if each player had 3 or more pure strategies. This
tells us that the overhead for generating the combinations
of pure strategies for each totally mixed equilibrium is
small. Also, the distribution technique to guarantee that each
processor has a similar amount of workload as any other
induces very low overhead. Thus, we expect good efficiency
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Figure 3. Efficiency vs. number of players and actions

when both larger games and larger parallel machines are
considered.

VI. CONCLUSION (10]

We designed, implemented, and tested a parallel algo-
rithm for finding all Nash equilibria in an n-player game

through enumerating the set of all possible supports of

[11]

mixed strategies. The performance of the algorithm was
analyzed for games of different combinations of players and

pure strategies for each player. The analysis shows that the

[12]

algorithm scales very well and could potentially be used for

much larger games and on much larger systems than the

[13]

current testbed used in our experiments.
Future work includes creating a portable parallel software
package for finding Nash equilibria including this algorithm

and others. Further improvements can be made to allow

[14]

near-optimal allocations of work in parallel machines with

heterogeneous nodes.

This research was supported in part by NSF grant DGE-

[15]
ACKNOWLEDGMENT
[16]

0654014.

REFERENCES
[17]

[1] N. Nisan, T. Roughgarden, E. Tardos, and V. Vazirani, Al-
gorithmic Game Theory. New York: Cambridge University

(2]

(3]

(4]

Press, 2007.

J.

(18]

F. Nash, “Equilibrium points in n-person games,” Proc.

Nat’l Academy of Sciences of the United States of Am.,

vol. 36, no. 1, pp. 4849, January 1950.

C.

[19]

Papadimitriou, “Algorithms, Games and the Internet,” in

Proceedings of the ACM Symposium on Theory of Computing,
July 2001, pp. 749-753.

R. Porter, E. Nudelman, and Y. Shoham, “Simple Search
Methods for Finding a Nash Equilibrium,” in Proc. of the 19th

[20]

National Conference on Artificial Intelligence, July 2004, pp.
664-669.

T. Sandholm, A. Gilpin, and V. Conitzer, “Mixed-Integer Pro-
gramming Methods for Finding Nash Equilibria,” in Proceed-
ings of the 20th National Conference on Artificial Intelligence,
July 2005, pp. 495-501.

R. Savani and B. von Stengel, “Hard-to-Solve Bimatrix
Games,” Econometrica, vol. 74, no. 2, pp. 397-429, 2006.

J. Widger and D. Grosu, “Computing Equilibria in Bimatrix
Games by Parallel Support Enumeration,” in Proc. of the
7th International Symposium on Parallel and Distributed
Computing. 1EEE Computer Society Press, July 2008, pp.
250-256.

S. Govindan and R. Wilson, “A Global Newton Method to
Compute Nash Equilibria,” Journal of Economic Theory, vol.
110, pp. 65-86, 2003.

G. van der Laan, A. J. J. Talman, and L. van der Heyden,
“Simplicial Variable Dimension Algorithms for Solving the
Nonlinear Complementarity Problem on a Product of Unit
Simplices using a General Labelling,” Mathematics of Oper-
ations Research, vol. 12, no. 3, pp. 377-397, 1987.

R. S. Datta, “Using Computer Algebra to Find Nash Equi-
libria,” in Proc. of the International Symposium on Symbolic
and Algebraic Computation, August 2003, pp. 74-79.

R. D. McKelvey, A. McLennan, and T. Turocy, “Gambit: Soft-
ware tools for game theory, Version 0.2007.01.30,” Available
at http://gambit.sourceforge.net, 2007.

B. Blum, D. Koller, and C. Shelton, “Game theory: Game-
tracer,” http://dags.stanford.edu/Games/gametracer.html.

J. Vershelde, “PHCpack: a general-purpose solver for poly-
nomial systems by homotopy continuation,” Available at
http://www.math.uic.edu/ jan/PHCpack/phcpack.html, 1999.

“MPICH - A Portable Implementation of MPL” http://www-
unix.mcs.anl.gov/mpi/mpichl/.

J. F. Nash, “Non-cooperative games,” Annals of Math.,
vol. 54, no. 2, pp. 286-295, 1951.

R. Cottle, J.-S. Pang, and R. E. Stone, The Linear Comple-
mentarity Problem. San Diego, California: Academic Press,
1992.

L. Blum, F. Cucker, M. Shub, and S. Smale, Complexity and
Real Computation. Springer-Verlag, 1997.

M. Garey and D. S. Johnson, Computers and Intractability:
A Guide to the Theory of NP-Completeness. W.H. Freeman
and Company, 1979.

E. Nudelman, J. Wortman, Y. Shoham, and K. Leyton-Brown,
“Run the GAMUT: A Comprehensive Approach to Evaluating
Game-Theoretic Algorithms,” in Proc. of 3rd International
Joint Conference on Autonomous Agents and Multiagent
Systems, August 2004, pp. 880-887.

R. D. McKelvey and A. McLennan, “The maximal number of
regular totally mixed nash equilibria,” Journal of Economic
Theory, vol. 72, pp. 411-425, 1997.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AbadiMT-CondensedLight
    /ACaslon-Italic
    /ACaslon-Regular
    /ACaslon-Semibold
    /ACaslon-SemiboldItalic
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /AGaramond-Bold
    /AGaramond-BoldItalic
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /AgencyFB-Bold
    /AgencyFB-Reg
    /AGOldFace-Outline
    /AharoniBold
    /Algerian
    /Americana
    /Americana-ExtraBold
    /AndaleMono
    /AndaleMonoIPA
    /AngsanaNew
    /AngsanaNew-Bold
    /AngsanaNew-BoldItalic
    /AngsanaNew-Italic
    /AngsanaUPC
    /AngsanaUPC-Bold
    /AngsanaUPC-BoldItalic
    /AngsanaUPC-Italic
    /Anna
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialMT-Black
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /ArrusBT-Bold
    /ArrusBT-BoldItalic
    /ArrusBT-Italic
    /ArrusBT-Roman
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /BakerSignet
    /BankGothicBT-Medium
    /Barmeno-Bold
    /Barmeno-ExtraBold
    /Barmeno-Medium
    /Barmeno-Regular
    /Baskerville
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-BoldItalic
    /Baskerville-Italic
    /BaskOldFace
    /Batang
    /BatangChe
    /Bauhaus93
    /Bellevue
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlingAntiqua-Bold
    /BerlingAntiqua-BoldItalic
    /BerlingAntiqua-Italic
    /BerlingAntiqua-Roman
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BiffoMT
    /BinnerD
    /BinnerGothic
    /BlackadderITC-Regular
    /Blackoak
    /Bodoni
    /Bodoni-Bold
    /Bodoni-BoldItalic
    /Bodoni-Italic
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /Bodoni-Poster
    /Bodoni-PosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolSeven
    /BookshelfSymbolThree-Regular
    /BookshelfSymbolTwo-Regular
    /Botanical
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /BradleyHandITC
    /Braggadocio
    /BritannicBold
    /Broadway
    /BrowalliaNew
    /BrowalliaNew-Bold
    /BrowalliaNew-BoldItalic
    /BrowalliaNew-Italic
    /BrowalliaUPC
    /BrowalliaUPC-Bold
    /BrowalliaUPC-BoldItalic
    /BrowalliaUPC-Italic
    /BrushScript
    /BrushScriptMT
    /CaflischScript-Bold
    /CaflischScript-Regular
    /Calibri
    /Calibri-Bold
    /Calibri-BoldItalic
    /Calibri-Italic
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Cambria
    /Cambria-Bold
    /Cambria-BoldItalic
    /Cambria-Italic
    /CambriaMath
    /Candara
    /Candara-Bold
    /Candara-BoldItalic
    /Candara-Italic
    /Carta
    /CaslonOpenfaceBT-Regular
    /Castellar
    /CastellarMT
    /Centaur
    /Centaur-Italic
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /CGTimes-Bold
    /CGTimes-BoldItalic
    /CGTimes-Italic
    /CGTimes-Regular
    /CharterBT-Bold
    /CharterBT-BoldItalic
    /CharterBT-Italic
    /CharterBT-Roman
    /CheltenhamITCbyBT-Bold
    /CheltenhamITCbyBT-BoldItalic
    /CheltenhamITCbyBT-Book
    /CheltenhamITCbyBT-BookItalic
    /Chiller-Regular
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ColonnaMT
    /Colossalis-Bold
    /ComicSansMS
    /ComicSansMS-Bold
    /Consolas
    /Consolas-Bold
    /Consolas-BoldItalic
    /Consolas-Italic
    /Constantia
    /Constantia-Bold
    /Constantia-BoldItalic
    /Constantia-Italic
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /Copperplate-ThirtyThreeBC
    /Corbel
    /Corbel-Bold
    /Corbel-BoldItalic
    /Corbel-Italic
    /CordiaNew
    /CordiaNew-Bold
    /CordiaNew-BoldItalic
    /CordiaNew-Italic
    /CordiaUPC
    /CordiaUPC-Bold
    /CordiaUPC-BoldItalic
    /CordiaUPC-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /CourierX-Bold
    /CourierX-BoldOblique
    /CourierX-Oblique
    /CourierX-Regular
    /CreepyRegular
    /CurlzMT
    /David-Bold
    /David-Reg
    /DavidTransparent
    /Desdemona
    /DilleniaUPC
    /DilleniaUPCBold
    /DilleniaUPCBoldItalic
    /DilleniaUPCItalic
    /Dingbats
    /DomCasual
    /Dotum
    /DotumChe
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversGothicBT-Regular
    /EngraversMT
    /EraserDust
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /ErieBlackPSMT
    /ErieLightPSMT
    /EriePSMT
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /EucrosiaUPC
    /EucrosiaUPCBold
    /EucrosiaUPCBoldItalic
    /EucrosiaUPCItalic
    /EUEX10
    /EUEX7
    /EUEX8
    /EUEX9
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EuroSig
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /FelixTitlingMT
    /Fences
    /FencesPlain
    /FigaroMT
    /FixedMiriamTransparent
    /FootlightMTLight
    /Formata-Italic
    /Formata-Medium
    /Formata-MediumItalic
    /Formata-Regular
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothicITCbyBT-Book
    /FranklinGothicITCbyBT-BookItal
    /FranklinGothicITCbyBT-Demi
    /FranklinGothicITCbyBT-DemiItal
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FrankRuehl
    /FreesiaUPC
    /FreesiaUPCBold
    /FreesiaUPCBoldItalic
    /FreesiaUPCItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Frutiger-Black
    /Frutiger-BlackCn
    /Frutiger-BlackItalic
    /Frutiger-Bold
    /Frutiger-BoldCn
    /Frutiger-BoldItalic
    /Frutiger-Cn
    /Frutiger-ExtraBlackCn
    /Frutiger-Italic
    /Frutiger-Light
    /Frutiger-LightCn
    /Frutiger-LightItalic
    /Frutiger-Roman
    /Frutiger-UltraBlack
    /Futura-Bold
    /Futura-BoldOblique
    /Futura-Book
    /Futura-BookOblique
    /FuturaBT-Bold
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-Medium
    /FuturaBT-MediumItalic
    /Futura-Light
    /Futura-LightOblique
    /GalliardITCbyBT-Bold
    /GalliardITCbyBT-BoldItalic
    /GalliardITCbyBT-Italic
    /GalliardITCbyBT-Roman
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BoldItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Gautami
    /GeometricSlab703BT-Light
    /GeometricSlab703BT-LightItalic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /GeorgiaRef
    /Giddyup
    /Giddyup-Thangs
    /Gigi-Regular
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /GillSans-Condensed
    /GillSans-CondensedBold
    /GillSans-Italic
    /GillSans-Light
    /GillSans-LightItalic
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GloucesterMT-ExtraCondensed
    /Gothic-Thirteen
    /GoudyOldStyleBT-Bold
    /GoudyOldStyleBT-BoldItalic
    /GoudyOldStyleBT-Italic
    /GoudyOldStyleBT-Roman
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /GoudyTextMT-LombardicCapitals
    /GSIDefaultSymbols
    /Gulim
    /GulimChe
    /Gungsuh
    /GungsuhChe
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /Helvetica
    /Helvetica-Black
    /Helvetica-BlackOblique
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Condensed
    /Helvetica-Condensed-Black
    /Helvetica-Condensed-BlackObl
    /Helvetica-Condensed-Bold
    /Helvetica-Condensed-BoldObl
    /Helvetica-Condensed-Light
    /Helvetica-Condensed-LightObl
    /Helvetica-Condensed-Oblique
    /Helvetica-Fraction
    /Helvetica-Narrow
    /Helvetica-Narrow-Bold
    /Helvetica-Narrow-BoldOblique
    /Helvetica-Narrow-Oblique
    /Helvetica-Oblique
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Humanist521BT-BoldCondensed
    /Humanist521BT-Light
    /Humanist521BT-LightItalic
    /Humanist521BT-RomanCondensed
    /Imago-ExtraBold
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /IrisUPC
    /IrisUPCBold
    /IrisUPCBoldItalic
    /IrisUPCItalic
    /Ironwood
    /ItcEras-Medium
    /ItcKabel-Bold
    /ItcKabel-Book
    /ItcKabel-Demi
    /ItcKabel-Medium
    /ItcKabel-Ultra
    /JasmineUPC
    /JasmineUPC-Bold
    /JasmineUPC-BoldItalic
    /JasmineUPC-Italic
    /JoannaMT
    /JoannaMT-Italic
    /Jokerman-Regular
    /JuiceITC-Regular
    /Kartika
    /Kaufmann
    /KaufmannBT-Bold
    /KaufmannBT-Regular
    /KidTYPEPaint
    /KinoMT
    /KodchiangUPC
    /KodchiangUPC-Bold
    /KodchiangUPC-BoldItalic
    /KodchiangUPC-Italic
    /KorinnaITCbyBT-Regular
    /KozGoProVI-Medium
    /KozMinProVI-Regular
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothic
    /LetterGothic-Bold
    /LetterGothic-BoldOblique
    /LetterGothic-BoldSlanted
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LetterGothic-Slanted
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LevenimMT
    /LevenimMTBold
    /LilyUPC
    /LilyUPCBold
    /LilyUPCBoldItalic
    /LilyUPCItalic
    /Lithos-Black
    /Lithos-Regular
    /LotusWPBox-Roman
    /LotusWPIcon-Roman
    /LotusWPIntA-Roman
    /LotusWPIntB-Roman
    /LotusWPType-Roman
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Lydian
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /Map-Symbols
    /MathA
    /MathB
    /MathC
    /Mathematica1
    /Mathematica1-Bold
    /Mathematica1Mono
    /Mathematica1Mono-Bold
    /Mathematica2
    /Mathematica2-Bold
    /Mathematica2Mono
    /Mathematica2Mono-Bold
    /Mathematica3
    /Mathematica3-Bold
    /Mathematica3Mono
    /Mathematica3Mono-Bold
    /Mathematica4
    /Mathematica4-Bold
    /Mathematica4Mono
    /Mathematica4Mono-Bold
    /Mathematica5
    /Mathematica5-Bold
    /Mathematica5Mono
    /Mathematica5Mono-Bold
    /Mathematica6
    /Mathematica6Bold
    /Mathematica6Mono
    /Mathematica6MonoBold
    /Mathematica7
    /Mathematica7Bold
    /Mathematica7Mono
    /Mathematica7MonoBold
    /MatisseITC-Regular
    /MaturaMTScriptCapitals
    /Mesquite
    /Mezz-Black
    /Mezz-Regular
    /MICR
    /MicrosoftSansSerif
    /MingLiU
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /Miriam
    /MiriamFixed
    /MiriamTransparent
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MonotypeSorts
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MS-Gothic
    /MSHei
    /MSLineDrawPSMT
    /MS-Mincho
    /MSOutlook
    /MS-PGothic
    /MS-PMincho
    /MSReference1
    /MSReference2
    /MSReferenceSansSerif
    /MSReferenceSansSerif-Bold
    /MSReferenceSansSerif-BoldItalic
    /MSReferenceSansSerif-Italic
    /MSReferenceSerif
    /MSReferenceSerif-Bold
    /MSReferenceSerif-BoldItalic
    /MSReferenceSerif-Italic
    /MSReferenceSpecialty
    /MSSong
    /MS-UIGothic
    /MT-Extra
    /MT-Symbol
    /MT-Symbol-Italic
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /Myriad-Roman
    /Narkisim
    /NewCenturySchlbk-Bold
    /NewCenturySchlbk-BoldItalic
    /NewCenturySchlbk-Italic
    /NewCenturySchlbk-Roman
    /NewMilleniumSchlbk-BoldItalicSH
    /NewsGothic
    /NewsGothic-Bold
    /NewsGothicBT-Bold
    /NewsGothicBT-BoldItalic
    /NewsGothicBT-Italic
    /NewsGothicBT-Roman
    /NewsGothic-Condensed
    /NewsGothic-Italic
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nimrod
    /Nimrod-Bold
    /Nimrod-BoldItalic
    /Nimrod-Italic
    /NSimSun
    /Nueva-BoldExtended
    /Nueva-BoldExtendedItalic
    /Nueva-Italic
    /Nueva-Roman
    /NuptialScript
    /OCRA
    /OCRA-Alternate
    /OCRAExtended
    /OCRB
    /OCRB-Alternate
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OldEnglishTextMT
    /Onyx
    /OnyxBT-Regular
    /OzHandicraftBT-Roman
    /PalaceScriptMT
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /PapyrusPlain
    /Papyrus-Regular
    /Parchment-Regular
    /Parisian
    /ParkAvenue
    /Penumbra-SemiboldFlare
    /Penumbra-SemiboldSans
    /Penumbra-SemiboldSerif
    /PepitaMT
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /PhotinaCasualBlack
    /Playbill
    /PMingLiU
    /Poetica-SuppOrnaments
    /PoorRichard-Regular
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /PrestigeElite
    /Pristina-Regular
    /PTBarnumBT-Regular
    /Raavi
    /RageItalic
    /Ravie
    /RefSpecialty
    /Ribbon131BT-Bold
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /Rockwell-Light
    /Rockwell-LightItalic
    /Rod
    /RodTransparent
    /RunicMT-Condensed
    /Sanvito-Light
    /Sanvito-Roman
    /ScriptC
    /ScriptMTBold
    /SegoeUI
    /SegoeUI-Bold
    /SegoeUI-BoldItalic
    /SegoeUI-Italic
    /Serpentine-BoldOblique
    /ShelleyVolanteBT-Regular
    /ShowcardGothic-Reg
    /Shruti
    /SimHei
    /SimSun
    /SnapITC-Regular
    /StandardSymL
    /Stencil
    /StoneSans
    /StoneSans-Bold
    /StoneSans-BoldItalic
    /StoneSans-Italic
    /StoneSans-Semibold
    /StoneSans-SemiboldItalic
    /Stop
    /Swiss721BT-BlackExtended
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Tci1
    /Tci1Bold
    /Tci1BoldItalic
    /Tci1Italic
    /Tci2
    /Tci2Bold
    /Tci2BoldItalic
    /Tci2Italic
    /Tci3
    /Tci3Bold
    /Tci3BoldItalic
    /Tci3Italic
    /Tci4
    /Tci4Bold
    /Tci4BoldItalic
    /Tci4Italic
    /TechnicalItalic
    /TechnicalPlain
    /Tekton
    /Tekton-Bold
    /TektonMM
    /Tempo-HeavyCondensed
    /Tempo-HeavyCondensedItalic
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldItalicOsF
    /Times-BoldSC
    /Times-ExtraBold
    /Times-Italic
    /Times-ItalicOsF
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Times-RomanSC
    /Trajan-Bold
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-CondensedMedium
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Univers-Bold
    /Univers-BoldItalic
    /UniversCondensed-Bold
    /UniversCondensed-BoldItalic
    /UniversCondensed-Medium
    /UniversCondensed-MediumItalic
    /Univers-Medium
    /Univers-MediumItalic
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /USPSBarCode
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VerdanaRef
    /VinerHandITC
    /Viva-BoldExtraExtended
    /Vivaldii
    /Viva-LightCondensed
    /Viva-Regular
    /VladimirScript
    /Vrinda
    /Webdings
    /Westminster
    /Willow
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /WoodtypeOrnaments-Two
    /WP-ArabicScriptSihafa
    /WP-ArabicSihafa
    /WP-BoxDrawing
    /WP-CyrillicA
    /WP-CyrillicB
    /WP-GreekCentury
    /WP-GreekCourier
    /WP-GreekHelve
    /WP-HebrewDavid
    /WP-IconicSymbolsA
    /WP-IconicSymbolsB
    /WP-Japanese
    /WP-MathA
    /WP-MathB
    /WP-MathExtendedA
    /WP-MathExtendedB
    /WP-MultinationalAHelve
    /WP-MultinationalARoman
    /WP-MultinationalBCourier
    /WP-MultinationalBHelve
    /WP-MultinationalBRoman
    /WP-MultinationalCourier
    /WP-Phonetic
    /WPTypographicSymbols
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /ZapfChancery-MediumItalic
    /ZapfDingbats
    /ZapfHumanist601BT-Bold
    /ZapfHumanist601BT-BoldItalic
    /ZapfHumanist601BT-Demi
    /ZapfHumanist601BT-DemiItalic
    /ZapfHumanist601BT-Italic
    /ZapfHumanist601BT-Roman
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


