New Aspects of Haplotype Inference from SNP Fragments
Huimin Chen
Department of Electrical Engineering
University of New Orleans, USA

Zhiyu Zhao
Department of Computer Science
University of New Orleans, USA

Kun Zhang
Department of Computer Science
Xavier University of Louisana, USA

Dongxiao Zhu
Department of Computer Science
University of New Orleans, USA

1

Introduction

The genome of an eukaryotic organism is a complete DNA sequence of one set of chromosomes. DNA
sequences can be derived from biological raw material through the DNA sequencing process. A DNA
sequence is a succession of nucleotides representing the primary structure of a real or hypothetical DNA
molecule or strand with the capacity to carry genetic information. The possible letters are A, C, G, and
T, representing the four nucleotide subunits of a DNA strand: adenine, cytosine, guanine and thymine.
Therefore, a genome can be considered a string over the alphabet of nucleotides { A, C, G, T }.
With the advances in high-throughput genome sequencing technology, we can now assess the DNA sequence variation at the population level. A Single Nucleotide Polymorphism (SNP) is a locus in the DNA
sequence where an alternation of the nucleotide from other members of the same species occurs at a considerably high frequency. Alleles of a set of linked genetic markers located on a single DNA sequence is called
haplotype. For diploid organisms, such as humans, haplotypes come in pairs, where the two haplotypes in
the pair are not necessarily identical. Each pair of haplotypes can also be combined to form a genotype.
When a pair of alleles at an SNP site is made of identical type (either being both wild, which is denoted
by 0, or both mutant, which is denoted by 1), the site is called a homozygous site. Otherwise, it is called a
heterozygous site (denoted by 2).
Haplotypes are generally believed to contain more genetic information than individual SNPs in disease
association studies. They are substantially more difficult to determine compared with genotypes or individual
SNPs through experiments however. Due to its potential in genetics research, haplotype inference has drawn
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significant attention from both statistical and computational research domains.
1.1

Inferring Haplotypes from Genotypes

Computational methods for haplotype inference can be largely categorized into two different categories. One
concerns with obtaining compatible haplotypes from the genotyped samples in a population. Computationally, the problem can be defined as follows. Given m genotypes, where each genotype is an n-dimensional
vector and each site of a genotype takes its value from 0, 1, 2, find one pair of haplotypes for each genotype,
where a haplotype is an n-dimensional vector with each site taking its value from 0, 1. If a site in a genotype
is homozygous, that is, 0 or 1, respectively, then the same site in both haplotypes should also be 0 or 1, respectively. If a site in a genotype is heterozygous, that is, 2, then the same site should be 0 in one haplotype
and 1 in another. This computational challenging problem is also known as genotype phasing.
The pioneering work by Clark [Clark, 1990] demonstrated an effective haplotype inference from genotypes using the parsimony method. Later, various frequentist and Bayesian methods have been proposed for
large genotype data sets as well as large number of subjects under different assumptions on the underlying
biology systems [Excoffier & Slatkin, 1995, Gusfield, 2001, Niu et al., 2002, Brinza & Zelikovsky, 2008].
A parsimonious solution to the haplotype inference problem is the attempt to minimize the total number
of different haplotypes. It first identifies genotypes with only homozygous sites or a single heterozygous
site. In the first case, the two haplotypes of a genotype are exactly the same with the genotype itself. In the
second case, the two haplotypes differ only at the heterozygous site. Such genotypes and their haplotypes are
considered “resolved,” and all other genotypes are considered “ambiguous.” For each ambiguous genotype
G and a resolved haplotype H compatible with G, we then infer another haplotype based on G and H, add
the inferred haplotype to the set of resolved haplotypes, and remove G. The procedure is repeated until
either all genotypes are resolved or no more of them can be resolved. Clark’s method requires an initial
set of resolved haplotypes. In addition, as applying different orders of resolved haplotypes to ambiguous
genotypes gives different solutions, Clark recommended that this method be executed for many times with
random reordering of the initial genotypes and output the solution that resolves most of the genotypes.
Clark’s method led to the Maximum Resolution (MR) problem, an algorithmic problem on the maximum number of ambiguous genotypes that can be resolved using Clark’s method or on the specific order
of the initial input that maximizes the number of resolved genotypes. The MR problem has been proven
to be NP-hard and Max-SNP complete [Gusfield, 2001]. Gusfield et al. cast the MR problem in the graph
theoretic framework and proposed an integer linear programming solution, as described in [Gusfield, 2001].
A statistical approach based on the Expectation-Maximization (EM) algorithm was proposed by Excoffier et al. in [Excoffier & Slatkin, 1995]. The algorithm was used to calculate Maximum-Likelihood
(ML) estimates of haplotype frequencies under the assumption of the Hardy-Weinberg Equilibrium (HWE).
The HWE states that if two haplotypes occur in nature with frequencies f1 and f2 , respectively, then the haplotype pair occurs in nature with a probability of f1 f2 . Given a set of genotypes, the algorithm first randomly
initializes the frequencies of all possible haplotypes and then it estimates and updates those frequencies to
maximize the log-likelihood function.
Niu et al. proposed a Bayesian approach using Gibbs sampler to solve the haplotype inference problem
[Niu et al., 2002]. They first partitioned the whole haplotype into smaller segments. They followed it up by
a Gibbs sampler both to construct the partial haplotypes of each segment and to assemble all the segments
together. The Bayesian approach elegantly handled the missing data.
Brinza et al. presented a method called 2SNP [Brinza & Zelikovsky, 2008]. The method first explored
the phasing of genotypes with two ambiguous SNPs when both sites are heterozygous. Two phasings are
possible. For a 2-SNP genotype 22, one possible phasing is to represent the two haplotypes as 00 and 11,
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respectively. This is called the cis-phasing. Another possible phasing is trans-phasing, which represents the
two haplotypes as 01 and 10, respectively. It is assumed that the true phasing chooses the most frequent pair
of haplotypes observed in the population sample. Complete haplotypes for a given genotype were inferred
based on the maximum spanning tree of a complete graph, with vertices corresponding to heterozygous sites
and edge weights given by inferred 2-SNP frequencies.
Liang et al. presented a deterministic sequential Monte Carlo method in [Liang & Wang, 2008]. Given
G, which is a set of N genotypes, and Z, which is a set of all the compatible haplotypes, they attempted to
infer N pairs of haplotypes without knowing the frequencies of haplotypes in Z. The algorithm performs in
a sequential manner, where the haplotype pairs are inferred in the order in which their genotype vectors are
arranged.
Currently, the total number of SNPs in the human genome reported in public databases already exceeds
9 million, making both genotyping techniques and the associated inference algorithms fall much behind in
solving the real-world problem [Kim & Misra, 2007]. Recent techniques use short genome fragments with
SNPs coming from DNA shotgun sequencing or some other re-sequencing procedures to reconstruct the
haplotypes directly. A specific problem herein called single individual haplotyping reconstructs a pair of
long haplotype sequences from short fragments of SNPs [Cilibrasi et al., 2007].
1.2

Single Individual Haplotyping

If SNP fragments are well aligned, then the problem becomes how to partition these SNP fragments into two
sets and then to use each set of fragments to reconstruct each haplotype sequence. Suppose that there are m
SNP fragments from a pair of chromosomes, and the length of the corresponding haplotypes is n. Define an
m × n SNP matrix M whose entry mi j has value 0, 1, or –. The symbol – means a missing or skipped base,
which is called a gap. Let h be a haplotype sequence whose entry can be either 0 or 1. Let Θ = (M1 , M2 ) be
a partition of of M that divides the rows of M into two disjoint sets. The haplotype reconstruction problem
can be written in terms of the ML estimation
(ĥ1 , ĥ2 , Θ̂) = arg max Λ(M1 |h1 )Λ(M2 |h2 ),
h1 ,h2 ,Θ

assuming that the SNP fragments from each haplotype sequence are conditionally independent. The above
method entails the knowledge of likelihood function of any potential haplotype sequence, which is closely
related to the reading error and gap probabilities for each site and may not be available from the raw SNP
data set. Alternatively, one can apply minimum fragment removal [Rizzi et al., 2002], minimum SNP removal [Rizzi et al., 2002], minimum error correction [Wang et al., 2005], or longest haplotype reconstruction [Dondi, 2009] as the optimality criterion in reconstructing the pair of haplotype sequences without the
need for the likelihood function model Λ(·). Most of these criteria are inherently based on parsimony and
are combinatorial in nature: finding exact optimal solution is often an NP hard problem [Lancia et al., 2001],
although efficient suboptimal methods exist, such as SpeedHap [Genovese et al., 2008].
Haplotype reconstruction from SNP fragments as an optimization problem entails finding a minimum
number of operations (e.g., removing fragments, SNPs, or errors) on an SNP matrix, such that it becomes
feasible, that is, the rows of the SNP matrix can be divided into two disjoint sets of pairwise compatible fragments, with each set determining a haplotype. Lancia et al. defined the Minimum Fragment Removal (MFR), Minimum SNP Removal (MSR), and Longest Haplotype Reconstruction (LHR) models in
[Lancia et al., 2001] for the above problem. Given an SNP matrix, the MFR model removes the minimum
number of fragments (rows) to make the resulting matrix feasible; the MSR model removes the minimum
number of SNPs (columns) to make the resulting matrix feasible; and the LHR model removes a set of fragments (rows) to make the resulting matrix feasible and to maximize the sum of the lengths of the derived hap-
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lotypes is maximized. In [Rizzi et al., 2002], Rizzi et al. proposed practical algorithms and fixed-parameter
tractability for the MFR and MSR models. The LHR model was further proven by Dondi [Dondi, 2009]
to be NP-hard even when the SNP matrix was error-free. He also gave a fixed-parameter algorithm to the
LHR problem, wherein the parameter is the size of the reconstructed haplotypes. Lippert et al. proposed a
Minimum Error Correction (MEC) model and proved its NP-hardness in [Lippert et al., 2002]. The MEC
model is as follows. Given an SNP matrix, correct a minimum number of elements (0 into 1 and vice versa)
to make the resulting matrix feasible. An exact algorithm based on this model and a heuristic method were
presented in [Wang et al., 2005] by Wang et al. In [Chen et al., 2008], Chen et al. proposed some linear time
random algorithms to solve the problem based on a probabilistic model, where each element in the SNP
matrix has probability α1 to be an error, independently, probability α2 to be missing, and the dissimilarity
between the two haplotypes to be inferred is β. Their algorithms are able to solve the problem when the
parameters, that is, the probability and dissimilarity values are either known or unknown.
In this chapter, we provide a different viewpoint on the haplotype reconstruction from the SNP fragments M. The problem is treated as decoding with noisy observations over a discrete memoryless channel.
The parsimony-based criteria, albeit computationally demanding, do not necessarily yield the best reconstruction rate. There is a significant performance gap between the error correction capability with SNP
fragments and the theoretical limit delineated by the channel capacity. To improve the error correction rate,
we propose a new computational model that can also utilize the genotype information, if available, for haplotype reconstruction. The resulting algorithm has low complexity and is shown to guarantee the desired error
rate by increasing the number of SNP fragments sequentially. The advantage of using genotype information
is quantified by exploiting a simplified statistical model for haplotype sequences.
The rest of this chapter is organized as follows. Section 2 formulates the haplotype reconstruction problem from the information theoretic perspective. Section 3 introduces a low complexity sequential algorithm
using genotype information. Section 4 compares the reconstruction rate between the cases without and with
genotype information and quantifies performance gain. Concluding remarks are presented in Section 5.

2
2.1

Haplotype Reconstruction As A Decoding Problem
Decoding Haplotype Sequences

We consider the problem of inferring a pair of haplotype sequences from inconsistent and possibly gapabundant SNP fragments. At any SNP site, there are three possible readings denoted by 0, 1, and – for
convenience. For x, y ∈ {0, 1, −}, we define the distance

1 if x 6= y, x 6= −, y 6= −
d(x, y) =
0 otherwise
which is an extension of the Hamming distance defined for x, y ∈ {0, 1}. Similarly, we define the distance
between two sequences of length n by
n

d(h1 , h2 ) = ∑ d(h1i , h2i ).
i=1

The dissimilarity between h1 and h2 is measured by
β = d(h1 , h2 )/n
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and thus β ∈ [0, 1]. Note that this is a conservative measure, as a gap does not imply that the site is heterozygous. Nevertheless, we can treat each site of a haplotype as a bit, and the above distance will later become
useful when we formulate the haplotype inference problem as a decoding problem over a certain discrete
channel.
We assume that for any given bit of a haplotype h, each symbol of the corresponding column of the
SNP matrix is generated according to a probability distribution P(y|x). Specifically, we can write P(y|x) as
a transition probability matrix given by:
P(y|x)
y=0
y=1
y=−

x=0
1 − α01 − α02
α01
α02

x=1
α10
1 − α10 − α12
α12

If we further assume that α01 = α10 = e1 and α02 = α12 = e2 , then the SNP fragments can be viewed as a
haplotype sequence being transmitted repetitively over a binary symmetric erasure channel [MacKay, 2003].
Clearly, e1 is the probability of bit flip, and e2 is the probability of bit erasure.
Without knowing the statistical model P(y|x), one can still try to find and correct the errors in the SNP
data to reconstruct a maximally consistent pair of haplotypes by a certain parsimonious argument, such as
minimum SNP removal or minimum error correction. However, we will provide convincing evidence later
that the best solution corresponding to the minimum error correction criterion does not necessarily lead to
the most likely pair of haplotypes even when e1 and e2 are reasonably small.
2.2

Benefits of Inferring Long Haplotype Sequences

We first discuss the issue of associating the SNP fragment with the correct origin of the haplotype sequence.
Note that any incorrect association owing to the gap and reading error may result in the model mismatch
when inferring the individual haplotype sequence based on the associated subset of the SNP fragments.
Fortunately, when the haplotype sequence is fairly long, the probability of associating the SNP fragment to
the incorrect haplotype sequence diminishes if the dissimilarity of the haplotype pair exceeds the reading
error probability of DNA sequencing by a constant factor.
Claim 1: Assume that the SNP matrix M is obtained by transmitting m1 times on each bit of h1 and m2
times on each bit of h2 through the binary symmetric erasure channel (m1 + m2 = m). If β > 4e1 , then
P(Θ̂ = Θ) → 1 as n → ∞.
Proof: Denote by yi the i-th row of M1 generated from h1 and by z j the j-th row of M2 generated from h2 .
Asymptotically, we have
d(yi , h1 )/n ∼ N (e1 , e1 (1 − e1 )/n),
d(z j , h2 )/n ∼ N (e1 , e1 (1 − e1 )/n)
for i = 1, ..., m1 , j = 1, ..., m2 . Thus
d(yi , y j ) d(yi , h1 ) d(y j , h1 )
≤
+
n
n
n


2e1 (1 − e1 )
.
∼ N 2e1 ,
n
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On the other hand, we have
d(yi , z j )
n



d(h1 , h2 )
d(yi , h1 ) d(z j , h2 )
≥
−
+
n
n
n


2e1 (1 − e1 )
.
∼ N β − 2e1 ,
n

As n → ∞, it is clear that


d(yi , y j )
d(yi , zk )
P
≤ 2e1 ,
≥ 2e1
n
n


→ 1.

Note that for ∀i 6= j and ∀k, the condition for equality to hold has zero probability measure.
Claim 2: If e1 > 0, then for any finite m1 , the ML estimate of the haplotype sequence yields P(ĥ1 6= h1 ) > 0
and P(ĥ1 6= h1 ) → 1 as n → ∞.
Proof: Without loss of generality, we assume that the haplotype sequence is independent and identically
distributed, allowing us to focus on the decoding of each bit of the haplotype sequence based on the corresponding column of M1 . Assume that k1 0s and k2 1s are observed with m1 − k1 − k2 erasures in a particular
column of M1 . The log-posterior ratio is






P(x = 0|k1 , k2 )
P(x = 0)
1 − e1 − e2
log
.
= log
+ (k1 − k2 ) log
P(x = 1|k1 , k2 )
P(x = 1)
e1
Assuming equal prior probability and 1 − e2 > 2e1 , then the decision rule becomes declaring x = 0 when
k1 − k2 > 0, that is, k1 > k2 and x = 1 when k1 < k2 . The probability of decision error is given by
P(x̂ 6= x) =

m1 !
(q)k1 ek12 e2m1 −k1 −k2 > 0
k
!k
!(m
−
k
−
k
)!
1
1
2
k1 <k2 1 2

∑

where q = 1 − e1 − e2 . Thus, the probability of correctly decoding an n-bit haplotype is
P(ĥ1 = h1 ) = (1 − P(x̂ 6= x))n → 0
as n → ∞.
2.3

Performance Limit of using SNP Fragments

From the computational viewpoint, we want to find the most probable pair of haplotypes among all other
alternatives given the SNP fragments. However, quantifying how accurate the reconstructed haplotypes are
when reading errors and gaps are abundant in the SNP fragments is generally difficult. An important theoretical question is whether we can reconstruct the haplotype sequences with an arbitrary small error based on
the existing DNA sequencing techniques that can only provide unreliable SNP fragments. In fact, it is closely
related to a communication problem where one needs to transmit the bit streams of haplotype information
through the unreliable sequencing channel. Thus, we will borrow the idea from the classical information
theory to address the theoretical performance limit of the SNP fragment-based haplotype inference problem.
Claim 3: If C = log2 3 − H(e1 , e2 , 1 − e1 − e2 ) > 0 and m1 > n/C, then for a large enough n, there exists a
procedure to generate the SNP matrix, such that P(ĥ1 6= h1 ) can be made arbitrarily small.
Proof: If we assume that a haplotype is an independent and identically distributed stochastic sequence with
each bit having a distribution P(x), then for a large n, there are about 2nH(x) typical sequences. For each row
of M, there are about 2nH(y) typical sequences. As there are only 2nH(x,y) jointly typical sequences, we can

H. Chen, Z. Zhao, K. Zhang & D. Zhu

179

see that not all pairs of the typical haplotype and the typical fragment sequence are jointly typical. For the
discrete memoryless channel P(y|x), the probability that any randomly chosen pair is jointly typical is about
2−nC , where the channel capacity is [Cover & Thomas, 1991]
C = I(x; y) = log2 3 − H(e1 , e2 , 1 − e1 − e2 ).
Hence, for a fixed fragment sequence, we can consider about 2nC such pairs before we are likely to come
across a jointly typical pair. This suggests that there are about 2nC distinguishable haplotypes we can handle
with M1 . From Shannon’s channel coding theorem [Cover & Thomas, 1991], if the communication rate is
n/m1 < C, then there exists a code book that by examining the joint typicality, the decoding error can be
made arbitrarily small.
In summary, finding the correct partition Θ has an overwhelmingly large probability asymptotically if
the two haplotype sequences are long and dissimilar enough compared with the reading error probability.
However, as the standard SNP matrix M is constructed by a repetition code, which has zero rate asymptotically [MacKay, 2003], there exists a significant performance gap between the information content conveyed
by the SNP fragments M and the actual information needed to make the decoding error probability arbitrarily
small.

3
3.1

Efficient Haplotype Reconstruction with Genotype Information
Limitations of Haplotype Inference from Genotype Data

From a pair of haplotypes, the genotype information is relatively easy to obtain. As mentioned in Section 1,
this has resulted in many computational methods for inferring the haplotypes from genotype data. However,
genotype data alone can not fully resolve the haplotype sequences without additional biological insight.
For example, if the observed genotype fragment is 0212, then there are two feasible explanations by the
haplotype pairs given by {0110, 0011} and {0010, 0111}. In general, for an individual genotype with T
heterozygous sites, there are 2T −1 possible haplotype pairs that are consistent with the observation.
The Clark’s method, which was proposed in [Clark, 1990] and was modified by many other followers, is
a parsimony criterion. In essence, for a set of genotype sequences, one seeks the minimum number of haplotype pairs compatible with all the observations. This criterion is based on the fact that in natural populations,
the number of distinct haplotypes is vastly smaller than the number of combinatorially possible haplotypes.
The above resolution however assumes that there is no reading error in all genotype sequences, which can be
unrealistic when inferring long haplotype sequences. In addition, multiple solutions are unavoidable when
any site of all genotype sequences is heterozygous. Hence, it is naturally to consider jointly using SNP
fragments and genotype data in the process of haplotyping. Genotype data is indeed complementary to the
SNP fragments especially when both types of data are unreliable.
3.2

Sequential Haplotype Reconstruction Algorithm with both SNP Fragments and Genotype Data

Consider a long haplotype sequence of length n being measured by L aligned SNP fragments, each of
which has length s = n/L. For each SNP block with s columns, we assume that the genotype information
is available. For a genotype g = [g1 g2 ... gs ] without reading error, when the i-th SNP site is wild-type
homozygous, gi = 0; when it is mutant-type homozygous, gi = 1; and when it is heterozygous, gi = 2.
Clearly, a pair of identical haplotypes cannot yield a genotype sequence, with any site being 2 unless it is a
reading error. If we screen each SNP block and observe 2 on certain sites, the information will be very useful
to infer Θ. Thus, we can view the genotype information as some form of parity check [MacKay, 2003].
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With the help of genotype information, we can design an efficient haplotype reconstruction algorithm
that controls the decoding error of each site by sequentially taking an additional SNP block. The algorithm
runs in two stages.
Given an initial SNP matrix M = [B1 B2 ... Bs ] with known bit flip probability e1 , erasure probability e2 , and
the corresponding genotype sequence {g1 , ..., gs }.
Output a pair of haplotypes h1 and h2 with error probability for each site below the desired level e.
Algorithm
• Partition: Start with an arbitrary initial partition Θ = (M1 , M2 ). Identify all sites, where gi = 2, and
set h∗1i = 0, h∗2i = 1 if there are more 0s in the i-th column of M1 than 1s in the i-th column of M2 .
Otherwise, set h∗1i = 1, h∗2i = 0.
For the remaining sites, set h∗1 j = h∗2 j = g j . Use the majority vote through the corresponding column
vector in M1 to decide h∗1 j and the corresponding column vector in M2 to decide h∗2 j when g j is a gap.
Cluster M into two groups, with the initial centers given by h∗1 and h∗2 and the generalized Hamming
distance defined over each pair of row vectors in M. Standard k-means algorithm [MacKay, 2003] will
converge in less than 10 iterations in practice.
• Decoding: For each column l in Bi (i = 1, ..., s), do the following.
If gil = 0, then count the number of 0s k1 and the number of 1s k2 in the whole column l. Declare
hil1 = hil2 = 0 if k1 − k2 > c0 ; declare hil1 = hil2 = 1 if k2 − k1 > c0 ; and request one more piece of SNP
block appending to Bi if |k1 − k2 | ≤ c0 .
If gil = 1, then count the number of 0s k2 and the number of 1s k1 in the whole column l. Declare
hil1 = hil2 = 1 if k1 − k2 > c0 ; declare hil1 = hil2 = 0 if k2 − k1 > c0 ; and request one more piece of SNP
block appending to Bi if |k1 − k2 | ≤ c0 .
If gil = 2, then count the number of 0s k11 and the number of 1s k12 in column l belonging to group 1,
and count the number of 0s k21 and the number of 1s k22 in column l belonging to group 2. Declare
hil1 = 0, hil2 = 1 if k11 − k12 > c1 or k22 − k21 > c1 ; declare hil1 = 1, hil2 = 0 if k12 − k11 > c1 or
k22 − k21 > c1 ; otherwise, request one more piece of SNP block appending to Bi .
If gil is a gap, then count the number of 0s k11 and the number of 1s k12 in column l belonging to group
1, and count the number of 0s k21 and the number of 1s k22 in column l belonging to group 2. Declare
hil1 = 0 if k11 − k12 > c1 ; declare hil2 = 1 if k22 − k21 > c1 ; declare hil1 = 1 if k12 − k11 > c1 ; hil2 = 0 if
k21 − k22 > c1 ; otherwise, request one more piece of SNP block appending to Bi .
Note that the above algorithm is applicable to the case without genotype information by setting gil to be
gap ∀l, i.
Claim 4: Denote by p the probability that the genotype reading of an SNP site is correct. If β > 4e1 or
β > 2(1 − p) and

 


 
e
log e(1−p)
log
(1−e)p
1−e



c0 = 
  (1−e1 −e2 )   , c1 =   (1−e1 −e2 )   ,



 log
log
e
e
1

1

then P(ĥ jl 6= h jl ) < e, for j = 1, 2 and l = 1, ..., n, as n → ∞.
Proof: Similar to the distance argument in the proof of Claim 1, we can show that P(Θ̂ = Θ) → 1 as n → ∞.
Assuming the conditional independence between M and {g1 , ..., gs }, the decoding rule for each haplotype
sequence is the sequential probability ratio test (SPRT), with the upper and lower limit given by Wald’s
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fundamental approximation [Wald, 1947]. As the test statistic (k1 − k2 ) is discrete, we have to increase the
threshold to the nearest integer, which in principle reduces the decoding error, that is, P(ĥil j 6= hil j ) < e with
strict inequality ∀i, l, j. However, the expected number of samples to reach a decision will not be minimized
with the exact error constraint e as the original SPRT, which requires randomized decision rule switching
between the threshold c and c − 1 [Wald, 1947].

4
4.1

Experiment on Synthetic Data
Comparison with the Parsimony-based Criterion

We consider one chromosome data set used in [Wang et al., 2005] for haplotype reconstruction through the
MEC criterion. It contains a pair of haplotypes with a length of 95 after removing 8 missing sites. For the
SNP matrix with fixed sample size m = 40, we generate random fragments with a 0.75 gap rate of fragments.
Among the non-gap elements in the SNP matrix, the error rate is 0.3. The reconstruction rate given by
1−

min{r11 + r22 , r12 + r21 }
2n

, where ri j = d(hi , ĥ j ), i = 1, 2, and j = 1, 2, is used to evaluate algorithm performance. The expected number
of errors that needs to be corrected is 285, while the MEC method using the branch-and-bound algorithm in
[Wang et al., 2005] only needs to correct 215 errors to make the reconstructed haplotypes compatible with
the SNP matrix. The reported reconstruction rate is 0.705 [Wang et al., 2005], while the expected decoding
error rate is 0.188. Thus, the MEC method does not provide the best reconstruction rate. To apply the
proposed sequential haplotype reconstruction algorithm, we set L = 5; thus, s = 19. The initial sample size
is 10, and we set c = 2. The expected number of SNP fragments used for reconstruction is 32.7 in 10 Monte
Carlo runs. Ideally, the Wald’s SPRT only needs 30 samples on average to reach a decision, which is smaller
than the fixed sample size m = 40. On the other hand, the reconstruction rate is 0.806, which is significantly
higher than that by the MEC method. It is also close to the expected decoding error rate even in the above
non-asymptotic regime.
Next, we consider that one has genotype information associated with the SNP fragments, with each SNP
site having a gap probability of 0.25. For a non-gap genotype reading, the error probability is 0.1 (p = 0.9).
We want to have e < 0.01 and end up with c = 2, as in the case without genotype information. In 10 Monte
Carlo runs, the reconstruction rate becomes 0.998, which is higher than the desired rate. This is due to the
conservative design of the SPRT procedure, wherein the actual bit error rate is lower than the desired level.
If one seeks the minimum number of error corrections to make the reconstructed haplotypes compatible with
the modified genotype, then the reconstruction rate is reduced to 0.924. Clearly, genotype information helps
improve the reconstruction rate. Correcting the minimum number of errors however does not lead to optimal
decoding due to the fact that typical errors will be unlikely minimal ones when the sequence length n and
reading error e1 are large enough. Similar observations have also been confirmed using other parsimonybased criteria. Parsimony-based methods, which are attractive mainly due to their general applicability
without knowing the error rate, can be quite suboptimal compared with the best achievable reconstruction
rate with the knowledge on the statistical model of the SNP fragments.
4.2

Asymptotic Error for Haplotype Inference with SNP Fragments and Genotype Data

To quantify the improvement by using genotype information, we consider an idealized scenario where p → 1,
and every SNP site in the genotype is heterozygous. In this case, one cannot infer any site of each haplotype
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purely from the genotype.
Claim 5: Assume that the decoding error rate using the proposed sequential algorithm is e for large n without
genotype information. The decoding error rate is then O(e2 ) when the genotype information is under the
idealized scenario.
Proof: We assume that under both cases, the inference on Θ is perfect. Without loss of generality, consider
decoding the j-th site of the haplotypes, where h1 j = 0 and h2 j = 1. Let k11 be the number of 0s of the
j-th column in M1 and k12 be the number of 1s of the j-th column in M1 . Similarly, let k21 and k22 be the
corresponding number of 0s and 1s in M2 , respectively. Without haplotype information, an error will occur
either when k11 − k12 < −c or when k22 − k21 < −c. Both events have been designed to have probability
smaller than e. With haplotype information, an error will occur when both k11 − k12 < −c and k22 − k21 ≤ c
are true or both k11 − k12 ≤ c and k22 − k21 < −c are true. As under the same sample size k22 − k21 > c implies
the correct decoding probability to be at least 1 − e, the event that k22 − k21 ≤ c is true prior to the stop time
when k11 − k12 < −c occurs has a probability of O(e) at most. Thus, the overall decoding error rate is at
most O(e2 ).

5

Concluding Summary

When SNP fragments from unreliable DNA sequencing technology are primarily used for haplotyping, one
has to be cautious when applying any parsimonious criterion. We have shown that haplotype reconstruction
based on aligned SNP fragments can be treated as decoding over a discrete memoryless channel. There exists a nontrivial performance gap between the error correction capability by parsimony-based methods and
that given by the channel capacity. On the other hand, genotype information, if available, is very useful to
improve the haplotype reconstruction accuracy. A new sequential haplotype reconstruction algorithm using genotype information has been proposed that guarantees the desired reconstruction rate with a smaller
expected number of SNP fragments than what is needed with a fixed sample size. The advantage of using genotype information is theoretically quantified by exploiting a simplified statistical model with nearly
perfect genotype information.
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